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APPROXIMATING THREE-DIMENSIONAL
MAGNETOHYDRODYNAMICS SYSTEM FORCED BY
SPACE-TIME WHITE NOISE
KAZUO YAMAZAKI
Abstract. The magnetohydrodynamics system consists of the Navier-Stokes
and Maxwell’s equations, coupled through multiples of nonlinear terms. Such
a system forced by space-time white noise has been studied by physicists for
decades, and the rigorous proof of its solution theory has been recently es-
tablished in Yamazaki (2019, arXiv:1910.04820 [math.AP]) using the theory
of paracontrolled distributions and a technique of coupled renormalizations.
When an equation is well-posed, and it is approximated by replacing the dif-
ferentiation operator by reasonable discretization schemes with a parameter,
it is widely believed that a solution of the approximating equation should con-
verge to the solution of the original equation as the parameter approaches
zero. We prove otherwise in the case of the three-dimensional magnetohydro-
dynamics system forced by space-time white noise. Specifically, it is proven
that the limit of the solution to the approximating system with an additional
32 drift terms solves the original system. These 32 drift terms depend on
the choice of approximations, can be calculated explicitly in the process of
renormalizations, and essentially represent a spatial version of Itoˆ-Stratonovich
correction terms. In particular, the proof relies on the technique of coupled
renormalizations again, as well as taking advantage of the special structure of
the magnetohydrodynamics system on many occasions.
Keywords: Bony’s paraproducts; magnetohydrodynamics sys-
tem; space-time white noise; renormalization; Wick products.
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1. Introduction
1.1. Motivation from physics. The magnetohydrodynamics (MHD) system con-
sists of the coupling of the Navier-Stokes (NS) equations from fluid mechanics and
the Maxwell’s equations from electromagnetism. Initiated by Alfve´n [2, 3] in 1942
(also [6, 14]), the study of the MHD concerns the properties of electrically con-
ducting fluids. Lighthill [52] in 1960 extended the MHD system to the Hall-MHD
system via addition of a Hall term, which is considered to be of fundamental im-
portance in astrophysical plasma as it modifies small-scale turbulent activity, pro-
ducing departure from MHD predictions. For instance, while fluid turbulence is
often investigated through the NS equations, MHD turbulence occurs in laboratory
settings such as fusion confinement devices (e.g., reversed field pinch), as well as
astrophysical systems (e.g., earth interior [25], solar corona [50]), and the conven-
tional system of equations to which physicists, astronomers, and engineers turn for
such a study is that of the MHD.
While the mathematical analysis of the deterministic NS equations was pioneered
by Leray [51] in 1934, the study of the NS equations forced by a noise that is
white only in time was initiated by Bensoussan and Temam [7] in 1973, and many
followed suit to provide important works. On the other hand, a space-time white
noise (STWN) ξ is a distribution-based Gaussian field with a correlation of
E[ξ(t, x)ξ(s, w)] = δ(t− s)δ(x − w) (1)
where δ is a delta function and E is a mathematical expectation. Considering an
STWN rather than a noise that is white only in time is not of purely mathematical
interest. Indeed, a prominent example of a stochastic partial differential equation
(SPDE) forced by STWN is the Kardar-Parisi-Zhang (KPZ) equation, which models
interface growth [46]:
∂h
∂t
= ν
∂2h
(∂x)2
+ (
∂h
∂x
)2 + ξ (2)
where h(t, x) ∈ R describes interface height, and ν ≥ 0 is a diffusivity constant.
Hereafter, let us denote by ∂t , ∂∂t , D , ∂x ,
∂
∂x
, Dj , ∂xj ,
∂
∂xj
for j ∈ N
and dD to stand for “d-dimensional,” A .a,b B and A ≈ B in case there exists
a non-negative constant C = C(a, b) that depends on a, b such that A ≤ CB and
A = CB, respectively. In this initial derivation [46], these physicists stated the
condition (1) on [46, pg. 889], took a spatial Fourier transform and solved the
resulting equation using (1) (see also [9, 18] on the KPZ equation). In fact, an
abundance of such SPDEs forced by STWN may be readily found in the physics
literature. Tracing back to 1956, Landau and Lifschitz [49] had pioneered the
investigation of hydrodynamic fluctuations with STWN. We also refer to [1, 24, 42,
59, 68] concerning thermal fluctuations through the Boussinesq system forced by
STWN. Moreover, Forster, Nelson and Stephen [21] studied the behavior of velocity
correlations generated by the NS equations and Burgers’ equation forced by STWN
for large distance and long time (also [60] on the NS equations forced by STWN).
Finally, forcing the MHD and the Hall-MHD systems by noise is also an important
tool in modeling various real-world phenomena. E.g., the generation of magnetic
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fields by dynamo activity plays an important role in astrophysical objects such as
stars and clusters of galaxies; the gas in these objects is characterized by turbulent
flows. In particular, Camargo and Tasso [10] applied the renormalization group
theory to the MHD system forced by STWN and determined the effective viscosity
and magnetic resistivity without solving the system. We also refer to [23, 55] on the
Hall-MHD system forced by a noise that is white in only time, and ferromagnets
model forced by STWN, respectively.
While physicists, astronomers, and engineers advanced their studies of these
SPDEs forced by STWN for more than half a century, the most fundamental is-
sue, specifically the existence of solutions to such SPDEs, did not receive sufficient
attention. Actually, the recent rigorous analysis of this fundamental issue by math-
ematicians proved that solutions to these SPDEs by the classical definition do not
exist. For clarity, let us explain the difficulty using Young’s integral in the case of
the 1D Burgers’ equation:
∂tu+ u∂xu = ν∂
2
xu+ ξ, (3)
where u(t, x) ∈ R denotes the velocity field and ν > 0. We will also need the
definition of the Ho¨lder space with negative degrees; for this purpose, let us recall
the basic background of Besov spaces ([4, 27] and also [43] on the Littlewood-Paley
theory on T3). Unless elaborated in detail, let us denote
∑
k∈Z3 by
∑
k. First, let
us recall the Fourier transform
fˆ(k) , FT3(f)(k) ,
1
(2π)
3
2
∫
T3
f(x)e−ix·kdx (4)
with its inverse denoted by F−1
T3
, let D be the set of all smooth functions with com-
pact support on T3, D′ its dual and thus the set of all distributions on T3. We note
that Zhu and Zhu on [70, pg. 36] actually defined fˆ(k) , (2π)−
3
2
∫
T3
f(x)eix·kdx;
in Remark 1.1 we will explain the reason for our choice. We let χ, ρ ∈ D be non-
negative, radial such that the support of χ is contained in a ball, while that of ρ in
an annulus, and satisfy
χ(ξ) +
∑
j≥0
ρ(2jξ) = 1 ∀ ξ, supp(χ) ∩ supp(ρ(2−j ·)) = ∅ ∀ j ≥ 1,
supp(ρ(2−i·)) ∩ supp(ρ(2−j ·)) = ∅ for |i− j| > 1.
We define ρj(·) , ρ(2−j ·), and define Littlewood-Paley operator as ∆jf(x) ,
F−1
T3
(ρjFT3(f))(x). Let us also write Sjf ,
∑
i≤j−1∆jf . Now for α ∈ R and
p, q ∈ [1,∞], let us define the inhomogeneous Besov space
Bαp,q(T
3) , {f ∈ D′(T3):‖f‖Bαp,q(T3) , ‖2
jα‖∆jf‖Lp(T3)‖lq({j≥−1}) <∞}. (5)
The Ho¨lder-Besov space Cα(T3) is the special case when p = q =∞, which hereafter
will be denoted by Cα when no confusion arises. We point out that
‖·‖β . ‖·‖L∞ . ‖·‖Cα if β ≤ 0 ≤ α. (6)
Informally, Cα serves as an extension of the classical Ho¨lder space to negative
degrees, and allows us to precisely evaluate the regularity of the STWN ξ in (3) as
ξ ∈ Cα(Td) for α < −
d+ 2
2
(7)
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(e.g., [32, Lemma 10.2], also [8]). Due to the diffusive term ν∂2xu within (3), one
can expect that u ∈ Cα(T) for α < 12 . Aiming to attain at least the weakest notion
of a solution, let us multiply the nonlinear term u∂xu in (3) by a cut-off function
ψ, integrate in space to obtain∫
T
ψ(x)u(x)∂xudx =
∫
T
ψ(x)u(x)du(x). (8)
In order to determine whether or not this integral is well-defined, let us turn to
the result by Young [66], which states that a Stieltjes type integral
∫
Td
f(x)dg(x) is
well-defined if f ∈ Cα(Td), g ∈ Cβ(Td) for α, β ∈ (0,∞), α+ β > 1 and there exists
no common discontinuity, and thereby unfortunately confirms that the integral in
(8) is ill-defined (cf. [41]). This discussion already shows that SPDEs forced by
STWN do not necessarily possess any solution by a conventional definition, which
is the reason why they are called singular SPDEs, and thus raises an alarming ques-
tion concerning the advancements on the SPDEs forced by STWN in the physics,
astronomy and geosciences literature, all of which were based on the assumption of
the existence of the solution.
1.2. Relevant mathematical results. We denote by b(t, x), j , ∇ × b ∈ R3
magnetic and current density fields, π(t, x) ∈ R pressure field, and the parameters
η, ι ≥ 0 magnetic resistivity and Hall parameter, respectively. Under such notations,
given u0(x) , u(0, x) and b0(x) , b(0, x) as initial data, the following system
governs initial-value problems of the Hall-MHD system when ι > 0 and the MHD
system otherwise:
∂tu+ (u · ∇)u+∇π =ν∆u+ (b · ∇)b+ ξu, ∇ · u = 0, (9a)
∂tb+ (u · ∇)b =η∆b+ (b · ∇)u+ ι∇× (j × b) + ξb, ∇ · b = 0. (9b)
We point out that (b · ∇)b and ∇× (j × b) respectively represent the Lorentz force
and the Hall term, and that (9) reduces to the NS equations when b ≡ 0. As
described in (1), ξ = (ξu, ξb) in (9) is a six-dimensional vector-valued STWN and
for all i, j ∈ {1, 2, 3}, s, t ∈ R+ and x,w ∈ T3, it is assumed to satisfy
E[ξiu(t, x)ξ
j
u(s, w)] =E[ξ
i
u(t, x)ξ
j
b (s, w)] (10)
=E[ξib(t, x)ξ
j
b (s, w)] = δ(t− s)δ(x − w)δij ,
where δij will be crucial in deriving (160) (readers are referred to [63, Remark 1.1]
for details of this assumption). For brevity, let us write y , (u, b), y0 , (u0, b0).
In order to further elaborate on the difficulty caused by the lack of regularity
from STWN, let us recall the Bony’s decomposition of a product uf into three parts
where the frequency of u and f are low, high and comparable, specifically
uf =
∑
i,j≥−1
∆ju∆if = π<(u, f) + π>(u, f) + π0(u, f), (11)
π<(u, f) ,
∑
j≥−1
Sju∆jf, π>(u, f) ,
∑
j≥−1
∆juSjf, π0(u, f) ,
∑
j,l≥−1:|l−j|≤1
∆ju∆lf.
The terms π<(u, f) and π>(u, f) are called paraproducts while π0(u, f) the remain-
der. Concerning their estimates, we have the following important fact:
Lemma 1.1. ([27, Lemma 2.1], [13, Proposition 2.3]) Let α, β ∈ R. Then
(1) ‖π<(u, f)‖Cβ . ‖u‖L∞‖f‖Cβ for u ∈ L
∞(T3), f ∈ Cβ(T3),
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(2) ‖π>(u, f)‖Cα+β . ‖u‖Cα‖f‖Cβ for β < 0, f ∈ C
α(T3), g ∈ Cβ(T3),
(3) ‖π0(u, f)‖Cα+β . ‖u‖Cα‖f‖Cβ for α+ β > 0, u ∈ C
α(T3), f ∈ Cβ(T3).
(4) Consequently, uf is well-defined for u ∈ Cα(T3), f ∈ Cβ(T3) if α + β > 0
and ‖uf‖Cmin{α,β} . ‖u‖Cα‖f‖Cβ (see [64, Corollary 1.2] for details).
Concerning the 2D NS equations forced by STWN, Da Prato and Debussche
considered z that solves the Stokes equation so that v , u− z and q , π − p solve
∂tz = ν∆z −∇p+ ξ, ∇ · z = 0, (12a)
∂tv = ν∆v −∇q −
1
2
div[(v + z)⊗ (v + z)], ∇ · v = 0. (12b)
As discussed in (7), because ξ ∈ Cα(Td) for α < − d+22 , it follows that z ∈ C
α(Td)
for α < 1 − d2 . In turn, this leads to div(z ⊗ z) ∈ C
α(Td) for α < 1 − d and thus
v ∈ Cα(Td) for α < 3− d. Taking advantage of the fact that v⊗ v, as well as v⊗ z,
are both well-defined if d = 2 according to Lemma 1.1 (4), Da Prato and Debussche
[16] were able to prove the well-posedness of the 2D NS equations forced by STWN
(and similarly 2D stochastic quantization equations in [17]). In contrast, both v⊗v
and v ⊗ z are ill-defined in the 3D case, so that an extension of [16] to the 3D case
was an open problem for more than a decade.
The resolution to this and many related problems was initiated by Lyons, the
founding father of the rough path theory [53, 54]. A rough path is informally a
continuous path on which a sequence of iterated path integrals may be constructed.
While others realized the potential of the rough path theory (e.g., [22, 28]), Hairer
[29] was the first to directly apply the rough path theory and solve the Burgers’
equation with STWN (3). Subsequently, Hairer [31] provided a solution theory
for the KPZ equation (2) using rough path theory and Feynman diagrams (also
[39] for more recent work on the KPZ equation). Then Hairer [32] and Gubinelli,
Imkeller and Perkowski [27] independently provided two novel approaches to prove
solution theory to general SPDEs forced by STWN, namely the theory of regularity
structures, and the theory of paracontrolled distributions, respectively. In short, the
theory of paracontrolled distributions is an elegant combination of techniques from
harmonic analysis (e.g., commutator estimate Lemma 3.5) and controlled rough
path theory [26] and has been applied to Φ4 model from quantum field theory
(QFT) [13], 3D NS equations [69] and the 3D MHD system [63]. On the other hand,
the theory of regularity structures from [32] (also [33]) is believed by many experts
to be more general and have deeper potentials (e.g., [11, 36]). In particular, using
the theory of regularity structures, Hairer and Mattingly [38] provided a general
approach to prove strong Feller property for some singular SPDEs such as the KPZ
equation (2) (also [71] for the NS equations and [65] for the MHD system).
1.3. Statement of main result. The issue of the singular SPDEs being ill-defined
by a classical definition, as described using Young’s integral (8) and Lemma 1.1,
can be seen as an indirect consequence of the instability in approximations; let us
explain this relationship through the KPZ equation (2) as follows. Inspired by the
Cole-Hopf transform, let us consider a multiplicative stochastic heat equation
dZ = ν∂2xZdt+ ZdW where ∂tW = ξ, (13)
let Zǫ solve the same equation as (13) except with a mollified noise ξǫ in which k-th
Fourier component is multiplied by ψ(kǫ) for a cut-off function ψ, and compute
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Itoˆ’s formula for hǫ(t, x) , lnZǫ(t, x) (see [56] concerning the positivity of Zǫ), in
hope to attain (2) as ǫց 0. In fact, this approach shows that hǫ solves
∂thǫ = ν∂
2
xhǫ + (∂xhǫ)
2 −
1
2
∑
k∈Z
φ2(kǫ) + ξǫ where lim
ǫ→0
∑
k∈Z
φ2(kǫ) = +∞ (14)
and therefore informally the equation (2) minus infinity in the limit. This outcome
clearly shows the necessity of the renormalization technique from QFT, which boils
down to strategically subtracting off a large constant. It also indicates that for a
singular SPDE, variations in approximations, even if they are reasonable, can lead
to significantly distinct limits, which has been well-documented [30, 34, 35, 40]. In
order to explain why this is so surprising, let us consider the following example of
the 1D deterministic Burgers’ equation (3) for simplicity.
Example 1.1. Let us emphasize that the following computations are not intended
to give any sharp result; its intent is only to give an idea for convenience of readers.
Let us consider the Burgers’ equation (3) with initial data of u0, define
Dǫf(x) ,
f(x+ ǫ)− f(x)
ǫ
, ∆ǫf(x) ,
f(x+ ǫ)− 2f(x) + f(x− ǫ)
ǫ2
, (15)
and consider the following approximations of (3) parametrized by ǫ > 0 with its
initial data of uǫ0:
∂tu
ǫ +
1
2
Dǫ(uǫ)2 = ∆ǫu
ǫ. (16)
It is well-known that for any T > 0 fixed, both (3) with ξ ≡ 0 and (16) have unique
solutions u, uǫ ∈ C([0, T ];L∞(T)), respectively. Let us assume that u0 − uǫ0 → 0 in
L∞(T) as ǫց 0. Then we can define Pt , et∆ and P ǫt , e
t∆ǫ, write both solutions
of (3) with ξ ≡ 0 and (16) in a mild formulation and estimate
‖(u− uǫ)(t)‖L∞ . ‖u0 − u
ǫ
0‖L∞ +
3∑
i=1
Ii (17)
where
I1 ,
∫ t
0
‖(Pt−s − P
ǫ
t−s)∂xu
2‖L∞ds, I2 ,
∫ t
0
‖P ǫt−s(∂x −D
ǫ)u2‖L∞ds,
I3 ,
∫ t
0
‖P ǫt−sD
ǫ(u2 − (uǫ)2)‖L∞ds.
First, we estimate
I1 .
∫ t
0
ǫ
1
4 (t− s)−
3
4 ‖u2‖
C
− 1
4
ds . ǫ
1
4 t
1
4 sup
s∈[0,T ]
‖u(s)‖2L∞ (18)
by Lemma 3.2 and (6). Second, we estimate
I2 .
∫ t
0
(t− s)−
3
4 ǫ
1
8 ‖u2‖C0ds . ǫ
1
8 t
1
4 sup
s∈[0,T ]
‖u(s)‖2L∞ (19)
by Lemmas 3.1 and 3.15. Third, we see that there exists a uniform constant C0 > 0
such that
I3 ≤ C0t
1
4 ( sup
s∈[0,T ]
‖(u, uǫ)(s)‖L∞) sup
s∈[0,t]
‖(u− uǫ)(s)‖L∞ (20)
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by Lemmas 3.1 and 3.3. Applying these estimates (18)-(20) to (17) shows that for
all t < (2C0 sups∈[0,T ]‖(u, u
ǫ)(s)‖L∞)−4 , t0, sups∈[0,t]‖(u − u
ǫ)(t)‖L∞ → 0 as
ǫ ց 0 for all t ∈ [0, t0). We can restart from t0, and show that sups∈[0,t]‖(u −
uǫ)(t)‖L∞ → 0 as ǫց 0 for all t ∈ [0, T ].
As this example showed, when an equation is well-posed, even locally in time,
then one expects that a solution to an approximating equation depending on a pa-
rameter ǫ > 0 converges to the solution of the original equation as ǫց 0. However,
Hairer [30] showed that a certain family of solutions to a semilinear variation of a
heat equation forced by STWN that depends on ǫ > 0 converges as ǫց 0 to a solu-
tion to the same equation with ǫ = 0, but with an addition of a correction term, akin
to that of Itoˆ-Stratonovich correction (e.g., [48, Theorem 2.3.5]). Moreover, Hairer
and Voss [40] argued that for the Burgers’ equation (3), different finite-difference
schemes converge to different limiting processes as the mesh size tends to zero,
and provided supporting evidence via numerical analysis; subsequently, a rigorous
proof of their argument was given by Hairer and Maas [34]. The results from [34]
were extended by Hairer, Maas and Weber [35] from the case when the nonlinearity
is a gradient type and the noise is additive to a case when the nonlinearity is a
non-gradient type and the noise is multiplicative.
In this manuscript we also study the spatial approximations of the 3D MHD
system (9) with ι = 0 (see Remark 1.5 in case of the Hall-MHD system (9) with
ι > 0) . Following [63, Equation (11)] we apply Leray projection P to (9) to study
for i0 ∈ {1, 2, 3},
dui0 −∆ui0dt =
3∑
i=1
P i0idW iu −
1
2
3∑
i,j=1
P i0iDj(u
iuj)dt
+
1
2
3∑
i,j=1
P i0iDj(b
ibj)dt, ∇ · u = 0, (21a)
dbi0 −∆bi0dt =
3∑
i=1
P i0idW ib −
1
2
3∑
i,j=1
P i0iDj(b
iuj)dt
+
1
2
3∑
i,j=1
P i0iDj(u
ibj)dt, ∇ · b = 0, (21b)
where we follow [35, pg. 779] and assume that Wu and Wb are both cylindrical
Wiener processes on L2(T3) which satisfy Wˆu(0) = Wˆb(0) = 0. For brevity let us
denote by W , (Wu,Wb). In order to describe the approximation of the system
(21), let us define the following approximation operators.
Definition 1.1. For some L0 > 0 fixed, we define
f(x) ,
{
f˜(x) if maxj∈{1,2,3}|x
j | ≤ L0,
+∞ otherwise,
(22)
where f˜ : R3 7→ [0,∞) is radial, satisfying f˜(0) = 1, and |Dkf˜(x)| . 1
|x||k|−1
+ C
for some constant C > 0 if maxj∈{1,2,3}|x
j | ≤ 3L0 and |k| ≤ 5, and
f˜(x) ≥ cf > 0 for all x. (23)
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Let us also define c¯f , cf ∧ 1 where A ∧B , min{A,B}. We also define
g(x) ,
eiax − e−ibx
(a+ b)x
(24)
for x 6= 0, a, b ≥ 0 such that a + b > 0. Finally, for some L¯0 ∈ (0,
L0
2 ), we define
hu, hb ∈ C1({x ∈ R3:|x| ≤ L¯0}) to be bounded, radial, and satisfy hu(0) = hb(0) =
1, supp(hu), supp(hb) ⊂ {x ∈ R3:|x| ≤
L0
2 }. With such f, g hu and hb defined, for
ǫ > 0, we define our approximations ∆ǫ, D
ǫ
j , Hu,ǫ, Hb,ǫ to satisfy
∆̂ǫv(k) , −|k|
2f(ǫk)vˆ(k), D̂ǫjv(k) , k
jg(ǫkj)vˆ(k), (25a)
Ĥu,ǫWu(k) , hu(ǫk)Wˆu(k), Ĥb,ǫWb(k) , hb(ǫk)Wˆb(k). (25b)
From (24), we know that limxց0 g(x) = i; indeed,
lim
xց0
g(x) = lim
xց0
eiax − e−ibx
(a+ b)x
= lim
xց0
iaeiax + ibe−ibx
a+ b
= i. (26)
It immediately follows that g is bounded.
Remark 1.1. As we pointed out, our definition of the Fourier transform in (4)
varies from that in [70, pg. 36]. The reason for our choice is that if fˆ(k) ,
(2π)−
3
2
∫
T3
f(x)eix·kdx, then the Fourier symbol of Dj becomes −ikj instead of ikj.
This leads to an inconsistency because in (25a) we define Dǫj to satisfy D̂
ǫ
jv(k) =
kjg(ǫkj)vˆ(k) and approximate Dj so that we must have limǫց0 g(ǫk
j) = −i, in
contrast to (26).
We are now ready to write down the approximation of (21): for ǫ > 0,
duǫ,i0 = (∆ǫu
ǫ,i0 −
1
2
3∑
i,j=1
P i0iDǫj(u
ǫ,iuǫ,j − bǫ,ibǫ,j
+
3∑
i1=1
[Cǫ,ii1j1,u + C˜
ǫ,ii1j
1,u − C
ǫ,ii1j
2,u − C˜
ǫ,ii1j
2,u
+ Cǫ,ji1i1,u + C˜
ǫ,ji1i
1,u − C
ǫ,ji1i
2,u − C˜
ǫ,ji1i
2,u ]u
ǫ,i1
+
3∑
i1=1
[Cǫ,ii1j1,b + C˜
ǫ,ii1j
1,b − C
ǫ,ii1j
2,b − C˜
ǫ,ii1j
2,b
+ Cǫ,ji1i1,b + C˜
ǫ,ji1i
1,b − C
ǫ,ji1i
2,b − C˜
ǫ,ji1i
2,b ]b
ǫ,i1))dt+
3∑
i=1
P i0iHu,ǫdW
i
u, (27a)
dbǫ,i0 = (∆ǫb
ǫ,i0 −
1
2
3∑
i,j=1
P i0iDǫj(b
ǫ,iuǫ,j − uǫ,ibǫ,j
+
3∑
i1=1
[Cǫ,ii1j3,u + C˜
ǫ,ii1j
3,u − C
ǫ,ii1j
4,u − C˜
ǫ,ii1j
4,u
+ Cǫ,ji1i3,u + C˜
ǫ,ji1i
3,u − C
ǫ,ji1i
4,u − C˜
ǫ,ji1i
4,u ]u
ǫ,i1
+
3∑
i1=1
[Cǫ,ii1j3,b + C˜
ǫ,ii1j
3,b − C
ǫ,ii1j
4,b − C˜
ǫ,ii1j
4,b
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+ Cǫ,ji1i3,b + C˜
ǫ,ji1i
3,b − C
ǫ,ji1i
4,b − C˜
ǫ,ji1i
4,b ]b
ǫ,i1))dt+
3∑
i=1
P i0iHb,ǫdW
i
b , (27b)
where Cǫ,ii1jk,u , C
ǫ,ii1j
k,b , C˜
ǫ,ii1j
k,u and C˜
ǫ,ii1j
k,b are computed explicitly in (187), (189),
(215), (217) and (220). For instance,
lim
ǫց0
C
ǫ,ii1j
2,u (t) =−
(2π)−3
8(a+ b)
3∑
i2,i3=1
∫
R3
cos(axi2)− cos(bxi2 )
|x|4f(x)2
× hb(x)
2Pˆ ii1(x)Pˆ i2i3(x)Pˆji3 (x)dx
by (188), which is well-defined due to the hypothesis on f . Let us also point out
some interesting relationships that Cǫ,ii1j1,u = C
ǫ,ii1j
4,b , C
ǫ,ii1j
1,b = C
ǫ,ii1j
4,u , C
ǫ,ii1j
2,u =
C
ǫ,ii1j
3,b , C
ǫ,ii1j
3,u = C
ǫ,ii1j
2,b , while C˜
ǫ,ii1j
1,u = −C˜
ǫ,ii1j
4,b , C˜
ǫ,ii1j
2,u = −C˜
ǫ,ii1j
3,b , C˜
ǫ,ii1j
1,b =
C˜
ǫ,ii1j
2,b = −C˜
ǫ,ii1j
3,u = −C˜
ǫ,ii1j
4,u (see (220)). As it will be clear from the proof of
Theorem 1.2, the number 32 comes from a product (23)4 where two is due to
the nonlinear term being a product of two solutions such as ui and uj, another
two due to the solution being a pair (u, b), another two from the actual system
and its approximation, and finally four from the four nonlinear terms total in the
MHD system. As described in [70, Example 1.1] (see also [34, pg. 1679]), common
examples of discretization schemes which satisfy Definition 1.1 include the following:
finite-difference discretization scheme with
∆ǫF (x) ,
3∑
l=1
F (x1, . . . , xl + ǫ, . . . , x3)− 2F (x) + F (x1, . . . , xl − ǫ, . . . , x3)
ǫ2
,
and
f˜(x) ,
4
|x|2
(
sin2(
x1
2
) + sin2(
x2
2
) + sin2(
x3
2
)
)
, h(x) , 1
{|y|≤
L0
2 }
(x);
Galerkin discretization scheme with f˜(x) = 1 and h(x) , 1
{|y|≤
L0
2 }
(x). It can be
directly verified that
Dǫju(x)−
u(x1, . . . , xj + aǫ, . . . , x3)− u(x1, . . . , xj − bǫ, . . . , x3)
(a+ b)ǫ
. (28)
Remark 1.2. Before we state our main result, let us emphasize that it is far
from trivial to extend any result on the NS equations to the MHD system. There
exists an abundance of results which have been known for the NS equations but
remained open for the MHD system for many decades despite much effort by great
mathematicians. E.g., although Yudovich [67] in 1963 proved the global regularity
of the 2D NS equations with zero viscous diffusivity, and hence the Euler equations,
its extension to the 2D MHD system without viscous diffusion has remained open
[12, 19, 45, 62]. Moreover, the extension of [37], which proved the existence of
a unique invariant measure for the 2D NS equations forced by degenerate noise
that is white only in time, to the 2D MHD system has remained open. Finally,
the global solution theory of the 2D NS equations forced by STWN in [16] has not
been extended to the 2D MHD system, mainly because an analog of the identity∫
T2
(u · ∇)u · ∆udx = 0 for the 2D NS equations does not exist for the 2D MHD
system. Due to such difficulty, the study of the MHD and the Hall-MHD systems
forced by noise have lagged behind that of the NS equations. We only mention some
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prominent works on the stochastic MHD system: [5, 15, 57, 58, 61], in all of which
noise is white only in time and not space.
At last, we are ready to state our main result. As in [63], we define the solution
to (21) as the limit ǫց 0 of a solution y¯ǫ , (u¯ǫ, b¯ǫ) that solves for i0 ∈ {1, 2, 3},
du¯ǫ,i0 = ∆u¯ǫ,i0dt+
3∑
i=1
P i0iHu,ǫdW
i
u −
1
2
3∑
i,j=1
P i0iDj(u¯
ǫ,iu¯ǫ,j)dt
+
1
2
3∑
i,j=1
P i0iDj(b¯
ǫ,ib¯ǫ,j)dt, u¯ǫ(0, ·) = Pu0(·), (29a)
db¯ǫ,i0 = ∆b¯ǫ,i0dt+
3∑
i=1
P i0iHb,ǫdW
i
b −
1
2
3∑
i,j=1
P i0iDj(b¯
ǫ,iu¯ǫ,j)dt
+
1
2
3∑
i,j=1
P i0iDj(u¯
ǫ,ib¯ǫ,j)dt, b¯ǫ(0, ·) = Pb0(·). (29b)
Theorem 1.2. Let δ0 ∈ (0,
1
2 ) and then z ∈ (
1
2 ,
1
2 + δ0). For any u0, b0 ∈
C−z, we let ((u, b), τ) denote the unique maximal solution to (21) that satisfies
supt∈[0,τ)‖(u, b)(t)‖C−z = +∞, while for any ǫ ∈ (0, 1), for any u
ǫ
0, b
ǫ
0 ∈ C
−z, (uǫ, bǫ)
be the unique maximal solution to (27). If (uǫ0, b
ǫ
0)→ (u0, b0) in C
−z as ǫց 0, then
there exists a sequence of random times {τL}L>0 such that τL converges to the
explosion time τ of (u, b) and
sup
t∈[0,τL]
‖(uǫ, bǫ)(t) − (u, b)(t)‖C−z → 0 in P as ǫց 0.
Remark 1.3. The natural procedure to prove Theorem 1.2 is to demonstrate the
well-posedness of (21) and (27) with drift terms, and thereafter the convergence of
their solutions. However, the first major difficulty is actually the lack of a priori
knowledge of the drift terms. In other words, even though the well-posedness of (27)
must be proven before the convergence of its solution to the solution of (21), it is not
even clear how the drift terms should appear within (27), and obviously one cannot
prove the well-posedness of a system if he/she cannot even write down the system.
Even the knowledge of the four drift terms in the case of the NS equations in [70,
Equation (1.3)] did not allow the author to guess the appropriate drift terms in the
case of the MHD system due to their significant differences. To circumvent this
difficulty, as a first step toward the proof of Theorem 1.2, the author actually went
ahead to prove the convergence of the renormalization terms from (21) and (27) in
Subsection 2.2. This approach is completely counter-intuitive and seems impossible
to accomplish because at this point, the author had no knowledge of any appropriate
drift term within (27) and thus certainly no information of any renormalization
terms within (27). However, here, the author was able to rely on his experience
from [63] and guess the renormalization terms for not only (21) but also (27).
Although it took several attempts and corrections, the author was eventually able to
derive the 32 drift terms within (27).
Remark 1.4. Many times during the process of the convergence of the renormal-
ization terms in Subsection 2.2, it became critical to somehow couple appropriate
terms and renormalize together, the technique which was named “coupled renor-
malization” in [63]. This technique becomes once again crucial upon proving the
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convergence of the terms in the second Wiener chaos of (159e) in Subsection 2.2
(see (308)). For simplicity, let us briefly explain in the case of an application of
the Kato-Ponce commutator estimate [47] to the deterministic MHD system. First,
if one wishes to estimate an H˙s-norm of the solution to the deterministic NS equa-
tions for s ∈ R+, then it suffices to define a fractional Laplacian Λs , (−∆)
s
2 as a
Fourier operator with a Fourier symbol |ξ|s, apply Λs to (9) with b ≡ 0, realize that∫
T3
u · ∇Λsu · Λsudx = 0 (30)
due to the divergence-free property of u in (9), and deduce
1
2
∂t‖u‖
2
H˙s
+ ν
∫ t
0
‖∇u‖2
H˙s
ds =−
∫
T3
(Λs((u · ∇)u)− u · ∇Λsu) · Λsudx
=−
∫
T3
[Λs, u · ∇]u · Λsu, (31)
where [A,B] , AB − BA is a commutator so that the Kato-Ponce commutator
estimate from [47] may be readily applied. In the case of the MHD system, we can
repeat the same procedure for the nonlinear terms (u · ∇)u and (u · ∇)b within (9).
However, for (b · ∇)b within (9), we see that even though we may still write∫
T3
Λs(b · ∇)b) · Λsudx =
∫
T3
(Λs((b · ∇)b)− u · ∇Λsu) · Λsudx (32)
due to (30), this cannot be written in the form of a commutator as in (31), and thus
Kato-Ponce commutator estimate seems inapplicable. Similarly, for the nonlinear
term (b · ∇)u, because
∫
T3
b · ∇Λsb · Λsbdx = 0, one can write∫
T3
Λs(b · ∇)u) · Λsbdx =
∫
T3
(Λs((b · ∇)u)− b · ∇Λsb) · Λsbdx, (33)
and yet this cannot be written as a commutator and thus Kato-Ponce’s commutator
estimate seems inapplicable. The trick is to actually combine these “two bad” terms
in (32)-(33) to create “one good” term. Indeed, because∫
T3
b · ∇Λsb · Λsu+ b · ∇Λsu · Λsbdx = 0, (34)
we can write ∫
T3
Λs((b · ∇)b) · Λsu+ Λs((b · ∇)u) · Λsbdx
=
∫
T3
[Λs, b · ∇]b · Λsu+ [Λs, b · ∇]u · Λsbdx. (35)
Such a trick of taking advantage of the structure of the MHD system is crucial in
the mathematical analysis of the MHD system, although there still remain many
open problems that cannot be extended from the NS equations to the MHD system,
as we emphasized in Remark 1.2. It is remarkable that similar tricks will be crucial
in our stochastic setting as well, e.g., Remarks 2.1, 2.2, 2.3, 2.4, 2.5 and 2.6.
Remark 1.5. Let us finally mention that because the MHD system (21) is one
of the most complex systems of equations in fluid mechanics, Theorem 1.2 and
its proof lays clear guidelines to achieve analogous results for various SPDEs in
fluid mechanics such as the Boussinesq system (e.g., [20]). Let us also point out
that extending Theorem 1.2 to the Hall-MHD system, (9) with ι > 0, is a highly
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non-trivial problem because it is quasilinear instead of semilinear and not locally
subcritical by the definition from [32, Assumption 8.3] so that even the theory of
regularity structures from [32], which is considered by many to be more general than
the theory of paracontrolled distributions, is inapplicable to the Hall-MHD system
(9) with ι > 0.
In the next section, we will prove Theorem 1.2; for convenience of readers, we
include in the Subsection 3.1 of the Appendix the preliminary results which are
essential for our proof, as well as a table of essential notations in Subsection 3.3.
The proof is inspired by the work of Zhu and Zhu in [70]; however, many of our
computations differ from those of [70]. While we will emphasize the key difference
from the work of [70], we will collect computations which are similar to the work
of [70] in the Subsection 3.2 of the Appendix for completeness.
2. Proof of Theorem 1.2
2.1. Constructions of solutions.
2.1.1. Construction of solution to (21). We recall that we defined the solution to
(21) as the limit of a solution y¯ǫ that solves (29). We write y¯ǫ1 , (u¯
ǫ
1, b¯
ǫ
1), y¯
ǫ
2 ,
(u¯ǫ2, b¯
ǫ
2), y¯
ǫ
3 , (u¯
ǫ
3, b¯
ǫ
3), y¯
ǫ
4 , (u¯
ǫ
4, b¯
ǫ
4), and split (29) to the following four systems,
similarly to [63, Equations (16)-(21)] but slightly differently. For i ∈ {1, 2, 3},
du¯
ǫ,i
1 = ∆u¯
ǫ,i
1 dt+
3∑
i1=1
P ii1Hu,ǫdW
i1
u , db¯
ǫ,i
1 = ∆b¯
ǫ,i
1 dt+
3∑
i1=1
P ii1Hb,ǫdW
i1
b , (36)
du¯
ǫ,i
2 =∆u¯
ǫ,i
2 dt−
1
2
3∑
i1,j=1
P ii1Dj(u¯
ǫ,i1
1 ⋄ u¯
ǫ,j
1 − b¯
ǫ,i1
1 ⋄ b¯
ǫ,j
1 )dt, u¯
ǫ
2(0, ·) ≡ 0, (37a)
db¯
ǫ,i
2 =∆b¯
ǫ,i
2 dt−
1
2
3∑
i1,j=1
P ii1Dj(b¯
ǫ,i1
1 ⋄ u¯
ǫ,j
1 − u¯
ǫ,i1
1 ⋄ b¯
ǫ,j
1 )dt, b¯
ǫ
2(0, ·) ≡ 0, (37b)
du¯
ǫ,i
3 =∆u¯
ǫ,i
3 dt−
1
2
3∑
i1,j=1
P ii1Dj(u¯
ǫ,i1
1 ⋄ u¯
ǫ,j
2 + u¯
ǫ,i1
2 ⋄ u¯
ǫ,j
1
− b¯ǫ,i11 ⋄ b¯
ǫ,j
2 − b¯
ǫ,i1
2 ⋄ b¯
ǫ,j
1 )dt, u¯
ǫ
3(0, ·) ≡ 0, (38a)
db¯
ǫ,i
3 =∆b¯
ǫ,i
3 dt−
1
2
3∑
i1,j=1
P ii1Dj(b¯
ǫ,i1
1 ⋄ u¯
ǫ,j
2 + b¯
ǫ,i1
2 ⋄ u¯
ǫ,j
1
− u¯ǫ,i11 ⋄ b¯
ǫ,j
2 − u¯
ǫ,i1
2 ⋄ b¯
ǫ,j
1 )dt, b¯
ǫ
3(0, ·) ≡ 0, (38b)
u¯
ǫ,i
4 (t) =Pt(
3∑
i1=1
P ii1ui10 − u¯
ǫ,i
1 (0)) (39a)
−
1
2
∫ t
0
Pt−s
3∑
i1,j=1
P ii1
×Dj [u¯
ǫ,i1
1 ⋄ (u¯
ǫ,j
3 + u¯
ǫ,j
4 ) + (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 ) ⋄ u¯
ǫ,j
1 + u¯
ǫ,i1
2 ⋄ u¯
ǫ,j
2
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+ u¯ǫ,i12 (u¯
ǫ,j
3 + u¯
ǫ,j
4 ) + u¯
ǫ,j
2 (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 ) + (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 )(u¯
ǫ,j
3 + u¯
ǫ,j
4 )
− b¯ǫ,i11 ⋄ (b¯
ǫ,j
3 + b¯
ǫ,j
4 )− (b¯
ǫ,i1
3 + b¯
ǫ,i1
4 ) ⋄ b¯
ǫ,j
1 − b¯
ǫ,i1
2 ⋄ b¯
ǫ,j
2
− b¯ǫ,i12 (b¯
ǫ,j
3 + b¯
ǫ,j
4 )− b¯
ǫ,j
2 (b¯
ǫ,i1
3 + b¯
ǫ,i1
4 )− (b¯
ǫ,i1
3 + b¯
ǫ,i1
4 )(b¯
ǫ,j
3 + b¯
ǫ,j
4 )]ds,
b¯
ǫ,i
4 (t) =Pt(
3∑
i1=1
P ii1bi10 − b¯
ǫ,i
1 (0)) (39b)
−
1
2
∫ t
0
Pt−s
3∑
i1,j=1
P ii1
×Dj [b¯
ǫ,i1
1 ⋄ (u¯
ǫ,j
3 + u¯
ǫ,j
4 ) + (b¯
ǫ,i1
3 + b¯
ǫ,i1
4 ) ⋄ u¯
ǫ,j
1 + b¯
ǫ,i1
2 ⋄ u¯
ǫ,j
2
+ b¯ǫ,i12 (u¯
ǫ,j
3 + u¯
ǫ,j
4 ) + u¯
ǫ,j
2 (b¯
ǫ,i1
3 + b¯
ǫ,i1
4 ) + (b¯
ǫ,i1
3 + b¯
ǫ,i1
4 )(u¯
ǫ,j
3 + u¯
ǫ,j
4 )
− u¯ǫ,i11 ⋄ (b¯
ǫ,j
3 + b¯
ǫ,j
4 )− (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 ) ⋄ b¯
ǫ,j
1 − u¯
ǫ,i1
2 ⋄ b¯
ǫ,j
2
− u¯ǫ,i12 (b¯
ǫ,j
3 + b¯
ǫ,j
4 )− b¯
ǫ,j
2 (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 )− (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 )(b¯
ǫ,j
3 + b¯
ǫ,j
4 )]ds,
where we recall from Example 1.1 that Pt = e
t∆, and
u¯
ǫ,i
1 ⋄ u¯
ǫ,j
1 , u¯
ǫ,i
1 u¯
ǫ,j
1 − C¯
ǫ,ij
01 , b¯
ǫ,i
1 ⋄ b¯
ǫ,j
1 , b¯
ǫ,i
1 b¯
ǫ,j
1 − C¯
ǫ,ij
02 , (40a)
u¯
ǫ,i
1 ⋄ b¯
ǫ,j
1 , u¯
ǫ,i
1 b¯
ǫ,j
1 − C¯
ǫ,ij
03 , b¯
ǫ,i
1 ⋄ u¯
ǫ,j
1 , b¯
ǫ,i
1 u¯
ǫ,j
1 − C¯
ǫ,ij
03 , (40b)
with C¯ǫ,ij01 , C¯
ǫ,ij
02 , C¯
ǫ,ij
03 explicitly found in (175b), (174),
u¯
ǫ,i
2 ⋄ u¯
ǫ,j
1 , u¯
ǫ,j
1 ⋄ u¯
ǫ,i
2 , u¯
ǫ,j
1 u¯
ǫ,i
2 , b¯
ǫ,i
2 ⋄ b¯
ǫ,j
1 , b¯
ǫ,j
1 ⋄ b¯
ǫ,i
2 , b¯
ǫ,j
1 b¯
ǫ,i
2 , (41a)
b¯
ǫ,i
2 ⋄ u¯
ǫ,j
1 , u¯
ǫ,j
1 ⋄ b¯
ǫ,i
2 , u¯
ǫ,j
1 b¯
ǫ,i
2 , u¯
ǫ,i
2 ⋄ b¯
ǫ,j
1 , b¯
ǫ,j
1 ⋄ u¯
ǫ,i
2 , b¯
ǫ,j
1 u¯
ǫ,i
2 , (41b)
u¯
ǫ,i
2 ⋄ u¯
ǫ,j
2 , u¯
ǫ,i
2 u¯
ǫ,j
2 − φ¯
ǫ,ij
21 − C¯
ǫ,ij
21 , b¯
ǫ,i
2 ⋄ b¯
ǫ,j
2 , b¯
ǫ,i
2 b¯
ǫ,j
2 − φ¯
ǫ,ij
22 − C¯
ǫ,ij
22 , (42a)
b¯
ǫ,i
2 ⋄ u¯
ǫ,j
2 , b¯
ǫ,i
2 u¯
ǫ,j
2 − φ¯
ǫ,ij
23 − C¯
ǫ,ij
23 , u¯
ǫ,i
2 ⋄ b¯
ǫ,j
2 , u¯
ǫ,i
2 b¯
ǫ,j
2 − φ¯
ǫ,ij
24 − C¯
ǫ,ij
24 , (42b)
with φ¯ǫ,ij22 (t) explicitly found in (400d), C¯
ǫ,ij
22 in (400b),
u¯
ǫ,i
1 ⋄ u¯
ǫ,j
3 ,π<(u¯
ǫ,i
1 , u¯
ǫ,j
3 ) + π>(u¯
ǫ,i
1 , u¯
ǫ,j
3 ) + π0,⋄(u¯
ǫ,j
3 , u¯
ǫ,i
1 ), (43a)
b¯
ǫ,i
1 ⋄ b¯
ǫ,j
3 ,π<(b¯
ǫ,i
1 , b¯
ǫ,j
3 ) + π>(b¯
ǫ,i
1 , b¯
ǫ,j
3 ) + π0,⋄(b¯
ǫ,j
3 , b¯
ǫ,i
1 ), (43b)
u¯
ǫ,i
1 ⋄ b¯
ǫ,j
3 ,π<(u¯
ǫ,i
1 , b¯
ǫ,j
3 ) + π>(u¯
ǫ,i
1 , b¯
ǫ,j
3 ) + π0,⋄(b¯
ǫ,j
3 , u¯
ǫ,i
1 ), (43c)
b¯
ǫ,i
1 ⋄ u¯
ǫ,j
3 ,π<(b¯
ǫ,i
1 , u¯
ǫ,j
3 ) + π>(b¯
ǫ,i
1 , u¯
ǫ,j
3 ) + π0,⋄(u¯
ǫ,j
3 , b¯
ǫ,i
1 ), (43d)
with
π0,⋄(u¯
ǫ,i
3 , u¯
ǫ,j
1 ) ,π0(u¯
ǫ,i
3 , u¯
ǫ,j
1 )− φ¯
ǫ,ij
11 − C¯
ǫ,ij
11 , (44a)
π0,⋄(b¯
ǫ,i
3 , b¯
ǫ,j
1 ) ,π0(b¯
ǫ,i
3 , b¯
ǫ,j
1 )− φ¯
ǫ,ij
12 − C¯
ǫ,ij
12 , (44b)
π0,⋄(u¯
ǫ,i
3 , b¯
ǫ,j
1 ) ,π0(u¯
ǫ,i
3 , b¯
ǫ,j
1 )− φ¯
ǫ,ij
13 − C¯
ǫ,ij
13 , (44c)
π0,⋄(b¯
ǫ,i
3 , u¯
ǫ,j
1 ) ,π0(b¯
ǫ,i
3 , u¯
ǫ,j
1 )− φ¯
ǫ,ij
14 − C¯
ǫ,ij
14 , (44d)
and φ¯ǫ,ij13 (t) explicitly found in (295b), C¯
ǫ,ij
13 in (295a),
u¯
ǫ,i
1 ⋄ u¯
ǫ,j
4 ,π<(u¯
ǫ,i
1 , u¯
ǫ,j
4 ) + π>(u¯
ǫ,i
1 , u¯
ǫ,j
4 ) + π0,⋄(u¯
ǫ,j
4 , u¯
ǫ,i
1 ), (45a)
b¯
ǫ,i
1 ⋄ b¯
ǫ,j
4 ,π<(b¯
ǫ,i
1 , b¯
ǫ,j
4 ) + π>(b¯
ǫ,i
1 , b¯
ǫ,j
4 ) + π0,⋄(b¯
ǫ,j
4 , b¯
ǫ,i
1 ), (45b)
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u¯
ǫ,i
1 ⋄ b¯
ǫ,j
4 ,π<(u¯
ǫ,i
1 , b¯
ǫ,j
4 ) + π>(u¯
ǫ,i
1 , b¯
ǫ,j
4 ) + π0,⋄(b¯
ǫ,j
4 , u¯
ǫ,i
1 ), (45c)
b¯
ǫ,i
1 ⋄ u¯
ǫ,j
4 ,π<(b¯
ǫ,i
1 , u¯
ǫ,j
4 ) + π>(b¯
ǫ,i
1 , u¯
ǫ,j
4 ) + π0,⋄(u¯
ǫ,j
4 , b¯
ǫ,i
1 ), (45d)
with
π0,⋄(u¯
ǫ,i
4 , u¯
ǫ,j
1 ) , π0(u¯
ǫ,i
4 , u¯
ǫ,j
1 ), π0,⋄(b¯
ǫ,i
4 , b¯
ǫ,j
1 ) , π0(b¯
ǫ,i
4 , b¯
ǫ,j
1 ), (46a)
π0,⋄(b¯
ǫ,i
4 , u¯
ǫ,j
1 ) , π0(b¯
ǫ,i
4 , u¯
ǫ,j
1 ), π0,⋄(u¯
ǫ,i
4 , b¯
ǫ,j
1 ) , π0(u¯
ǫ,i
4 , b¯
ǫ,j
1 ), (46b)
and φ¯ǫ,ijik for i ∈ {1, 2}, k ∈ {1, 2, 3, 4}, converges to some φ¯ik with respect to the
norm of supt∈[0,T ] t
ρ|·(t)| for every ρ > 0 (see (294), (401) - (408)). Now let us
define K¯ǫu, K¯
ǫ
b to satisfy
dK¯ǫ,iu = (∆K¯
ǫ,i
u +u¯
ǫ,i
1 )dt, K¯
ǫ,i
u (0) = 0, dK¯
ǫ,i
b = (∆K¯
ǫ,i
b + b¯
ǫ,i
1 )dt, K¯
ǫ,i
b (0) = 0. (47)
Then from the work of [63, Equations (35), (37) and (113)] we see that for all
δ ∈ (0, δ0 ∧
1− 2δ0
3
∧
1− z
4
∧ (2z − 1)), (48)
where we recall that δ0 ∈ (0,
1
2 ) and z ∈ (
1
2 ,
1
2 + δ0) by hypothesis, the following
quantity is finite:
C¯ǫW (T ) , sup
t∈[0,T ]
[
3∑
i=1
‖(u¯ǫ,i1 , b¯
ǫ,i
1 )(t)‖C−
1
2
− δ
2
(49)
+
3∑
i,j=1
‖(u¯ǫ,i1 ⋄ u¯
ǫ,j
1 , b¯
ǫ,i
1 ⋄ b¯
ǫ,j
1 , u¯
ǫ,i
1 ⋄ b¯
ǫ,j
1 , b¯
ǫ,i
1 ⋄ u¯
ǫ,j
1 )(t)‖C−1−
δ
2
+
3∑
i,j=1
‖(u¯ǫ,i1 ⋄ u¯
ǫ,j
2 , b¯
ǫ,i
1 ⋄ b¯
ǫ,j
2 , u¯
ǫ,i
2 ⋄ b¯
ǫ,j
1 , b¯
ǫ,i
2 ⋄ u¯
ǫ,j
1 )(t)‖C−
1
2
− δ
2
+
3∑
i,j=1
‖(u¯ǫ,i2 ⋄ u¯
ǫ,j
2 , b¯
ǫ,i
2 ⋄ b¯
ǫ,j
2 , b¯
ǫ,i
2 ⋄ u¯
ǫ,j
2 )(t)‖C−δ
+
3∑
i,j=1
‖(π0,⋄(u¯
ǫ,j
3 , u¯
ǫ,i
1 ), π0,⋄(b¯
ǫ,j
3 , b¯
ǫ,i
1 ), π0,⋄(u¯
ǫ,j
3 , b¯
ǫ,i
1 ), π0,⋄(b¯
ǫ,j
3 , u¯
ǫ,i
1 ))‖C−δ
+
3∑
i,i1,j,j1=1
‖(π0,⋄(P
ii1DjK¯
ǫ,j
u , u¯
ǫ,j1
1 ), π0,⋄(P
ii1DjK¯
ǫ,i1
u , u¯
ǫ,j1
1 ),
π0,⋄(P
ii1DjK¯
ǫ,j
b , u¯
ǫ,j1
1 ), π0,⋄(P
ii1DjK¯
ǫ,i1
b , u¯
ǫ,j1
1 ),
π0,⋄(P
ii1DjK¯
ǫ,j
u , b¯
ǫ,j1
1 ), π0,⋄(P
ii1DjK¯
ǫ,i1
u , b¯
ǫ,j1
1 ),
π0,⋄(P
ii1DjK¯
ǫ,j
b , b¯
ǫ,j1
1 ), π0,⋄(P
ii1DjK¯
ǫ,i1
b , b¯
ǫ,j1
1 ))‖C−δ ]
where
π0,⋄(P
ii1DjK¯
ǫ,j
u , u¯
ǫ,j1
1 ) ,π0(P
ii1DjK¯
ǫ,j
u , u¯
ǫ,j1
1 ), (50a)
π0,⋄(P
ii1DjK¯
ǫ,i1
u , u¯
ǫ,j1
1 ) ,π0(P
ii1DjK¯
ǫ,i1
u , u¯
ǫ,j1
1 ), (50b)
π0,⋄(P
ii1DjK¯
ǫ,j
b , u¯
ǫ,j1
1 ) ,π0(P
ii1DjK¯
ǫ,j
b , u¯
ǫ,j1
1 ), (50c)
π0,⋄(P
ii1DjK¯
ǫ,i1
b , u¯
ǫ,j1
1 ) ,π0(P
ii1DjK¯
ǫ,i1
b , u¯
ǫ,j1
1 ), (50d)
π0,⋄(P
ii1DjK¯
ǫ,j
u , b¯
ǫ,j1
1 ) ,π0(P
ii1DjK¯
ǫ,j
u , b¯
ǫ,j1
1 ), (50e)
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π0,⋄(P
ii1DjK¯
ǫ,i1
u , b¯
ǫ,j1
1 ) ,π0(P
ii1DjK¯
ǫ,i1
u , b¯
ǫ,j1
1 ), (50f)
π0,⋄(P
ii1DjK¯
ǫ,j
b , b¯
ǫ,j1
1 ) ,π0(P
ii1DjK¯
ǫ,j
b , b¯
ǫ,j1
1 ), (50g)
π0,⋄(P
ii1DjK¯
ǫ,i1
b , b¯
ǫ,j1
1 ) ,π0(P
ii1DjK¯
ǫ,i1
b , b¯
ǫ,j1
1 ). (50h)
Now similarly to [63, Equations (38)-(39)], we may estimate
sup
t∈[0,T ]
3∑
i=1
(‖(u¯ǫ,i2 , b¯
ǫ,i
2 )(t)‖C−δ + ‖(u¯
ǫ,i
3 , b¯
ǫ,i
3 )(t)‖C
1
2
−δ) . C¯
ǫ
W (T )T
δ
4 (51)
by (37), (38), Lemmas 3.7 and 3.10 and (49). Moreover, similarly to [63, Equations
(33)-(34)],
‖(K¯ǫ,iu , K¯
ǫ,i
b )(t)‖C
3
2
−δ .
∫ t
0
‖Pt−s(u¯
ǫ,i
1 , b¯
ǫ,i
1 )(s)‖C
3
2
−δds . C¯
ǫ
W (t)t
δ
4 (52)
by (47), Lemma 3.10 and (49). Now the hypothesis of Theorem 1.2 and (48) allow
us to take κ > 0 such that
κ ∈ (0,
1
3
(
1
2
+ δ0 − z) ∧
δ
2
∧
1− 2δ0 − 3δ
7
∧
1− z − 4δ
5
). (53)
Then we can compute similarly to [63, Equations (40)-(43)],
sup
t∈[0,T ]
t
1
2
−δ0+z+κ
2 ‖y¯ǫ4(t)‖C
1
2
−δ0
. I1T + I
2
T (54)
where
I1T , sup
t∈[0,T ]
t
1
2
−δ0+z+κ
2
3∑
i=1
‖Pt(
3∑
i1=1
P ii1(yi10 − y¯
ǫ,i
1 (0))‖C
1
2
−δ0
, (55a)
I2T , sup
t∈[0,T ]
t
1
2
−δ0+z+κ
2
3∑
i=1
(55b)
× [‖(
∫ t
0
Pt−s
3∑
i1,j=1
P ii1Dj [u¯
ǫ,i1
1 ⋄ (u¯
ǫ,j
3 + u¯
ǫ,j
4 ) + (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 ) ⋄ u¯
ǫ,j
1 + u¯
ǫ,i1
2 ⋄ u¯
ǫ,j
2
+ u¯ǫ,i12 (u¯
ǫ,j
3 + u¯
ǫ,j
4 ) + u¯
ǫ,j
2 (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 ) + (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 )(u¯
ǫ,j
3 + u¯
ǫ,j
4 )
− b¯ǫ,i11 ⋄ (b¯
ǫ,j
3 + b¯
ǫ,j
4 )− (b¯
ǫ,i1
3 + b¯
ǫ,i1
4 ) ⋄ b¯
ǫ,j
1 − b¯
ǫ,i1
2 ⋄ b¯
ǫ,j
2
− b¯ǫ,i12 (b¯
ǫ,j
3 + b¯
ǫ,j
4 )− b¯
ǫ,j
2 (b¯
ǫ,i1
3 + b¯
ǫ,i1
4 )− (b¯
ǫ,i1
3 + b¯
ǫ,i1
4 )(b¯
ǫ,j
3 + b¯
ǫ,j
4 )]ds,∫ t
0
Pt−s
3∑
i1,j=1
P ii1Dj [b¯
ǫ,i1
1 ⋄ (u¯
ǫ,j
3 + u¯
ǫ,j
4 ) + (b¯
ǫ,i1
3 + b¯
ǫ,i1
4 ) ⋄ u¯
ǫ,j
1 + b¯
ǫ,i1
2 ⋄ u¯
ǫ,j
2
+ b¯ǫ,i12 (u¯
ǫ,j
3 + u¯
ǫ,j
4 ) + u¯
ǫ,j
2 (b¯
ǫ,i1
3 + b¯
ǫ,i1
4 ) + (b¯
ǫ,i1
3 + b¯
ǫ,i1
4 )(u¯
ǫ,j
3 + u¯
ǫ,j
4 )
− u¯ǫ,i11 ⋄ (b¯
ǫ,j
3 + b¯
ǫ,j
4 )− (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 ) ⋄ b¯
ǫ,j
1 − u¯
ǫ,i1
2 ⋄ b¯
ǫ,j
2
− u¯ǫ,i12 (b¯
ǫ,j
3 + b¯
ǫ,j
4 )− b¯
ǫ,j
2 (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 )− (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 )(b¯
ǫ,j
3 + b¯
ǫ,j
4 )]ds)‖C
1
2
−δ0
].
f We estimate
I1T . sup
t∈[0,T ]
t
1
2
−δ0+z+κ
2 t−
1
2
−δ0+z
2
3∑
i,i1=1
(‖yi10 ‖C−z + ‖y¯
ǫ,i
1 (0)‖C−z) .T,‖y0‖C−z 1 (56)
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by Lemmas 3.10 and 3.7. Within I2T , we can estimate e.g.,
sup
t∈[0,T ]
t
1
2
−δ0+z+κ
2 ‖
∫ t
0
Pt−s
3∑
i1,j=1
P ii1Dj(b¯
ǫ,i1
2 ⋄ b¯
ǫ,j
2 )(s)ds‖C
1
2
−δ0
.C¯ǫW (T ),T 1 (57)
by Lemmas 3.10 and 3.7, (49) and (48). Within I2T , we can also estimate e.g.,
sup
t∈[0,T ]
t
1
2
−δ0+z+κ
2 ‖
∫ t
0
Pt−s
3∑
i1,j=1
P ii1Dj(b¯
ǫ,i1
4 b¯
ǫ,j
4 )ds‖C
1
2
−δ0
. sup
t∈[0,T ]
t
1
2
−δ0+z+κ
2
∫ t
0
3∑
i1,j=1
(t− s)−
1
2 ‖b¯ǫ,i14 ‖C
1
2
−δ0
‖b¯ǫ,j4 ‖C
1
2
−δ0
ds
.T ( sup
t∈[0,T ]
t
1
2
−δ0+z+κ
2 ‖b¯ǫ4(t)‖C
1
2
−δ0
)2 (58)
by Lemmas 3.10, 3.7 and 1.1 (4) and (53). Computations which are similar to (57)
and (58) on other terms within I2T , along with (56), prove that for all ǫ ∈ (0, 1)
fixed, there exists a maximal time Tǫ > 0 and maximal (u¯
ǫ
4, b¯
ǫ
4) ∈ C([0, Tǫ); C
1
2−δ0)
such that
sup
t∈[0,Tǫ]
t
1
2
−δ0+z+κ
2 ‖y¯ǫ4(t)‖C
1
2
−δ0
= +∞. (59)
We also define a paracontrolled ansatz of
u¯
ǫ,i
4 = −
1
2
3∑
i1,j=1
P ii1Dj [π<(u¯
ǫ,i1
3 + u¯
ǫ,i1
4 , K¯
ǫ,j
u ) + π<(u¯
ǫ,j
3 + u¯
ǫ,j
4 , K¯
ǫ,i1
u )
− π<(b¯
ǫ,i1
3 + b¯
ǫ,i1
4 , K¯
ǫ,j
b )− π<(b¯
ǫ,j
3 + b¯
ǫ,j
4 , K¯
ǫ,i1
b )] + u¯
ǫ,♯,i, (60a)
b¯
ǫ,i
4 = −
1
2
3∑
i1,j=1
P ii1Dj [−π<(u¯
ǫ,i1
3 + u¯
ǫ,i1
4 , K¯
ǫ,j
b ) + π<(u¯
ǫ,j
3 + u¯
ǫ,j
4 , K¯
ǫ,i1
b )
+ π<(b¯
ǫ,i1
3 + b¯
ǫ,i1
4 , K¯
ǫ,j
u )− π<(b¯
ǫ,j
3 + b¯
ǫ,j
4 , K¯
ǫ,i1
u )] + b¯
ǫ,♯,i (60b)
for some u¯ǫ,♯,i and b¯ǫ,♯,i with their regularity to be derived subsequently. Let us set
y¯ǫ,♯ , (u¯ǫ,♯, b¯ǫ,♯) and
β ∈ (
δ
2
, (z + 2δ−
1
2
)∧ (
1
2
− 2δ− 3κ)∧ (
1
2
− δ0 − δ− κ)∧ (2− 2z −
5δ
2
− 4κ)) (61)
and estimate similarly to [63, Equations (45)-(46)] e.g.,
t
1
2
+β+z+κ
2 ‖
∫ t
0
Pt−s
3∑
i1,j=1
P ii1Dj(u¯
ǫ,i1
4 b¯
ǫ,j
4 )ds‖C
1
2
+β
.t
1
2
+δ0−z−κ
2 ( sup
s∈[0,t]
s
1
2
−δ0+z+κ
2 ‖y¯ǫ4(s)‖C
1
2
−δ0
)2 (62)
by Lemmas 3.10, 3.7 and 1.1 (4), (61) and (53). Considering (59) in (62), we see
that (u¯ǫ,♯,i, b¯ǫ,♯,i)(t) ∈ C
1
2
+β for all t ∈ (0, Tǫ) and all i ∈ {1, 2, 3}. Similarly to [63,
Equations (47)-(49)], we can compute
‖(u¯ǫ,i4 , b¯
ǫ,i
4 )(t)‖C
1
2
−δ−κ
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.
3∑
i1,j=1
‖(u¯ǫ,i13 + u¯
ǫ,i1
4 )(t)‖C
1
2
−δ0
‖
∫ t
0
Pt−su¯
ǫ,j
1 ds‖C
3
2
−δ−κ
+ ‖(b¯ǫ,i13 + b¯
ǫ,i1
4 )(t)‖C
1
2
−δ0
‖
∫ t
0
Pt−sb¯
ǫ,j
1 ds‖C
3
2
−δ−κ + ‖u¯
ǫ,♯,i(t)‖
C
1
2
+β
+ ‖(u¯ǫ,i13 + u¯
ǫ,i1
4 )(t)‖C
1
2
−δ0
‖
∫ t
0
Pt−sb¯
ǫ,j
1 ds‖C
3
2
−δ−κ
+ ‖(b¯ǫ,i13 + b¯
ǫ,i1
4 )(t)‖C
1
2
−δ0
‖
∫ t
0
Pt−su¯
ǫ,j
1 ds‖C
3
2
−δ−κ + ‖b¯
ǫ,♯,i(t)‖
C
1
2
+β
.t
κ
2
3∑
i1,j=1
‖(u¯ǫ,i13 + u¯
ǫ,i1
4 , b¯
ǫ,i1
3 + b¯
ǫ,i1
4 )(t)‖C
1
2
−δ0
sup
s∈[0,t]
‖(u¯ǫ,j1 , b¯
ǫ,j
1 )(s)‖C−
1
2
−δ
+ ‖(u¯ǫ,♯,i, b¯ǫ,♯,i)(t)‖
C
1
2
+β (63)
by (60a)-(60b), Lemmas 3.10, 3.7 and 1.1 (1), (6) and (47). Now it can be verified
using (11), (36) - (46), that u¯ǫ,♯,i and b¯ǫ,♯,i defined by (60a)-(60b) solve the following
equations if and only if (u¯ǫ, b¯ǫ) = (
∑4
i=1 u¯
ǫ
i ,
∑4
i=1 b¯
ǫ
i) solves (29):
u¯ǫ,♯,i = Pt(
3∑
i1=1
P ii1ui10 − u¯
ǫ,i
1 (0)) +
∫ t
0
Pt−sφ¯
ǫ,♯,i
u ds+ F¯
ǫ,i
u (t) (64)
where
φ¯ǫ,♯,iu , −
1
2
3∑
i1,j=1
P ii1Dj [u¯
ǫ,i1
2 ⋄ u¯
ǫ,j
2 + u¯
ǫ,i1
2 (u¯
ǫ,j
3 + u¯
ǫ,j
4 ) (65)
+ u¯ǫ,j2 (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 ) + (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 )(u¯
ǫ,j
3 + u¯
ǫ,j
4 )
+ π>(u¯
ǫ,i1
3 + u¯
ǫ,i1
4 , u¯
ǫ,j
1 ) + π0,⋄(u¯
ǫ,i1
3 , u¯
ǫ,j
1 ) + π0,⋄(u¯
ǫ,i1
4 , u¯
ǫ,j
1 )
+ π>(u¯
ǫ,j
3 + u¯
ǫ,j
4 , u¯
ǫ,i1
1 ) + π0,⋄(u¯
ǫ,j
3 , u¯
ǫ,i1
1 ) + π0,⋄(u¯
ǫ,j
4 , u¯
ǫ,i1
1 )
− b¯ǫ,i12 ⋄ b¯
ǫ,j
2 − b¯
ǫ,i1
2 (b¯
ǫ,j
3 + u¯
ǫ,j
4 )
− b¯ǫ,j2 (b¯
ǫ,i1
3 + b¯
ǫ,i1
4 )− (b¯
ǫ,i1
3 + b¯
ǫ,i1
4 )(b¯
ǫ,j
3 + b¯
ǫ,j
4 )
− π>(b¯
ǫ,i1
3 + b¯
ǫ,i1
4 , b¯
ǫ,j
1 )− π0,⋄(b¯
ǫ,i1
3 , b¯
ǫ,j
1 )− π0,⋄(b¯
ǫ,i1
4 , b¯
ǫ,j
1 )
− π>(b¯
ǫ,j
3 + b¯
ǫ,j
4 , b¯
ǫ,i1
1 )− π0,⋄(b¯
ǫ,j
3 , b¯
ǫ,i1
1 )− π0,⋄(b¯
ǫ,j
4 , b¯
ǫ,i1
1 )]
and
F¯ ǫ,iu (t) ,−
1
2
∫ t
0
Pt−s
3∑
i1,j=1
P ii1Dj [π<(u¯
ǫ,i1
3 + u¯
ǫ,i1
4 , u¯
ǫ,j
1 ) + π<(u¯
ǫ,j
3 + u¯
ǫ,j
4 , u¯
ǫ,i1
1 )
− π<(b¯
ǫ,i1
3 + b¯
ǫ,i1
4 , b¯
ǫ,j
1 )− π<(b¯
ǫ,j
3 + b¯
ǫ,j
4 , b¯
ǫ,i1
1 )]ds
+
1
2
3∑
i1,j=1
P ii1Dj [π<(u¯
ǫ,i1
3 + u¯
ǫ,i1
4 , K¯
ǫ,j
u ) + π<(u¯
ǫ,j
3 + u¯
ǫ,j
4 , K¯
ǫ,i1
u )
− π<(b¯
ǫ,i1
3 + b¯
ǫ,i1
4 , K¯
ǫ,j
b − π<(b¯
ǫ,j
3 + b¯
ǫ,j
4 , K¯
ǫ,i1
b )], (66)
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and similarly
b¯ǫ,♯,i = Pt(
3∑
i1=1
P ii1bi10 − b¯
ǫ,i
1 (0)) +
∫ t
0
Pt−sφ¯
ǫ,♯,i
b ds+ F¯
ǫ,i
b (t) (67)
where
φ¯
ǫ,♯,i
b , −
1
2
3∑
i1,j=1
P ii1Dj [b¯
ǫ,i1
2 ⋄ u¯
ǫ,j
2 + b¯
ǫ,i1
2 (u¯
ǫ,j
3 + u¯
ǫ,j
4 ) (68)
+ u¯ǫ,j2 (b¯
ǫ,i1
3 + b¯
ǫ,i1
4 ) + (b¯
ǫ,i1
3 + b¯
ǫ,i1
4 )(u¯
ǫ,j
3 + u¯
ǫ,j
4 )
+ π>(b¯
ǫ,i1
3 + b¯
ǫ,i1
4 , u¯
ǫ,j
1 ) + π0,⋄(b¯
ǫ,i1
3 , u¯
ǫ,j
1 ) + π0,⋄(b¯
ǫ,i1
4 , u¯
ǫ,j
1 )
+ π>(u¯
ǫ,j
3 + u¯
ǫ,j
4 , b¯
ǫ,i1
1 ) + π0,⋄(u¯
ǫ,j
3 , b¯
ǫ,i1
1 ) + π0,⋄(u¯
ǫ,j
4 , b¯
ǫ,i1
1 )
− u¯ǫ,i12 ⋄ b¯
ǫ,j
2 − u¯
ǫ,i1
2 (b¯
ǫ,j
3 + u¯
ǫ,j
4 )
− b¯ǫ,j2 (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 )− (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 )(b¯
ǫ,j
3 + b¯
ǫ,j
4 )
− π>(u¯
ǫ,i1
3 + u¯
ǫ,i1
4 , b¯
ǫ,j
1 )− π0,⋄(u¯
ǫ,i1
3 , b¯
ǫ,j
1 )− π0,⋄(u¯
ǫ,i1
4 , b¯
ǫ,j
1 )
− π>(b¯
ǫ,j
3 + b¯
ǫ,j
4 , u¯
ǫ,i1
1 )− π0,⋄(b¯
ǫ,j
3 , u¯
ǫ,i1
1 )− π0,⋄(b¯
ǫ,j
4 , u¯
ǫ,i1
1 )]
and
F¯
ǫ,i
b (t) ,−
1
2
∫ t
0
Pt−s
3∑
i1,j=1
P ii1Dj[π<(b¯
ǫ,i1
3 + b¯
ǫ,i1
4 , u¯
ǫ,j
1 ) + π<(u¯
ǫ,j
3 + u¯
ǫ,j
4 , b¯
ǫ,i1
1 )
− π<(u¯
ǫ,i1
3 + u¯
ǫ,i1
4 , b¯
ǫ,j
1 )− π<(b¯
ǫ,j
3 + b¯
ǫ,j
4 , u¯
ǫ,i1
1 )]ds
+
1
2
3∑
i1,j=1
P ii1Dj [−π<(u¯
ǫ,i1
3 + u¯
ǫ,i1
4 , K¯
ǫ,j
b ) + π<(u¯
ǫ,j
3 + u¯
ǫ,j
4 , K¯
ǫ,i1
b )
+ π<(b¯
ǫ,i1
3 + b¯
ǫ,i1
4 , K¯
ǫ,j
u − π<(b¯
ǫ,j
3 + b¯
ǫ,j
4 , K¯
ǫ,i1
u )]. (69)
Now we obtain some estimates on φ¯ǫ,♯,iu , φ¯
ǫ,♯,i
b , F¯
ǫ,i
u and F¯
ǫ,i
b .
Proposition 2.1. Let δ0 and z satisfy the hypothesis of Theorem 1.2. For all
i ∈ {1, 2, 3}, δ, κ and β defined respectively in (48), (53) and (61), φ¯ǫ,♯,iu and φ¯
ǫ,♯,i
b
defined respectively in (65) and (68) satisfy
‖(φ¯ǫ,♯,iu , φ¯
ǫ,♯,i
b )(t)‖C−1−2δ−2κ
.(1 + (C¯ǫW (t))
3)(1 + ‖y¯ǫ,♯(t)‖
C
1
2
+β + ‖y¯
ǫ
4(t)‖C
1
2
−δ0
) + ‖y¯ǫ4(t)‖
2
Cδ . (70)
Proof of Proposition 2.1. We compute similarly to how [63, Equation (97)] is de-
rived. First, within (65) and (68) we can estimate
‖(u¯ǫ,i12 ⋄ u¯
ǫ,j
2 , b¯
ǫ,i1
2 ⋄ b¯
ǫ,j
2 , b¯
ǫ,i1
2 ⋄ u¯
ǫ,j
2 , u¯
ǫ,i1
2 ⋄ b¯
ǫ,j
2 )‖C−2δ−2κ . C¯
ǫ
W (t) (71)
by (6) and (49). Second, within (65) and (68) we estimate
‖(u¯ǫ,i12 (u¯
ǫ,j
3 + u¯
ǫ,j
4 ), u¯
ǫ,j
2 (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 ), b¯
ǫ,i1
2 (b¯
ǫ,j
3 + b¯
ǫ,j
4 ), b¯
ǫ,j
2 (b¯
ǫ,i1
3 + b¯
ǫ,i1
4 ),
b¯
ǫ,i1
2 (u¯
ǫ,j
3 + u¯
ǫ,j
4 ), u¯
ǫ,j
2 (b¯
ǫ,i1
3 + b¯
ǫ,i1
4 ), u¯
ǫ,i1
2 (b¯
ǫ,j
3 + b¯
ǫ,j
4 ), b¯
ǫ,j
2 (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 ))‖C−2δ−2κ
.(C¯ǫW (t))
2 + C¯ǫW (t)‖y¯
ǫ
4‖C
1
2
−δ0
(72)
by (6), Lemma 1.1 (4), (48), (49) and (51). Third, within (65) and (68) we estimate
‖((u¯ǫ,i13 + u¯
ǫ,i1
4 )(u¯
ǫ,j
3 + u¯
ǫ,j
4 ), (b¯
ǫ,i1
3 + b¯
ǫ,i1
4 )(b¯
ǫ,j
3 + b¯
ǫ,j
4 ), (73)
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(b¯ǫ,i13 + b¯
ǫ,i1
4 )(u¯
ǫ,j
3 + u¯
ǫ,j
4 ), (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 )(b¯
ǫ,j
3 + b¯
ǫ,j
4 ))‖C−2δ−2κ
.‖u¯ǫ3 + u¯
ǫ
4‖
2
Cδ + ‖b¯
ǫ
3 + b¯
ǫ
4‖
2
Cδ . (C¯
ǫ
W (t))
2 + ‖y¯ǫ4‖
2
Cδ
by (6), Lemma 1.1 (4), (48) and (51). Fourth, within (65) and (68) we estimate
‖(π0,⋄(u¯
ǫ,i1
3 , u¯
ǫ,j
1 ), π0,⋄(u¯
ǫ,j
3 , u¯
ǫ,i1
1 ), π0,⋄(b¯
ǫ,i1
3 , b¯
ǫ,j
1 ), π0,⋄(b¯
ǫ,j
3 , b¯
ǫ,i1
1 ), (74)
π0,⋄(b¯
ǫ,i1
3 , u¯
ǫ,j
1 ), π0,⋄(u¯
ǫ,j
3 , b¯
ǫ,i1
1 ), π0,⋄(u¯
ǫ,i1
3 , b¯
ǫ,j
1 ), π0,⋄(b¯
ǫ,j
3 , u¯
ǫ,i1
1 ))‖C−2δ−2κ . C¯
ǫ
W (t)
by (6) and (49). Fifth, within (65) and (68) we estimate
‖(π>(u¯
ǫ,i1
3 + u¯
ǫ,i1
4 , u¯
ǫ,j
1 ), π>(u¯
ǫ,j
3 + u¯
ǫ,j
4 , u¯
ǫ,i1
1 ), π>(b¯
ǫ,i1
3 + b¯
ǫ,i1
4 , b¯
ǫ,j
1 ),
π>(b¯
ǫ,j
3 + b¯
ǫ,j
4 , b¯
ǫ,i1
1 ), π>(b¯
ǫ,i1
3 + b¯
ǫ,i1
4 , u¯
ǫ,j
1 ), π>(u¯
ǫ,j
3 + u¯
ǫ,j
4 , b¯
ǫ,i1
1 ),
π>(u¯
ǫ,i1
3 + u¯
ǫ,i1
4 , b¯
ǫ,j
1 ), π>(b¯
ǫ,j
3 + b¯
ǫ,j
4 , u¯
ǫ,i1
1 ))‖C−2δ−2κ
.(C¯ǫW (t) + ‖(u¯
ǫ
3 + u¯
ǫ
4, b¯
ǫ
3 + b¯
ǫ
4)‖C
1
2
−δ0
sup
s∈[0,t]
‖y¯ǫ1‖C−
1
2
−δ + ‖y¯
ǫ,♯‖
C
1
2
+β )C¯
ǫ
W (t)
.(C¯ǫW (t))
2 + (C¯ǫW (t))
3 + (C¯ǫW (t))
2‖y¯ǫ4‖C
1
2
−δ0
+ C¯ǫW (t)‖y¯
ǫ,♯‖
C
1
2
+β (75)
by (6), Lemma 1.1 (2), (49), (51), (63), and (48). Finally, within (65) and (68) we
estimate the following in C−δ-norm because we will need this subsequently in the
proof of (111), and it suffices because −2δ − 2κ ≤ −δ. We compute
‖(π0,⋄(u¯
ǫ,i1
4 , u¯
ǫ,j
1 ), π0,⋄(u¯
ǫ,j
4 , u¯
ǫ,i1
1 ), π0,⋄(b¯
ǫ,i1
4 , b¯
ǫ,j
1 ), π0,⋄(b¯
ǫ,j
4 , b¯
ǫ,i1
1 ), (76)
π0,⋄(b¯
ǫ,i1
4 , u¯
ǫ,j
1 ), π0,⋄(u¯
ǫ,j
4 , b¯
ǫ,i1
1 ), π0,⋄(u¯
ǫ,i1
4 , b¯
ǫ,j
1 ), π0,⋄(b¯
ǫ,j
4 , u¯
ǫ,i1
1 ))‖C−δ
=‖(π0(−
1
2
3∑
i2,j1=1
P i1i2Dj1 [π<(u¯
ǫ,i2
3 + u¯
ǫ,i2
4 , K¯
ǫ,j1
u ) + π<(u¯
ǫ,j1
3 + u¯
ǫ,j1
4 , K¯
ǫ,i2
u )
− π<(b¯
ǫ,i2
3 + b¯
ǫ,i2
4 , K¯
ǫ,j1
b )− π<(b¯
ǫ,j1
3 + b¯
ǫ,j1
4 , K¯
ǫ,i2
b )] + u¯
ǫ,♯,i1, u¯
ǫ,j
1 ),
π0(−
1
2
3∑
i2,j1=1
Pji2Dj1 [π<(u¯
ǫ,i2
3 + u¯
ǫ,i2
4 , K¯
ǫ,j1
u ) + π<(u¯
ǫ,j1
3 + u¯
ǫ,j1
4 , K¯
ǫ,i2
u )
− π<(b¯
ǫ,i2
3 + b¯
ǫ,i2
4 , K¯
ǫ,j1
b )− π<(b¯
ǫ,j1
3 + b¯
ǫ,j1
4 , K¯
ǫ,i2
b )] + u¯
ǫ,♯,j, u¯
ǫ,i1
1 ),
π0(−
1
2
3∑
i2,j1=1
P i1i2Dj1 [−π<(u¯
ǫ,i2
3 + u¯
ǫ,i2
4 , K¯
ǫ,j1
b ) + π<(u¯
ǫ,j1
3 + u¯
ǫ,j1
4 , K¯
ǫ,i2
b )
+ π<(b¯
ǫ,i2
3 + b¯
ǫ,i2
4 , K¯
ǫ,j1
u )− π<(b¯
ǫ,j1
3 + b¯
ǫ,j1
4 , K¯
ǫ,i2
u )] + b¯
ǫ,♯,i1, b¯
ǫ,j
1 ),
π0(−
1
2
3∑
i2,j1=1
Pji2Dj1 [−π<(u¯
ǫ,i2
3 + u¯
ǫ,i2
4 , K¯
ǫ,j1
b ) + π<(u¯
ǫ,j1
3 + u¯
ǫ,j1
4 , K¯
ǫ,i2
b )
+ π<(b¯
ǫ,i2
3 + b¯
ǫ,i2
4 , K¯
ǫ,j1
u )− π<(b¯
ǫ,j1
3 + b¯
ǫ,j1
4 , K¯
ǫ,i2
u )] + b¯
ǫ,♯,j, b¯
ǫ,i1
1 ),
π0(−
1
2
3∑
i2,j1=1
P i1i2Dj1 [−π<(u¯
ǫ,i2
3 + u¯
ǫ,i2
4 , K¯
ǫ,j1
b ) + π<(u¯
ǫ,j1
3 + u¯
ǫ,j1
4 , K¯
ǫ,i2
b )
+ π<(b¯
ǫ,i2
3 + b¯
ǫ,i2
4 , K¯
ǫ,j1
u )− π<(b¯
ǫ,j1
3 + b¯
ǫ,j1
4 , K¯
ǫ,i2
u )] + b¯
ǫ,♯,i1, u¯
ǫ,j
1 ),
π0(−
1
2
3∑
i2,j1=1
Pji2Dj1 [π<(u¯
ǫ,i2
3 + u¯
ǫ,i2
4 , K¯
ǫ,j1
u ) + π<(u¯
ǫ,j1
3 + u¯
ǫ,j1
4 , K¯
ǫ,i2
u )
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− π<(b¯
ǫ,i2
3 + b¯
ǫ,i2
4 , K¯
ǫ,j1
b )− π<(b¯
ǫ,j1
3 + b¯
ǫ,j1
4 , K¯
ǫ,i2
b )] + u¯
ǫ,♯,i1, b¯
ǫ,j
1 ),
π0(−
1
2
3∑
i2,j1=1
P i1i2Dj1 [π<(u¯
ǫ,i2
3 + u¯
ǫ,i2
4 , K¯
ǫ,j1
u ) + π<(u¯
ǫ,j1
3 + u¯
ǫ,j1
4 , K¯
ǫ,i2
u )
− π<(b¯
ǫ,i2
3 + b¯
ǫ,i2
4 , K¯
ǫ,j1
b )− π<(b¯
ǫ,j1
3 + b¯
ǫ,j1
4 , K¯
ǫ,i2
b )] + u¯
ǫ,♯,i1, b¯
ǫ,i1
1 ),
π0(−
1
2
3∑
i2,j1=1
Pji2Dj1 [−π<(u¯
ǫ,i2
3 + u¯
ǫ,i2
4 , K¯
ǫ,j1
b ) + π<(u¯
ǫ,j1
3 + u¯
ǫ,j1
4 , K¯
ǫ,i2
b )
+ π<(b¯
ǫ,i2
3 + b¯
ǫ,i2
4 , K¯
ǫ,j1
u )− π<(b¯
ǫ,j1
3 + b¯
ǫ,j1
4 , K¯
ǫ,i2
u )] + b¯
ǫ,♯,j, u¯
ǫ,i1
1 ))‖C−δ
by (46), (60a) and (60b). Among the eight terms in (76), without loss of generality
(w.l.o.g.) we show details of the eighth term as others are similar. We compute
‖π0(−
1
2
3∑
i2,j1=1
Pji2Dj1 [−π<(u¯
ǫ,i2
3 + u¯
ǫ,i2
4 , K¯
ǫ,j1
b ) + π<(u¯
ǫ,j1
3 + u¯
ǫ,j1
4 , K¯
ǫ,i2
b )
+ π<(b¯
ǫ,i2
3 + b¯
ǫ,i2
4 , K¯
ǫ,j1
u )− π<(b¯
ǫ,j1
3 + b¯
ǫ,j1
4 , K¯
ǫ,i2
u )] + b¯
ǫ,♯,j, u¯
ǫ,i1
1 )‖C−δ
.
3∑
i2,j1=1
9∑
k=1
IIkt,i1i2jj1 (77)
by Leibniz rule where
II1t,i1i2jj1 ,‖π0(P
ji2π<(u¯
ǫ,i2
3 + u¯
ǫ,i2
4 , Dj1K¯
ǫ,j1
b ), u¯
ǫ,i1
1 )‖C−δ , (78a)
II2t,i1i2jj1 ,‖π0(P
ji2π<(Dj1 [u¯
ǫ,i2
3 + u¯
ǫ,i2
4 ], K¯
ǫ,j1
b ), u¯
ǫ,i1
1 )‖C−δ , (78b)
II3t,i1i2jj1 ,‖π0(P
ji2π<(u¯
ǫ,j1
3 + u¯
ǫ,j1
4 , Dj1K¯
ǫ,i2
b ), u¯
ǫ,i1
1 )‖C−δ , (78c)
II4t,i1i2jj1 ,‖π0(P
ji2π<(Dj1 [u¯
ǫ,j1
3 + u¯
ǫ,j1
4 ], K¯
ǫ,i2
b ), u¯
ǫ,i1
1 )‖C−δ , (78d)
II5t,i1i2jj1 ,‖π0(P
ji2π<(b¯
ǫ,i2
3 + b¯
ǫ,i2
4 , Dj1K¯
ǫ,j1
u ), u¯
ǫ,i1
1 )‖C−δ , (78e)
II6t,i1i2jj1 ,‖π0(P
ji2π<(Dj1 [b¯
ǫ,i2
3 + b¯
ǫ,i2
4 ], K¯
ǫ,j1
u ), u¯
ǫ,i1
1 )‖C−δ , (78f)
II7t,i1i2jj1 ,‖π0(P
ji2π<(b¯
ǫ,j1
3 + b¯
ǫ,j1
4 , Dj1K¯
ǫ,i2
u ), u¯
ǫ,i1
1 )‖C−δ , (78g)
II8t,i1i2jj1 ,‖π0(P
ji2π<(Dj1 [b¯
ǫ,j1
3 + b¯
ǫ,j1
4 ], K¯
ǫ,i2
u ), u¯
ǫ,i1
1 )‖C−δ , (78h)
II9t,i1j ,‖π0(b¯
ǫ,♯,j, u¯
ǫ,i1
1 )‖C−δ . (78i)
We compute
II1t,i1i2jj1 .
3∑
l=1
II1lt,i1i2jj1 (79)
where
II11t,i1i2jj1 ,‖π0(P
ji2π<(u¯
ǫ,i2
3 + u¯
ǫ,i2
4 , Dj1K¯
ǫ,j1
b ), u¯
ǫ,i1
1 )
− π0(π<(u¯
ǫ,i2
3 + u¯
ǫ,i2
4 ,P
ji2Dj1K¯
ǫ,j1
b ), u¯
ǫ,i1
1 )‖C
1
2
− 3δ
2
−δ0
,
II12t,i1i2jj1 ,‖π0(π<(u¯
ǫ,i2
3 + u¯
ǫ,i2
4 ,P
ji2Dj1K¯
ǫ,j1
b ), u¯
ǫ,i1
1 )
− (u¯ǫ,i23 + u¯
ǫ,i2
4 )π0(P
ji2Dj1K¯
ǫ,j1
b , u¯
ǫ,i1
1 )‖C
1
2
− 3δ
2
−δ0
,
II13t,i1i2jj1 ,‖(u¯
ǫ,i2
3 + u¯
ǫ,i2
4 )π0(P
ji2Dj1K¯
ǫ,j1
b , u¯
ǫ,i1
1 )‖C−δ
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by (78) and (48). First,
II11t,i1i2jj1 .‖u¯
ǫ,i2
3 + u¯
ǫ,i2
4 ‖C
1
2
−δ0
‖Dj1K¯
ǫ,j1
b ‖C
1
2
−δ C¯
ǫ
W (t)
.(C¯ǫW (t) + ‖u¯
ǫ,i2
4 ‖C
1
2
−δ0
)(C¯ǫW (t))
2t
δ
4 (80)
by Lemmas 1.1 (3), 3.6 and 3.10, (48), (49) and (51). Second,
II12t,i1i2jj1 . (C¯
ǫ
W (t) + ‖u¯
ǫ,i2
4 ‖C
1
2
−δ0
)(C¯ǫW (t))
2t
δ
4 (81)
by Lemmas 3.5, 3.7 and 3.10, (47)- (49) and (51). Third, we estimate
II13t,i1i2jj1 . (C¯
ǫ
W (t) + ‖u¯
ǫ,i2
4 ‖C
1
2
−δ0
)C¯ǫW (t) (82)
by (6), Lemma 1.1 (4), (48) - (51). Applying (80) - (82) to (79) gives
II1t,i1i2jj1 . (1 + (C¯
ǫ
W (t))
3)(1 + ‖u¯ǫ,i24 ‖C
1
2
−δ0
). (83)
We can deduce analogous estimates for IIkt,i1i2jj1 for all k ∈ {2, . . . , 8}. Finally,
II9t,i1j . ‖π0(b¯
ǫ,♯,j, u¯
ǫ,i1
1 )‖Cβ−
δ
2
.‖b¯ǫ,♯,j‖
C
1
2
+β‖u¯
ǫ,i1
1 ‖C−
1
2
− δ
2
. ‖b¯ǫ,♯‖
C
1
2
+β C¯
ǫ
W (t) (84)
by (78), (6), (61), Lemma 1.1 (3) and (49). Therefore, (83) and (84) applied to
(77) gives
‖π0(−
1
2
3∑
i2,j1=1
Pji2Dj1 [−π<(u¯
ǫ,i2
3 + u¯
ǫ,i2
4 , K¯
ǫ,j1
b ) + π<(u¯
ǫ,j1
3 + u¯
ǫ,j1
4 , K¯
ǫ,i2
b )
+ π<(b¯
ǫ,i2
3 + b¯
ǫ,i2
4 , K¯
ǫ,j1
u )− π<(b¯
ǫ,j1
3 + b¯
ǫ,j1
4 , K¯
ǫ,i2
u )] + b¯
ǫ,♯,j, u¯
ǫ,i1
1 )‖C−δ
.(1 + (C¯ǫW )
3)(1 + ‖y¯ǫ4‖C
1
2
−δ0
+ ‖b¯ǫ,♯‖
C
1
2
+β ). (85)
Estimates which are similar to (85) applied to (76) gives
‖(π0,⋄(u¯
ǫ,i1
4 , u¯
ǫ,j
1 ), π0,⋄(u¯
ǫ,j
4 , u¯
ǫ,i1
1 ), π0,⋄(b¯
ǫ,i1
4 , b¯
ǫ,j
1 ), π0,⋄(b¯
ǫ,j
4 , b¯
ǫ,i1
1 ),
π0,⋄(b¯
ǫ,i1
4 , u¯
ǫ,j
1 ), π0,⋄(u¯
ǫ,j
4 , b¯
ǫ,i1
1 ), π0,⋄(u¯
ǫ,i1
4 , b¯
ǫ,j
1 ), π0,⋄(b¯
ǫ,j
4 , u¯
ǫ,i1
1 ))‖C−δ
.(1 + (C¯ǫW )
3)(1 + ‖y¯ǫ4‖C
1
2
−δ0
+ ‖y¯ǫ,♯‖
C
1
2
+β ). (86)
At last, we are ready to conclude (70) due to (65),(68), (71)-(75) and (86). 
The following computations differ slightly from those of [70].
Proposition 2.2. Let δ0 and z satisfy the hypothesis of Theorem 1.2 while δ, κ and
β satisfy (48), (53) and (61), respectively. Additionally, let
b1 ∈ (
1
2
(
δ
2
+ β + 2κ), (1− δ − z − κ) ∧
1
2
(
1
2
−
δ
2
− 2κ)). (87)
Then F¯ ǫ,iu and F¯
ǫ,i
b defined respectively by (66), (69) satisfy the following estimates:
‖(F¯ ǫu, F¯
ǫ
b )(t)‖C
1
2
+β (88a)
.C¯ǫW (t)[t
−
δ
2
+β+z
2 −
3κ
4 ‖y0 − y¯
ǫ
1(0)‖C−z
+
∫ t
0
(t− r)−κ−
3
4−
δ
2−
β
2
× [(1 + (C¯ǫW (t))
3)(1 + ‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ
4(r)‖C
1
2
−δ0
) + ‖y¯ǫ4(r)‖
2
Cδ ]dr
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+ t−[
δ
2
+β+κ
2 −b1](
∫ t
0
(t− r)−
3
2
+ δ
2
+κ
2(1−b1)
× [(1 + (C¯ǫW (t))
3)(1 + ‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ
4(r)‖C
1
2
−δ0
) + ‖y¯ǫ4(r)‖
2
Cδ ]
1
1−b1 dr)1−b1
+ t
1
4−
δ0+β+κ+
δ
2
2 ‖(y¯ǫ3 + y¯
ǫ
4)(t)‖C
1
2
−δ0
],
‖(F¯ ǫu, F¯
ǫ
b )(t)‖Cδ (88b)
.C¯ǫW (t)[t
1
4−
z
2−
3δ
4 ‖y0 − y¯
ǫ
1(0)‖C−z
+
∫ t
0
(t− r)−
1+2δ+κ
2
× [(1 + (C¯ǫW (t))
3)(1 + ‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ
4(r)‖C
1
2
−δ0
) + ‖y¯ǫ4(r)‖
2
Cδ ]dr
+ t
κ
2
∫ t
0
(t− r)−
1+2δ+ 3κ
2
2
× [(1 + (C¯ǫW (t))
3)(1 + ‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ
4(r)‖C
1
2
−δ0
) + ‖y¯ǫ4(r)‖
2
Cδ ]dr
+ t
1−δ
4 ‖(y¯ǫ3 + y¯
ǫ
4)(t)‖Cδ ],
‖(F¯ ǫu, F¯
ǫ
b )(t)‖C
1
2
−δ0
(88c)
.C¯ǫW (t)[t
δ0−z−
δ
2
2 ‖y0 − y¯
ǫ
1(0)‖C−z
+
∫ t
0
(t− r)
δ0
2 −
δ
2−
κ
4−
3
4
× [(1 + (C¯ǫW (t))
3)(1 + ‖yǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ
4(r)‖C
1
2
−δ0
) + ‖y¯ǫ4(r)‖
2
Cδ ]dr
+ t
κ
2
∫ t
0
(t− r)
δ0
2 −
δ
2−
3κ
4 −
3
4
× [(1 + (C¯ǫW (t))
3)(1 + ‖yǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ
4(r)‖C
1
2
−δ0
) + ‖y¯ǫ4(r)‖
2
Cδ ]dr
+ t
1−δ
4 ‖(y¯ǫ3 + y¯
ǫ
4)(t)‖C
1
2
−δ0
],
‖(F¯ ǫu, F¯
ǫ
b )(t)‖C−z . C¯
ǫ
W (t)[
∫ t
0
(t− r)−
3
2
−z+ δ
2
+κ
2 (C¯ǫW (t) + ‖y¯
ǫ
4(r)‖Cδ )dr (88d)
+ t
1
4+
z
2−
δ
4−
κ
2 (C¯ǫW (t) + ‖y¯
ǫ
4(t)‖Cδ ) + t
1−δ
4 ‖(y¯ǫ3 + y¯
ǫ
4)(t)‖C−z ].
Proof of Proposition 2.2. For λ = 12 + β, δ,
1
2 − δ0 or −z, we can estimate
‖(F¯ ǫu, F¯
ǫ
b )(t)‖Cλ .
3∑
i=1
‖F¯ ǫ,iu (t)‖Cλ + ‖F¯
ǫ,i
b (t)‖Cλ (89)
where
‖F¯ ǫ,iu (t)‖Cλ =‖
3∑
i1,j1=1
−
1
2
∫ t
0
Pt−sP
ii1Dj1π<(u¯
ǫ,i1
3 (s) + u¯
ǫ,i1
4 (s), u¯
ǫ,j1
1 (s))
− Pt−sP
ii1Dj1π<(u¯
ǫ,i1
3 (t) + u¯
ǫ,i1
4 (t), u¯
ǫ,j1
1 (s))ds
−
1
2
∫ t
0
Pt−sP
ii1Dj1π<(u¯
ǫ,i1
3 (t) + u¯
ǫ,i1
4 (t), u¯
ǫ,j1
1 (s))ds
+
1
2
P ii1Dj1π<(u¯
ǫ,i1
3 (t) + u¯
ǫ,i1
4 (t), K¯
ǫ,j1
u (t))
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−
1
2
∫ t
0
Pt−sP
ii1Dj1π<(u¯
ǫ,j1
3 (s) + u¯
ǫ,j1
4 (s), u¯
ǫ,i1
1 (s))
− Pt−sP
ii1Dj1π<(u¯
ǫ,j1
3 (t) + u¯
ǫ,j1
4 (t), u¯
ǫ,i1
1 (s))ds
−
1
2
∫ t
0
Pt−sP
ii1Dj1π<(u¯
ǫ,j1
3 (t) + u¯
ǫ,j1
4 (t), u¯
ǫ,i1
1 (s))ds
+
1
2
P ii1Dj1π<(u¯
ǫ,j1
3 (t) + u¯
ǫ,j1
4 (t), K¯
ǫ,i1
u (t))
+
1
2
∫ t
0
Pt−sP
ii1Dj1π<(b¯
ǫ,i1
3 (s) + b¯
ǫ,i1
4 (s), b¯
ǫ,j1
1 (s))
− Pt−sP
ii1Dj1π<(b¯
ǫ,i1
3 (t) + b¯
ǫ,i1
4 (t), b¯
ǫ,j1
1 (s))ds
+
1
2
∫ t
0
Pt−sP
ii1Dj1π<(b¯
ǫ,i1
3 (t) + b¯
ǫ,i1
4 (t), b¯
ǫ,j1
1 (s))ds
−
1
2
P ii1Dj1π<(b¯
ǫ,i1
3 (t) + b¯
ǫ,i1
4 (t), K¯
ǫ,j1
b (t))
+
1
2
∫ t
0
Pt−sP
ii1Dj1π<(b¯
ǫ,j1
3 (s) + b¯
ǫ,j1
4 (s), b¯
ǫ,i1
1 (s))
− Pt−sP
ii1Dj1π<(b¯
ǫ,j1
3 (t) + b¯
ǫ,j1
4 (t), b¯
ǫ,i1
1 (s))ds
+
1
2
∫ t
0
Pt−sP
ii1Dj1π<(b¯
ǫ,j1
3 (t) + b¯
ǫ,j1
4 (t), b¯
ǫ,i1
1 (s))ds
−
1
2
P ii1Dj1π<(b¯
ǫ,j1
3 (t) + b¯
ǫ,j1
4 (t), K¯
ǫ,i1
b (t))‖Cλ (90)
and
‖F¯ ǫ,ib (t)‖Cλ =‖
3∑
i1,j1=1
−
1
2
∫ t
0
Pt−sP
ii1Dj1π<(b¯
ǫ,i1
3 (s) + b¯
ǫ,i1
4 (s), u¯
ǫ,j1
1 (s))
− Pt−sP
ii1Dj1π<(b¯
ǫ,i1
3 (t) + b¯
ǫ,i1
4 (t), u¯
ǫ,j1
1 (s))ds
−
1
2
∫ t
0
Pt−sP
ii1Dj1π<(b¯
ǫ,i1
3 (t) + b¯
ǫ,i1
4 (t), u¯
ǫ,j1
1 (s))ds
+
1
2
P ii1Dj1π<(b¯
ǫ,i1
3 (t) + b¯
ǫ,i1
4 (t), K¯
ǫ,j1
u (t))
−
1
2
∫ t
0
Pt−sP
ii1Dj1π<(u¯
ǫ,j1
3 (s) + u¯
ǫ,j1
4 (s), b¯
ǫ,i1
1 (s))
− Pt−sP
ii1Dj1π<(u¯
ǫ,j1
3 (t) + u¯
ǫ,j1
4 (t), b¯
ǫ,i1
1 (s))ds
−
1
2
∫ t
0
Pt−sP
ii1Dj1π<(u¯
ǫ,j1
3 (t) + u¯
ǫ,j1
4 (t), b¯
ǫ,i1
1 (s))ds
+
1
2
P ii1Dj1π<(u¯
ǫ,j1
3 (t) + u¯
ǫ,j1
4 (t), K¯
ǫ,i1
b (t))
+
1
2
∫ t
0
Pt−sP
ii1Dj1π<(u¯
ǫ,i1
3 (s) + u¯
ǫ,i1
4 (s), b¯
ǫ,j1
1 (s))
− Pt−sP
ii1Dj1π<(u¯
ǫ,i1
3 (t) + u¯
ǫ,i1
4 (t), b¯
ǫ,j1
1 (s))ds
+
1
2
∫ t
0
Pt−sP
ii1Dj1π<(u¯
ǫ,i1
3 (t) + u¯
ǫ,i1
4 (t), b¯
ǫ,j1
1 (s))ds
24 KAZUO YAMAZAKI
−
1
2
P ii1Dj1π<(u¯
ǫ,i1
3 (t) + u¯
ǫ,i1
4 (t), K¯
ǫ,j1
b (t))
+
1
2
∫ t
0
Pt−sP
ii1Dj1π<(b¯
ǫ,j1
3 (s) + b¯
ǫ,j1
4 (s), u¯
ǫ,i1
1 (s))
− Pt−sP
ii1Dj1π<(b¯
ǫ,j1
3 (t) + b¯
ǫ,j1
4 (t), u¯
ǫ,i1
1 (s))ds
+
1
2
∫ t
0
Pt−sP
ii1Dj1π<(b¯
ǫ,j1
3 (t) + b¯
ǫ,j1
4 (t), u¯
ǫ,i1
1 (s))ds
−
1
2
P ii1Dj1π<(b¯
ǫ,j1
3 (t) + b¯
ǫ,j1
4 (t), K¯
ǫ,i1
u (t))‖Cλ (91)
due to (66) and (69).
Remark 2.1. Within F¯ ǫ,ib from (69), there are eight terms. Among such eight
terms, we strategically paired up the first and seventh, second with sixth, third with
fifth and fourth with eighth terms in (91). This is similar to the necessity of tak-
ing advantage of the structure of the nonlinear terms of the MHD system that we
mentioned in Remark 1.4.
W.l.o.g., we focus only on ‖F¯ ǫb ‖Cλ as the estimates for ‖F¯
ǫ
u‖Cλ are similar. We
use (47) and compute
‖F¯ ǫb (t)‖Cλ .
8∑
k=1
IIIkt (92)
where
III1t ,
3∑
i,i1,j1=1
‖
∫ t
0
Pt−sP
ii1Dj1π<(b¯
ǫ,i1
3 (s) + b¯
ǫ,i1
4 (s)
− (b¯ǫ,i13 (t) + b¯
ǫ,i1
4 (t)), u¯
ǫ,j1
1 (s))ds‖Cλ , (93a)
III2t ,
3∑
i,i1,j1=1
‖
∫ t
0
Pt−sP
ii1Dj1π<(b¯
ǫ,i1
3 (t) + b¯
ǫ,i1
4 (t), u¯
ǫ,j1
1 (s))ds
− P ii1Dj1π<(b¯
ǫ,i1
3 (t) + b¯
ǫ,i1
4 (t),
∫ t
0
Pt−su¯
ǫ,j1
1 (s)ds)‖Cλ , (93b)
III3t ,
3∑
i,i1,j1=1
‖
∫ t
0
Pt−sP
ii1Dj1π<(u¯
ǫ,j1
3 (s) + u¯
ǫ,j1
4 (s)
− (u¯ǫ,j13 (t) + u¯
ǫ,j1
4 (t)), b¯
ǫ,i1
1 (s))ds‖Cλ , (93c)
III4t ,
3∑
i,i1,j1=1
‖
∫ t
0
Pt−sP
ii1Dj1π<(u¯
ǫ,j1
3 (t) + u¯
ǫ,j1
4 (t), b¯
ǫ,i1
1 (s))ds
− P ii1Dj1π<(u¯
ǫ,j1
3 (t) + u¯
ǫ,j1
4 (t),
∫ t
0
Pt−sb¯
ǫ,i1
1 (s)ds)‖Cλ , (93d)
III5t ,
3∑
i,i1,j1=1
‖
∫ t
0
Pt−sP
ii1Dj1π<(u¯
ǫ,i1
3 (s) + u¯
ǫ,i1
4 (s)
− (u¯ǫ,i13 (t) + u¯
ǫ,i1
4 (t)), b¯
ǫ,j1
1 (s))ds‖Cλ , (93e)
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III6t ,
3∑
i,i1,j1=1
‖
∫ t
0
Pt−sP
ii1Dj1π<(u¯
ǫ,i1
3 (t) + u¯
ǫ,i1
4 (t), b¯
ǫ,j1
1 (s))ds
− P ii1Dj1π<(u¯
ǫ,i1
3 (t) + u¯
ǫ,i1
4 (t),
∫ t
0
Pt−sb¯
ǫ,j1
1 (s)ds)‖Cλ , (93f)
III7t ,
3∑
i,i1,j1=1
‖
∫ t
0
Pt−sP
ii1Dj1π<(b¯
ǫ,j1
3 (s) + b¯
ǫ,j1
4 (s)
− (b¯ǫ,j13 (t) + b¯
ǫ,j1
4 (t)), u¯
ǫ,i1
1 (s))ds‖Cλ , (93g)
III8t ,
3∑
i,i1,j1=1
‖
∫ t
0
Pt−sP
ii1Dj1π<(b¯
ǫ,j1
3 (t) + b¯
ǫ,j1
4 (t), u¯
ǫ,i1
1 (s))ds
− P ii1Dj1π<(b¯
ǫ,j1
3 (t) + b¯
ǫ,j1
4 (t),
∫ t
0
Pt−su¯
ǫ,i1
1 (s)ds)‖Cλ . (93h)
W.l.o.g. we show the estimates only for III1t and III
2
t as those for others are
similar. In order to prove (88a), we now consider λ = 12 + β. First,
III1t . C¯
ǫ
W (t)
∫ t
0
(t− s)−1−
δ
2
+β+κ
2 ‖b¯ǫ3(s) + b¯
ǫ
4(s)− (b¯
ǫ
3(t) + b¯
ǫ
4(t))‖C
κ
2
ds (94)
by (93a), Lemmas 3.7, 3.10 and 1.1 (2), (6) and (49). For s ∈ (0, t), i ∈ {1, 2, 3},
b ∈ (
δ
2
+ β + 2κ,
1
2
− 2κ−
δ
2
), b0 ∈ (
δ
4
+
β
2
+ κ, 1−
z
2
− κ), (95)
we define I to be an identity operator and G¯ǫ , (G¯ǫ,1, G¯ǫ,2, G¯ǫ,3) where
G¯ǫ,i(t) ,
3∑
i1,j=1
P ii1Dj[b¯
ǫ,i1
1 ⋄ u¯
ǫ,j
2 + b¯
ǫ,i1
2 ⋄ u¯
ǫ,j
1 − u¯
ǫ,i1
1 ⋄ b¯
ǫ,j
2 − u¯
ǫ,i1
2 ⋄ b¯
ǫ,j
1 (96)
+ b¯ǫ,i11 ⋄ (u¯
ǫ,j
3 + u¯
ǫ,j
4 ) + (b¯
ǫ,i1
3 + b¯
ǫ,i1
4 ) ⋄ u¯
ǫ,j
1 + b¯
ǫ,i1
2 ⋄ u¯
ǫ,j
2
+ b¯ǫ,i12 (u¯
ǫ,j
3 + u¯
ǫ,j
4 ) + u¯
ǫ,j
2 (b¯
ǫ,i1
3 + b¯
ǫ,i1
4 ) + (b¯
ǫ,i1
3 + b¯
ǫ,i1
4 )(u¯
ǫ,j
3 + u¯
ǫ,j
4 )
− u¯ǫ,i11 ⋄ (b¯
ǫ,j
3 + b¯
ǫ,j
4 )− (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 ) ⋄ b¯
ǫ,j
1 − u¯
ǫ,i1
2 ⋄ b¯
ǫ,j
2
− u¯ǫ,i12 (b¯
ǫ,j
3 + b¯
ǫ,j
4 )− b¯
ǫ,j
2 (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 )− (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 )(b¯
ǫ,j
3 + b¯
ǫ,j
4 )](t)
and compute within the right hand side of (94), for i ∈ {1, 2, 3},
‖b¯ǫ,i3 (t) + b¯
ǫ,i
4 (t)− b¯
ǫ,i
3 (s)− b¯
ǫ,i
4 (s)‖C
κ
2
.‖(Pt−s − I)Ps(b0 − b¯
ǫ
1(0))‖C
κ
2
+ ‖
∫ s
0
(Pt−r − Ps−r)G¯
ǫ(r)dr‖
C
κ
2
+ ‖
∫ t
s
Pt−rG¯
ǫ(r)dr‖
C
κ
2
.(t− s)b0s−
z+κ
2
+2b0
2 ‖b0 − b¯
ǫ
1(0)‖C−z
+ (t− s)
b
2
∫ s
0
(s− r)−
κ+b+3
2
+ δ
2
2 ‖G¯ǫ(r)‖
C−
3
2
− δ
2
−κ
2
dr
+ (t− s)b1
(∫ t
s
[(t− r)−
κ+3
2
+ δ
2
2 ‖G¯ǫ(r)‖
C−
3
2
− δ
2
−κ
2
]
1
1−b1 dr
)1−b1
(97)
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by (38), (39), that Pt−Ps = (Pt−s−I)Ps, Lemmas 3.12 and 3.10, (95) and Ho¨lder’s
inequality. Now, we first estimate within G¯ǫ,i(r) of (96), for i ∈ {1, 2, 3},
‖P ii1Dj(b¯
ǫ,i1
1 ⋄ u¯
ǫ,j
2 )‖C−
3
2
− δ
2
−κ
2
. ‖b¯ǫ,i11 ⋄ u¯
ǫ,j
2 ‖C−
1
2
− δ
2
. C¯ǫW (t) (98)
by Lemma 3.7 and (49). Similarly,
‖P ii1Dj(b¯
ǫ,i1
2 ⋄ u¯
ǫ,j
1 − u¯
ǫ,i1
1 ⋄ b¯
ǫ,j
2 − u¯
ǫ,i1
2 ⋄ b¯
ǫ,j
1 )‖C−
3
2
− δ
2
−κ
2
. C¯ǫW (t). (99)
Second, we estimate within G¯ǫ,i(r) of (96),
‖P ii1Dj[b¯
ǫ,i1
1 ⋄ (u¯
ǫ,j
3 + u¯
ǫ,j
4 )]‖C−
3
2
− δ
2
−κ
2
.
3∑
k=1
IV kt,i1j (100)
where
IV 1t,i1j , ‖π<(b¯
ǫ,i1
1 , u¯
ǫ,j
3 + u¯
ǫ,j
4 )‖C−
1
2
− δ
2
−κ
2
, (101a)
IV 2t,i1j , ‖π0,⋄(b¯
ǫ,i1
1 , u¯
ǫ,j
3 + u¯
ǫ,j
4 )‖C−
1
2
− δ
2
−κ
2
, (101b)
IV 3t,i1j , ‖π>(b¯
ǫ,i1
1 , u¯
ǫ,j
3 + u¯
ǫ,j
4 )‖C−
1
2
− δ
2
−κ
2
, (101c)
by (43), (45). We estimate
IV 1t,i1j . C¯
ǫ
W (t)(‖u¯
ǫ,j
3 ‖C
1
2
−δ + ‖u¯
ǫ,j
4 ‖C
1
2
−δ0
) . C¯ǫW (t)(C¯
ǫ
W (t) + ‖u¯
ǫ,j
4 ‖C
1
2
−δ0
) (102)
by (101), Lemma 1.1 (2), (49), (48), and (51),
IV 2t,i1j . C¯
ǫ
W (t) + (1 + (C¯
ǫ
W (t))
3)(1 + ‖y¯ǫ,♯‖
C
1
2
+β + ‖y¯
ǫ
4‖C
1
2
−δ0
) (103)
by (101), (48), (86), and
IV 3t,i1j . (‖u¯
ǫ,j
3 ‖C
1
2
−δ + ‖u¯
ǫ,j
4 ‖C
1
2
−δ0
)C¯ǫW (t) . (C¯
ǫ
W (t) + ‖u¯
ǫ,j
4 ‖C
1
2
−δ0
)C¯ǫW (t) (104)
by (101), Lemma 1.1 (2), (48), (49) and (51). Applying (102) - (104) to (100) gives
‖P ii1Dj [b¯
ǫ,i1
1 ⋄ (u¯
ǫ,j
3 + u¯
ǫ,j
4 )]‖C−
3
2
− δ
2
−κ
2
.(1 + (C¯ǫW (t))
3)(1 + ‖y¯ǫ,♯‖
C
1
2
+β + ‖y¯
ǫ
4‖C
1
2
−δ0
). (105)
Similarly,
‖P ii1Dj [(b¯
ǫ,i1
3 + b¯
ǫ,i1
4 ) ⋄ u¯
ǫ,j
1 − u¯
ǫ,i1
1 ⋄ (b¯
ǫ,j
3 + b¯
ǫ,j
4 )− (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 ) ⋄ b¯
ǫ,j
1 ]‖C−
3
2
− δ
2
−κ
2
.(1 + (C¯ǫW (t))
3)(1 + ‖y¯ǫ,♯‖
C
1
2
+β + ‖y¯
ǫ
4‖C
1
2
−δ0
). (106)
Third, we estimate within G¯ǫ,i(r) of (96)
‖P ii1Dj(b¯
ǫ,i1
2 ⋄ u¯
ǫ,j
2 , u¯
ǫ,i1
2 ⋄ b¯
ǫ,j
2 )‖C−
3
2
− δ
2
−κ
2
. C¯ǫW (t) (107)
by (48) and (49). Fourth, we estimate within G¯ǫ,i(r) of (96),
‖P ii1Dj [b¯
ǫ,i1
2 (u¯
ǫ,j
3 + u¯
ǫ,j
4 )]‖C−
3
2
− δ
2
−κ
2
.C¯ǫW (t)(C¯
ǫ
W (t) + ‖u¯
ǫ
4‖C
1
2
−δ0
) (108)
by (48), Lemma 1.1 (4), (51), and (49). Similarly,
‖P ii1Dj [u¯
ǫ,j
2 (b¯
ǫ,i1
3 + b¯
ǫ,i1
4 )− u¯
ǫ,i1
2 (b¯
ǫ,j
3 + b¯
ǫ,j
4 )− b¯
ǫ,j
2 (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 )]‖C−
3
2
− δ
2
−κ
2
.C¯ǫW (t)(C¯
ǫ
W (t) + ‖y¯
ǫ
4‖C
1
2
−δ0
). (109)
Fifth, we estimate within G¯ǫ,i(r) of (96),
‖P ii1Dj [(b¯
ǫ,i1
3 + b¯
ǫ,i1
4 )(u¯
ǫ,j
3 + u¯
ǫ,j
4 )− (u¯
ǫ,i1
3 + u¯
ǫ,i1
4 )(b¯
ǫ,j
3 + b¯
ǫ,j
4 )]‖C−
3
2
− δ
2
−κ
2
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.‖b¯ǫ3 + b¯
ǫ
4‖Cδ‖u¯
ǫ
3 + u¯
ǫ
4‖Cδ . (C¯
ǫ
W (t))
2 + ‖y¯ǫ4‖
2
Cδ (110)
by Lemma 1.1 (4), (48), and (51). Hence, (98)-(99) and (105) - (110) give us
‖G¯ǫ(r)‖
C−
3
2
− δ
2
−κ
2
.(1 + (C¯ǫW (t))
3)(1 + ‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ
4(r)‖C
1
2
−δ0
) + ‖y¯ǫ4(r)‖
2
Cδ . (111)
Now applying (97) to (94) leads to
III1t . C¯
ǫ
W (t)[
∫ t
0
(t− s)−1−
δ
2
+β+κ
2 +b0s−
z+κ
2
+2b0
2 ‖b0 − b¯
ǫ
1(0)‖C−zds (112)
+
∫ t
0
∫ s
0
(t− s)−1−
δ
2
+β+κ
2 +
b
2 (s− r)−
κ+b+3
2
+ δ
2
2 ‖G¯ǫ(r)‖
C−
3
2
− δ
2
−κ
2
drds
+
∫ t
0
(t− s)−1−
δ
2
+β+κ
2 +b1
(∫ t
s
(t− r)−
κ+3
2
+ δ
2
2(1−b1) ‖G¯ǫ(r)‖
1
1−b1
C−
3
2
− δ
2
−κ
2
dr
)1−b1
ds]
in which∫ t
0
∫ s
0
(t− s)−1−
δ
2
+β+κ
2 +
b
2 (s− r)−
κ+b+3
2
+ δ
2
2 ‖G¯ǫ(r)‖
C−
3
2
− δ
2
−κ
2
drds (113)
=
∫ t
0
(t− r)−κ−
3
4−
δ
2−
β
2
∫ 1
0
(1− l)−1−
δ
2
+β+κ
2 +
b
2 l−
κ+b+3
2
+ δ
2
2 dl‖G¯ǫ(r)‖
C−
3
2
− δ
2
−κ
2
dr
by Fubini theorem, while∫ t
0
(t− s)−1−
δ
2
+β+κ
2 +b1
(∫ t
s
(t− r)−
κ+3
2
+ δ
2
2(1−b1) ‖G¯ǫ(r)‖
1
1−b1
C−
3
2
− δ
2
−κ
2
dr
)1−b1
ds
.
(
t−
δ
2
+β+κ
2 +b1
)b1
×
(∫ t
0
∫ r
0
(t− s)−1−
δ
2
+β+κ
2 +b1(t− r)−
κ+3
2
+ δ
2
2(1−b1) ‖G¯ǫ(r)‖
1
1−b1
C−
3
2
− δ
2
−κ
2
dsdr
)1−b1
.t−
δ
2
+β+κ
2 +b1
(∫ t
0
(t− r)−
κ+3
2
+ δ
2
2(1−b1) ‖G¯ǫ(r)‖
1
1−b1
C−
3
2
− δ
2
−κ
2
dr
)1−b1
(114)
by Ho¨lder’s inequality, Fubini theorem and (95). Hence, by applying (113) - (114)
to (112) we deduce
III1t .C¯
ǫ
W (t)[t
−
δ
2
+β+z
2 −
3κ
4 ‖b0 − b¯
ǫ
1(0)‖C−z
+
∫ t
0
(t− r)−κ−
3
4−
δ
2−
β
2 ‖G¯ǫ(r)‖
C−
3
2
− δ
2
−κ
2
dr
+ t−[
δ
2
+β+κ
2 −b1]
(∫ t
0
(t− r)−
κ+3
2
+ δ
2
2(1−b1) ‖G¯ǫ(r)‖
1
1−b1
C−
3
2
− δ
2
−κ
2
dr
)1−b1
]. (115)
At last, applying (111) to (115) gives us
III1t . C¯
ǫ
W (t)[t
−
δ
2
+β+z
2 −
3κ
4 ‖b0 − b¯
ǫ
1(0)‖C−z (116)
+
∫ t
0
(t− r)−κ−
3
4−
δ
2−
β
2
× [(1 + (C¯ǫW (t))
3)(1 + ‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ
4(r)‖C
1
2
−δ0
) + ‖y¯ǫ4(r)‖
2
Cδ ]dr
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+ t−[
δ
2
+β+κ
2 −b1](
∫ t
0
(t− r)−
3
2
+ δ
2
+κ
2(1−b1)
× [(1 + (C¯ǫW (t))
3)(1 + ‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ
4(r)‖C
1
2
−δ0
) + ‖y¯ǫ4(r)‖
2
Cδ ]
1
1−b1 dr)1−b1 .
On the other hand,
III2t . C¯
ǫ
W (t)t
1
4−
δ0
2 −
δ
4−
β
2−
κ
2 ‖(b¯ǫ3 + b¯
ǫ
4)(t)‖C
1
2
−δ0
(117)
by (93b), (6), (53), Lemma 3.11, (49), and (61). Combining (117) and (116) finally
gives us (88a). The estimates (88b) - (88d) are proven similarly and we leave details
in the Appendix Subsection 3.2 for readers’ convenience. This completes the proof
of Proposition 2.2. 
Proposition 2.3. Let δ0 and z satisfy the hypothesis of Theorem 1.2, while δ, κ
and β satisfy (48), (53) and (61), respectively. Then there exists some T0 > 0 that
satisfies T0 ≤ Tǫ and
sup
t∈[0,T0]
[tδ+z+κ‖y¯ǫ,♯(t)‖
C
1
2
+β + t
δ+z+κ
2 ‖y¯ǫ,♯(t)‖Cδ ] .T0,C¯ǫW (T0),‖y0‖C−z 1, (118a)
sup
t∈[0,T0]
t
1
2
−δ0+z+κ
2 ‖y¯ǫ4(t)‖C
1
2
−δ0
.T0,C¯ǫW (T0),‖y0‖C−z 1 (118b)
for any ǫ ∈ (0, 1), and thus T0 is independent of ǫ.
Proof of Proposition 2.3. First, for any i ∈ {1, 2, 3},
‖(u¯ǫ,i4 , b¯
ǫ,i
4 )(t)‖C
1
2
−δ0
.[t
δ
4 C¯ǫW (t) +
3∑
i1=1
‖(u¯ǫ,i14 , b¯
ǫ,i1
4 )‖C
1
2
−δ0
]t
δ
4 C¯ǫW (t) + ‖(u¯
ǫ,♯,i, b¯ǫ,♯,i)‖
C
1
2
−δ0
(119)
by (60a), (60b), Lemmas 3.7 and 1.1 (2), (48), (52) and (51). Therefore, for t > 0
sufficiently small, we deduce
‖y¯ǫ4(t)‖C
1
2
−δ0
. (C¯ǫW (t))
2 + ‖y¯ǫ,♯‖
C
1
2
−δ0
, (120)
which is slightly different from a component-wise estimate in [70, Equation (3.12)],
that we believe to be difficult due to P ii1 . Similarly,
‖(u¯ǫ,i4 , b¯
ǫ,i
4 )(t)‖Cδ
.[t
δ
4 C¯ǫW (t) +
3∑
i1=1
‖(u¯ǫ,i14 , b¯
ǫ,i1
4 )‖Cδ ]t
δ
4 C¯ǫW (t) + ‖(u¯
ǫ,♯,i, b¯ǫ,♯,i)‖Cδ (121)
by (60a), (60b), Lemma 1.1 (2), (48), (6), (52) and (51). Thus, for t > 0 sufficiently
small, we obtain
‖y¯ǫ4(t)‖Cδ . (C¯
ǫ
W (t))
2 + ‖y¯ǫ,♯(t)‖Cδ . (122)
Now we first assume that supǫ C¯
ǫ
W (t) <∞ so that t becomes independent of ǫ > 0
and estimate for t ∈ (0, 1),
tδ+z+κ‖y¯ǫ,♯(t)‖
C
1
2
+β (123)
.tκ‖y0 − y¯
ǫ
1(0)‖C−z
+ tδ+z+κ
∫ t
0
(t− s)−
3
4−δ−
β
2−κ[(1 + (C¯ǫW (t))
3)(1 + ‖y¯ǫ,♯(s)‖
C
1
2
+β + ‖y¯
ǫ
4(s)‖C
1
2
−δ0
)
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+ ‖y¯ǫ4(s)‖
2
Cδ ]ds+ t
δ+z+κ
3∑
i=1
‖(F¯ ǫ,iu , F¯
ǫ,i
b )(t)‖C
1
2
+β
by (64), (67), Lemmas 3.10 and 3.7, (61) and (70). We apply (88a) to deduce
tδ+z+κ‖y¯ǫ,♯(t)‖
C
1
2
+β (124)
.tκ‖y0 − y¯
ǫ
1(0)‖C−z
+ tδ+z+κ
∫ t
0
(t− s)−
3
4−δ−
β
2−κ[(1 + (C¯ǫW (t))
3)(1 + ‖y¯ǫ,♯(s)‖
C
1
2
+β + ‖y¯
ǫ
4(s)‖C
1
2
−δ0
)
+ ‖y¯ǫ4(s)‖
2
Cδ ]ds
+ tδ+z+κC¯ǫW (t)[t
−
δ
2
+β+z
2 −
3κ
4 ‖y0 − y¯
ǫ
1(0)‖C−z
+
∫ t
0
(t− r)−κ−
3
4−
δ
2−
β
2
× [(1 + (C¯ǫW (t))
3)(1 + ‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ
4(r)‖C
1
2
−δ0
) + ‖y¯ǫ4(r)‖
2
Cδ ]dr
+ t−[
δ
2
−β+κ
2 +b1](
∫ t
0
(t− r)
−
3
2
+ δ
2
+κ
2(1−b1)
× [(1 + (C¯ǫW (t))
3)(1 + ‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ
4(r)‖C
1
2
−δ0
) + ‖y¯ǫ4(r)‖
2
Cδ ]
1
1−b1 dr)1−b1
+ t
1
4−
δ0+β+κ+
δ
2
2 ‖(y¯ǫ3 + y¯
ǫ
4)(t)‖C
1
2
−δ0
].
We estimate
‖(y¯ǫ3 + y¯
ǫ
4)(t)‖C
1
2
−δ0
. C¯ǫW (t) + (C¯
ǫ
W (t))
2 + ‖y¯ǫ,♯(t)‖
C
1
2
+β
by (48), (51), (120) and (6) and rely on (61), (120) and (122) to deduce from (124),
tδ+z+κ‖y¯ǫ,♯(t)‖
C
1
2
+β (125)
.t
κ
4 (1 + C¯ǫW (t))‖y0 − y¯
ǫ
1(0)‖C−z
+ tδ+z+κ
∫ t
0
(t− s)−
3
4−δ−
β
2−κ[(1 + (C¯ǫW (t))
4)(1 + ‖y¯ǫ,♯(s)‖
C
1
2
+β + ‖y¯
ǫ,♯(s)‖2Cδ)]ds
+ tδ+z+κC¯ǫW (t)[
∫ t
0
(t− r)−κ−
3
4−
δ
2−
β
2
× [(1 + (C¯ǫW (t))
4)(1 + ‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ,♯(r)‖2Cδ )]dr
+ t−[
( δ
2
+β+κ)
2 −b1](
∫ t
0
(t− r)−
3
2
+ δ
2
+κ
2(1−b1)
× [(1 + (C¯ǫW (t))
4)(1 + ‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ,♯(r)‖2Cδ )]
1
1−b1 dr)1−b1
+ t
1
4−
δ0+β+κ+
δ
2
2 (1 + (C¯ǫW (t))
2 + ‖y¯ǫ,♯(t)‖
C
1
2
+β )].
Moreover,
tδ+z+κ−[
( δ
2
+β+κ)
2 −b1](
∫ t
0
(t− r)−
3
2
+ δ
2
+κ
2(1−b1)
× [(1 + (C¯ǫW (t))
4)(1 + ‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ,♯(r)‖2Cδ )]
1
1−b1 dr)1−b1
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.C(t) + C(C¯ǫW (t))t
δ+z+κ
1−b1
∫ t
0
(t− r)−
3
2
+ δ
2
+κ
2(1−b1) [‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ,♯(r)‖2Cδ ]
1
1−b1 dr
by Young’s inequality, (87) and (61) so that (125) finally leads us to
tδ+z+κ‖y¯ǫ,♯(t)‖
C
1
2
+β (126)
.C(t, C¯ǫW (t))‖y0 − y¯
ǫ
1(0)‖C−z + C(t, C¯
ǫ
W (t))
+ C(C¯ǫW (t))t
δ+z+κ
∫ t
0
(t− r)−
3
4−δ−
β
2−κ[‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ,♯(r)‖2Cδ ]dr
+ C(C¯ǫW (t))t
δ+z+κ
∫ t
0
(t− r)−κ−
3
4−
δ
2−
β
2 [‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ,♯(r)‖2Cδ ]dr
+ C(C¯ǫW (t))t
δ+z+κ
1−b1
∫ t
0
(t− r)
−
3
2
+ δ
2
+κ
2(1−b1) [‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ,♯(r)‖2Cδ ]
1
1−b1 dr.
Next,
t
δ+z+κ
2 ‖y¯ǫ,♯(t)‖Cδ
.t
κ
2 ‖y0 − y¯
ǫ
1(0)‖C−z
+ t
δ+z+κ
2
∫ t
0
(t− s)−
3δ
2 −
1
2−κ
× [(1 + (C¯ǫW (t))
3)(1 + ‖y¯ǫ,♯(s)‖
C
1
2
+β + ‖y¯
ǫ
4(s)‖C
1
2
−δ0
) + ‖y¯ǫ4(s)‖
2
Cδ ]ds
+ t
δ+z+κ
2 C¯ǫW (t)[t
1
4−
z
2−
3δ
4 ‖y0 − y¯
ǫ
1(0)‖C−z
+
∫ t
0
(t− r)−
1+2δ+κ
2
× [(1 + (C¯ǫW (t))
3)(1 + ‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ
4(r)‖C
1
2
−δ0
) + ‖y¯ǫ4(r)‖
2
Cδ ]dr
+ t
κ
2
∫ t
0
(t− r)−
1+2δ+3κ
2
2
× [(1 + (C¯ǫW (t))
3)(1 + ‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ
4(r)‖C
1
2
−δ0
) + ‖y¯ǫ4(r)‖
2
Cδ ]dr
+ t
1−δ
4 ‖(y¯ǫ3 + y¯
ǫ
4)(t)‖Cδ ]
by (64), (67), Lemmas 3.7 and 3.10, (70) and (88b). We continue to bound this by
t
δ+z+κ
2 ‖y¯ǫ,♯(t)‖Cδ
.C(t, C¯ǫW (t))‖y0 − y¯
ǫ
1(0)‖C−z + C(t, C¯
ǫ
W (t))
+ t
δ+z+κ
2 C(C¯ǫW (t))
∫ t
0
(t− r)−
3δ
2 −
1
2−κ[‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ,♯(r)‖2Cδ ]dr
+ t
δ+z+κ
2 C(C¯ǫW (t))
∫ t
0
(t− r)−
1+2δ+κ
2 [‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ,♯(r)‖2Cδ ]dr
+ t
δ+z+2κ
2 C(C¯ǫW (t))
∫ t
0
(t− r)−
1+2δ+ 3κ
2
2 [‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ,♯(r)‖2Cδ ]dr
+ t
δ+z+κ
2 t
1−δ
4 C¯ǫW (t)(t
δ
4 C¯ǫW (t) + (C¯
ǫ
W (t))
2‖y¯ǫ,♯‖Cδ) (127)
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by (120), (6), (122), (48), (53) and (51). By interpolation and considering only
t ∈ (0, 1) sufficiently small, we deduce from (127)
t
δ+z+κ
2 ‖y¯ǫ,♯(t)‖Cδ
.C(t, C¯ǫW (t))‖y0 − y¯
ǫ
1(0)‖C−z + C(t, C¯
ǫ
W (t))
+ C(C¯ǫW (t))t
δ+z+κ
2
∫ t
0
(t− r)−
3δ
2 −
1
2−κ[‖y¯ǫ,♯(r)‖C 12+β + ‖y¯
ǫ,♯(r)‖2Cδ ]dr
+ C(C¯ǫW (t))t
δ+z+κ
2
∫ t
0
(t− r)−
1+2δ+κ
2 [‖y¯ǫ,♯(r)‖C 12+β + ‖y¯
ǫ,♯(r)‖2Cδ ]dr. (128)
Now an application of Bihari’s inequality Lemma 3.14 on (126) and (128) implies
the existence of T0 that is independent of ǫ > 0 such that (118a) holds. Next, we
estimate
sup
t∈[0,T0]
tδ+z+κ‖(φ¯ǫ,♯u , φ¯
ǫ,♯
b )(t)‖C−1−2δ−2κ .T0,C¯ǫW (T0),‖y0‖C−z 1 (129)
by (70), (120), (122), (6) and (118a). Next,
sup
t∈[0,T0]
t
1
2
−δ0+z+κ
2 ‖y¯ǫ4(t)‖C
1
2
−δ0
(130)
. sup
t∈[0,T0]
t
1
2
−δ0+z+κ
2 [(C¯ǫW (T0))
2
+
3∑
i=1
‖(Pt(
3∑
i1=1
P ii1ui10 − u¯
ǫ,i
1 (0)), Pt(
3∑
i1=1
P ii1bi10 − b¯
ǫ,i
1 (0)))‖C
1
2
−δ0
+
3∑
i=1
∫ t
0
‖(Pt−sφ¯
ǫ,♯,i
u , Pt−sφ¯
ǫ,♯,i
b )(s)‖C
1
2
−δ0
ds+
3∑
i=1
‖(F¯ ǫ,iu , F¯
ǫ,i
b )(t)‖C
1
2
−δ0
]
by (120), (64), (67). First,
t
1
2
−δ0+z+κ
2 (C¯ǫW (T0))
2 .T0,C¯ǫW (T0) 1 (131)
as δ0 ∈ (0,
1
2 ) by hypothesis. Second,
t
1
2
−δ0+z+κ
2 ‖(Pt(
3∑
i1=1
P ii1ui10 − u¯
ǫ,i
1 (0)), Pt(
3∑
i1=1
P ii1bi10 − b¯
ǫ,i
1 (0)))‖C
1
2
−δ0
.t
1
2
−δ0+z+κ
2 t−
1
2
−δ0+z
2 ‖y0 − y¯
ǫ
1(0)‖C−z ≈ t
κ
2 ‖y0 − y¯
ǫ
1(0)‖C−z (132)
by Lemmas 3.7 and 3.10. Third,
t
1
2
−δ0+z+κ
2
∫ t
0
‖(Pt−sφ¯
ǫ,♯,i
u , Pt−sφ¯
ǫ,♯,i
b )(s)‖C
1
2
−δ0
ds
.[ sup
s∈[0,T0]
sδ+z+κ‖(φ¯ǫ,♯,iu , φ¯
ǫ,♯,i
b )(s)‖C−1−2δ−2κ ]t
1
2
−δ0+z+κ
2 t
1
4+
δ0
2 −2δ−2κ−z
by Lemma 3.10, (53) and (48). Therefore,
t
1
2
−δ0+z+κ
2
∫ t
0
‖(Pt−sφ¯
ǫ,♯,i
u , Pt−sφ¯
ǫ,♯,i
b )(s)‖C
1
2
−δ0
ds .T0,C¯ǫW (T0),‖y0‖C−z 1 (133)
32 KAZUO YAMAZAKI
by (118a) and (53). Lastly, we rely on (88c), (53), (48), (120), (122) and (51) to
deduce
t
1
2
−δ0+z+κ
2
3∑
i=1
‖(F¯ ǫ,iu , F¯
ǫ,i
b )(t)‖C
1
2
−δ0
.C¯ǫW (t)t
1
2
−δ0+z+κ
2 [t
δ0−z−
δ
2
2 ‖y0 − y¯
ǫ
1(0)‖C−z + t
δ0
2 −
δ
2−
3κ
4 +
1
4
+
∫ t
0
(t− r)
δ0
2 −
δ
2−
κ
4−
3
4 [‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ,♯(r)‖2Cδ ]dr
+ t
κ
2
∫ t
0
(t− r)
δ0
2 −
δ
2−
3κ
4 −
3
4 [‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ,♯(r)‖2Cδ ]dr
+ t
1−δ
4 (t
δ
4 C¯ǫW (t) + ‖y¯
ǫ
4(t)‖C
1
2
−δ0
)]. (134)
Relying on (48), (53) and (118a) leads us to
t
1
2
−δ0+z+κ
2
3∑
i=1
‖(F¯ ǫ,iu , F¯
ǫ,i
b )(t)‖C
1
2
−δ0
(135)
.C¯ǫW (t) C(T0, ‖y0‖C−z) + t
1
2
−δ0+z+κ
2 t
1−δ
4 ‖y¯ǫ4(t)‖C
1
2
−δ0
.
Therefore, by applying (131)-(133) and (135) to (130) , for T0 > 0 sufficiently small
we deduce (118b) so that the proof of Proposition 2.3 is complete. 
Next, we estimate
3∑
i=1
‖(u¯ǫ,i4 , b¯
ǫ,i
4 )(t)‖C−z
≤
1
2
3∑
i1=1
‖(u¯ǫ,i14 , b¯
ǫ,i1
4 )(t)‖C−z + C(T0, C¯
ǫ
W (T0)) + C
3∑
i=1
‖(u¯ǫ,♯,i, b¯ǫ,♯,i)(t)‖C−z
by (60a), (60b), Lemma 1.1 (2), (48), (51), (52) and taking T0 > 0 smaller if
necessary. Thus, subtracting 12
∑3
i1=1
‖(u¯ǫ,i14 , b¯
ǫ,i1
4 )‖C−z from both sides gives
3∑
i=1
‖(u¯ǫ,i4 , b¯
ǫ,i
4 )‖C−z . C(C¯
ǫ
W (T0), T0, ‖y0‖C−z) +
3∑
i=1
‖(F¯ ǫ,iu , F¯
ǫ,i
b )‖C−z (136)
by (64), (67), Lemmas 3.7 and 3.10, (129) and (53). Now in order to estimate∑3
i=1‖(F¯
ǫ,i
u , F¯
ǫ,i
b )‖C−z , we compute from (88d)
‖(F¯ ǫu, F¯
ǫ
b )(t)‖C−z .T0,C¯ǫW (T0),‖y0‖C−z 1 + ‖(y¯
ǫ
3 + y¯
ǫ
4)(t)‖C−z t
1−δ
4 (137)
by (122), (48), and (53). We apply (137) to the estimate (136) to obtain
sup
t∈[0,T0]
3∑
i=1
‖(u¯ǫ,i4 , b¯
ǫ,i
4 )(t)‖C−z .T0,C¯ǫW (T0),‖y0‖C−z 1 (138)
by (48), (51) and then taking T0 > 0 smaller if necessary. Now based on (49), we
define
Z¯(W ǫ) ,(u¯ǫ1, b¯
ǫ
1, u¯
ǫ
1 ⋄ u¯
ǫ
1, b¯
ǫ
1 ⋄ b¯
ǫ
1, u¯
ǫ
1 ⋄ b¯
ǫ
1, b¯
ǫ
1 ⋄ u¯
ǫ
1, u¯
ǫ
1 ⋄ u¯
ǫ
2, b¯
ǫ
1 ⋄ b¯
ǫ
2, b¯
ǫ
1 ⋄ u¯
ǫ
2, b¯
ǫ
2 ⋄ u¯
ǫ
1,
u¯ǫ2 ⋄ u¯
ǫ
2, b¯
ǫ
2 ⋄ b¯
ǫ
2, b¯
ǫ
2 ⋄ u¯
ǫ
2, π0,⋄(u¯
ǫ
3, u¯
ǫ
1), π0,⋄(b¯
ǫ
3, b¯
ǫ
1), π0,⋄(u¯
ǫ
3, b¯
ǫ
1), π0,⋄(b¯
ǫ
3, u¯
ǫ
1),
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π0,⋄(PDK¯
ǫ
u, u¯
ǫ
1), π0,⋄(PDK¯
ǫ
b , u¯
ǫ
1), π0,⋄(PDK¯
ǫ
u, b¯
ǫ
1), π0,⋄(PDK¯
ǫ
b , b¯
ǫ
1))
∈X , C([0, T0]; C
− 12−
δ
2 )2 × C([0, T ]; C−1−
δ
2 )4
× C([0, T ]; C−
1
2−
δ
2 )4 × C([0, T0]; C
−δ)11, (139)
equipped with product topology. Then similarly, we can show that for all a > 0,
there exists T0 > 0 sufficiently small such that the mapping (y0, Z¯(W
ǫ)) 7→ y¯ǫ4 is Lip-
schitz in a norm C([0, T0]; C
−z) on the set {(y0, Z¯(W
ǫ)):max{‖y0‖C−z , C¯
ǫ
W (T0)} ≤
a}. This implies that y¯ǫ4 on [0, T0] depends in a locally Lipschitz continuous way on
(y0, Z¯(W
ǫ)). Similarly to [63, Theorem 3.2], we can prove the existence of γ > 0,
(u¯1, b¯1) ∈ C([0, T0]; C−
1
2−
δ
2 )2, (u¯2, b¯2) ∈ C([0, T0]; C−δ)2, (u¯3, b¯3) ∈ C([0, T0]; C
1
2−δ)2
such that for all p ≥ 1,
E[‖(u¯ǫ1, b¯
ǫ
1)− (u¯1, b¯1)‖
p
C([0,T0];C
− 1
2
− δ
2 )
] . ǫγp, (140a)
E[‖(u¯ǫ2, b¯
ǫ
2)− (u¯2, b¯2)‖C([0,T0];C−δ)] . ǫ
γp, (140b)
E[‖(u¯ǫ3, b¯
ǫ
3)− (u¯3, b¯3)‖C([0,T0];C
1
2
−δ)
] . ǫγp. (140c)
Using these bounds, letting ǫk , 2−k, we can prove that for all λ > 0,
∞∑
k=1
P({‖(u¯ǫk1 , b¯
ǫk
1 )− (u¯1, b¯1)‖C([0,T0];C−
1
2
− δ
2 )
> λ}) .
1
λ
∞∑
k=1
2−κγ .λ 1 (141)
by Chebyshev’s inequality. Due to Borel-Cantelli Lemma, we conclude that for
all i ∈ {1, 2, 3}, (u¯ǫk,i1 , b¯
ǫk,i
1 ) → (u¯
i
1, b¯
i
1) in C([0, T0]; C
− 12−
δ
2 )2 P-a.s. as k → ∞
and similarly (u¯ǫk,i2 , b¯
ǫk,i
2 ) → (u¯
i
2, b¯
i
2), (u¯
ǫk,i
3 , b¯
ǫk,i
3 ) → (u¯
i
3, b¯
i
3) in C([0, T0]; C
−δ)2
and C([0, T0]; C
1
2−δ)2 P-a.s. as k → ∞, respectively. Hence, we have shown
that supk∈N:ǫk=2−k C¯
ǫk
W (T0) < ∞ P-a.s., (u¯4, b¯4) = limk→∞(u¯
ǫk
4 , b¯
ǫk
4 ) in [0, T0],
y = (u, b) = (
∑4
i=1 u¯i,
∑4
i=1 b¯i) as the solution to (21) on [0, T0] where T0 > 0
is independent of ǫk > 0 and
sup
t∈[0,T0]
‖(u¯ǫk , b¯ǫk)(t)− (u, b)(t)‖C−z → 0
P-a.s., as k → ∞ where we recall that (u¯ǫk , b¯ǫk) = (
∑4
i=1 u¯
ǫk
i ,
∑4
i=1 b¯
ǫk
i ). We can
now define
τL , inf{t: ‖(u, b)(t)‖C−z ≥ L} ∧ L and ρ¯
ǫ
L , inf{t: C¯
ǫ
W (t) ≥ L} (142)
for some L ≥ 0 and show that for L1 ≥ 0,
sup
t∈[0,τL∧ρ¯ǫL1
]
‖(y¯ǫ − y)(t)‖C−z → 0 (143)
in probability similarly to (118a) using (120)-(122). Then the proof that we can
extend such a solution to the maximal solution that satisfies supt∈[0,τ)‖y(t)‖C−z =
+∞ for some explosion time τ is standard and may be shown identically as [69,
Proof of Theorem 3.12]; thus, we omit it here.
2.1.2. Construction of solution to (27). Analogously to (36)-(39), we write yǫ1 ,
(uǫ1, b
ǫ
1), y
ǫ
2 , (u
ǫ
2, b
ǫ
2), y
ǫ
3 , (u
ǫ
3, b
ǫ
3), y
ǫ
4 , (u
ǫ
4, b
ǫ
4) and split (27) as follows: for
i ∈ {1, 2, 3},
du
ǫ,i
1 = ∆ǫu
ǫ,i
1 dt+
3∑
i1=1
P ii1Hu,ǫdW
i1
u , db
ǫ,i
1 = ∆ǫb
ǫ,i
1 dt+
3∑
i1=1
P ii1Hb,ǫdW
i1
b , (144)
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du
ǫ,i
2 =∆ǫu
ǫ,i
2 dt−
1
2
3∑
i1,j=1
P ii1Dǫj(u
ǫ,i1
1 ⋄ u
ǫ,j
1 − b
ǫ,i1
1 ⋄ b
ǫ,j
1 )dt, u
ǫ
2(0, ·) ≡ 0, (145a)
db
ǫ,i
2 =∆ǫb
ǫ,i
2 dt−
1
2
3∑
i1,j=1
P ii1Dǫj(b
ǫ,i1
1 ⋄ u
ǫ,j
1 − u
ǫ,i1
1 ⋄ b
ǫ,j
1 )dt, b
ǫ
2(0, ·) ≡ 0, (145b)
du
ǫ,i
3 =∆ǫu
ǫ,i
3 dt−
1
2
3∑
i1,j=1
P ii1Dǫj(u
ǫ,i1
1 ⋄ u
ǫ,j
2 + u
ǫ,i1
2 ⋄ u
ǫ,j
1
− bǫ,i11 ⋄ b
ǫ,j
2 − b
ǫ,i1
2 ⋄ b
ǫ,j
1 )dt, u
ǫ
3(0, ·) ≡ 0, (146a)
db
ǫ,i
3 =∆ǫb
ǫ,i
3 dt−
1
2
3∑
i1,j=1
P ii1Dǫj(b
ǫ,i1
1 ⋄ u
ǫ,j
2 + b
ǫ,i1
2 ⋄ u
ǫ,j
1
− uǫ,i11 ⋄ b
ǫ,j
2 − u
ǫ,i1
2 ⋄ b
ǫ,j
1 )dt, b
ǫ
3(0, ·) ≡ 0, (146b)
u
ǫ,i
4 (t) =P
ǫ
t (
3∑
i1=1
P ii1ui10 − u
ǫ,i
1 (0)) (147a)
−
1
2
∫ t
0
P ǫt−s
3∑
i1,j=1
P ii1
×Dǫj [u
ǫ,i1
1 ⋄ (u
ǫ,j
3 + u
ǫ,j
4 ) + (u
ǫ,i1
3 + u
ǫ,i1
4 ) ⋄ u
ǫ,j
1 + u
ǫ,i1
2 ⋄ u
ǫ,j
2
+ uǫ,i12 (u
ǫ,j
3 + u
ǫ,j
4 ) + u
ǫ,j
2 (u
ǫ,i1
3 + u
ǫ,i1
4 ) + (u
ǫ,i1
3 + u
ǫ,i1
4 )(u
ǫ,j
3 + u
ǫ,j
4 )
− bǫ,i11 ⋄ (b
ǫ,j
3 + b
ǫ,j
4 )− (b
ǫ,i1
3 + b
ǫ,i1
4 ) ⋄ b
ǫ,j
1 − b
ǫ,i1
2 ⋄ b
ǫ,j
2
− bǫ,i12 (b
ǫ,j
3 + b
ǫ,j
4 )− b
ǫ,j
2 (b
ǫ,i1
3 + b
ǫ,i1
4 )− (b
ǫ,i1
3 + b
ǫ,i1
4 )(b
ǫ,j
3 + b
ǫ,j
4 )]ds,
b
ǫ,i
4 (t) =P
ǫ
t (
3∑
i1=1
P ii1bi10 − b
ǫ,i
1 (0)) (147b)
−
1
2
∫ t
0
P ǫt−s
3∑
i1,j=1
P ii1
×Dǫj [b
ǫ,i1
1 ⋄ (u
ǫ,j
3 + u
ǫ,j
4 ) + (b
ǫ,i1
3 + b
ǫ,i1
4 ) ⋄ u
ǫ,j
1 + b
ǫ,i1
2 ⋄ u
ǫ,j
2
+ bǫ,i12 (u
ǫ,j
3 + u
ǫ,j
4 ) + u
ǫ,j
2 (b
ǫ,i1
3 + b
ǫ,i1
4 ) + (b
ǫ,i1
3 + b
ǫ,i1
4 )(u
ǫ,j
3 + u
ǫ,j
4 )
− uǫ,i11 ⋄ (b
ǫ,j
3 + b
ǫ,j
4 )− (u
ǫ,i1
3 + u
ǫ,i1
4 ) ⋄ b
ǫ,j
1 − u
ǫ,i1
2 ⋄ b
ǫ,j
2
− uǫ,i12 (b
ǫ,j
3 + b
ǫ,j
4 )− b
ǫ,j
2 (u
ǫ,i1
3 + u
ǫ,i1
4 )− (u
ǫ,i1
3 + u¯
ǫ,i1
4 )(b
ǫ,j
3 + b
ǫ,j
4 )]ds,
where we recall from Example 1.1 that P ǫt = e
t∆ǫ , and
u
ǫ,i
1 ⋄ u
ǫ,j
1 , u
ǫ,i
1 u
ǫ,j
1 − C
ǫ,ij
01 , b
ǫ,i
1 ⋄ b
ǫ,j
1 , b
ǫ,i
1 b
ǫ,j
1 − C
ǫ,ij
02 , (148a)
u
ǫ,i
1 ⋄ b
ǫ,j
1 , u
ǫ,i
1 b
ǫ,j
1 − C
ǫ,ij
03 , b
ǫ,i
1 ⋄ u
ǫ,j
1 , b
ǫ,i
1 u
ǫ,j
1 − C
ǫ,ij
03 , (148b)
with Cǫ,ij01 , C
ǫ,ij
02 , C
ǫ,ij
03 explicitly found in (175a), (173),
u
ǫ,i
2 ⋄ u
ǫ,j
1 , u
ǫ,j
1 ⋄ u
ǫ,i
2
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,uǫ,j1 u
ǫ,i
2 +
3∑
i1=1
(Cǫ,ii1j1,u + C˜
ǫ,ii1j
1,u )u
ǫ,i1
1 + (C
ǫ,ii1j
1,b + C˜
ǫ,ii1j
1,b )b
ǫ,i1
1 , (149a)
b
ǫ,i
2 ⋄ b
ǫ,j
1 ,b
ǫ,j
1 ⋄ b
ǫ,i
2
,bǫ,j1 b
ǫ,i
2 +
3∑
i1=1
(Cǫ,ii1j2,u + C˜
ǫ,ii1j
2,u )u
ǫ,i1
1 + (C
ǫ,ii1j
2,b + C˜
ǫ,ii1j
2,b )b
ǫ,i1
1 , (149b)
u
ǫ,i
2 ⋄ b
ǫ,j
1 ,b
ǫ,j
1 ⋄ u
ǫ,i
2
,bǫ,j1 u
ǫ,i
2 +
3∑
i1=1
(Cǫ,ii1j3,u + C˜
ǫ,ii1j
3,u )u
ǫ,i1
1 + (C
ǫ,ii1j
3,b + C˜
ǫ,ii1j
3,b )b
ǫ,i1
1 , (149c)
b
ǫ,i
2 ⋄ u
ǫ,j
1 ,u
ǫ,j
1 ⋄ b
ǫ,i
2
,uǫ,j1 b
ǫ,i
2 +
3∑
i1=1
(Cǫ,ii1j4,u + C˜
ǫ,ii1j
4,u )u
ǫ,i1
1 + (C
ǫ,ii1j
4,b + C˜
ǫ,ii1j
4,b )b
ǫ,i1
1 , (149d)
with Cǫ,ii1jk,u , C
ǫ,ii1j
k,b , C˜
ǫ,ii1j
k,u and C˜
ǫ,ii1j
k,b explicitly found in (187), (189), (215), (217)
and (220),
u
ǫ,i
2 ⋄ u
ǫ,j
2 , u
ǫ,i
2 u
ǫ,j
2 − φ
ǫ,ij
21 − C
ǫ,ij
21 , b
ǫ,i
2 ⋄ b
ǫ,j
2 , b
ǫ,i
2 b
ǫ,j
2 − φ
ǫ,ij
22 − C
ǫ,ij
22 , (150a)
b
ǫ,i
2 ⋄ u
ǫ,j
2 , b
ǫ,i
2 u
ǫ,j
2 − φ
ǫ,ij
23 − C
ǫ,ij
23 , u
ǫ,i
2 ⋄ b
ǫ,j
2 , u
ǫ,i
2 b
ǫ,j
2 − φ
ǫ,ij
24 − C
ǫ,ij
24 , (150b)
with φǫ,ij22 (t) explicitly found in (400c), C
ǫ,ij
22 in (400a),
u
ǫ,i
1 ⋄ u
ǫ,j
3 ,π<(u
ǫ,i
1 , u
ǫ,j
3 ) + π>(u
ǫ,i
1 , u
ǫ,j
3 ) + π0,⋄(u
ǫ,j
3 , u
ǫ,i
1 ), (151a)
b
ǫ,i
1 ⋄ b
ǫ,j
3 ,π<(b
ǫ,i
1 , b
ǫ,j
3 ) + π>(b
ǫ,i
1 , b
ǫ,j
3 ) + π0,⋄(b
ǫ,j
3 , b
ǫ,i
1 ), (151b)
u
ǫ,i
1 ⋄ b
ǫ,j
3 ,π<(u
ǫ,i
1 , b
ǫ,j
3 ) + π>(u
ǫ,i
1 , b
ǫ,j
3 ) + π0,⋄(b
ǫ,j
3 , u
ǫ,i
1 ), (151c)
b
ǫ,i
1 ⋄ u
ǫ,j
3 ,π<(b
ǫ,i
1 , u
ǫ,j
3 ) + π>(b
ǫ,i
1 , u
ǫ,j
3 ) + π0,⋄(u
ǫ,j
3 , b
ǫ,i
1 ), (151d)
with
π0,⋄(u
ǫ,i
3 , u
ǫ,j
1 ) ,π0(u
ǫ,i
3 , u
ǫ,j
1 )− φ
ǫ,ij
11 − C
ǫ,ij
11
+
3∑
i1=1
(Cǫ,ii1j1,u + C˜
ǫ,ii1j
1,u )u
ǫ,i1
2 + (C
ǫ,ii1j
1,b + C˜
ǫ,ii1j
1,b )b
ǫ,i1
2 , (152a)
π0,⋄(b
ǫ,i
3 , b
ǫ,j
1 ) ,π0(b
ǫ,i
3 , b
ǫ,j
1 )− φ
ǫ,ij
12 − C
ǫ,ij
12
+
3∑
i1=1
(Cǫ,ii1j2,u + C˜
ǫ,ii1j
2,u )u
ǫ,i1
2 + (C
ǫ,ii1j
2,b + C˜
ǫ,ii1j
2,b )b
ǫ,i1
2 , (152b)
π0,⋄(u
ǫ,i
3 , b
ǫ,j
1 ) ,π0(u
ǫ,i
3 , b
ǫ,j
1 )− φ
ǫ,ij
13 − C
ǫ,ij
13
+
3∑
i1=1
(Cǫ,ii1j3,u + C˜
ǫ,ii1j
3,u )u
ǫ,i1
2 + (C
ǫ,ii1j
3,b + C˜
ǫ,ii1j
3,b )b
ǫ,i1
2 , (152c)
π0,⋄(b
ǫ,i
3 , u
ǫ,j
1 ) ,π0(b
ǫ,i
3 , u
ǫ,j
1 )− φ
ǫ,ij
14 − C
ǫ,ij
14 +
3∑
i1=1
(Cǫ,ii1j4,u + C˜
ǫ,ii1j
4,u )u
ǫ,i1
2 + (C
ǫ,ii1j
4,b + C˜
ǫ,ii1j
4,b )b
ǫ,i1
2 , (152d)
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and φǫ,ij13 (t) explicitly found in (295b), C
ǫ,ij
13 in (295a)
u
ǫ,i
1 ⋄ u
ǫ,j
4 ,π<(u
ǫ,i
1 , u
ǫ,j
4 ) + π>(u
ǫ,i
1 , u
ǫ,j
4 ) + π0,⋄(u
ǫ,j
4 , u
ǫ,i
1 ), (153a)
b
ǫ,i
1 ⋄ b
ǫ,j
4 ,π<(b
ǫ,i
1 , b
ǫ,j
4 ) + π>(b
ǫ,i
1 , b
ǫ,j
4 ) + π0,⋄(b
ǫ,j
4 , b
ǫ,i
1 ), (153b)
u
ǫ,i
1 ⋄ b
ǫ,j
4 ,π<(u
ǫ,i
1 , b
ǫ,j
4 ) + π>(u
ǫ,i
1 , b
ǫ,j
4 ) + π0,⋄(b
ǫ,j
4 , u
ǫ,i
1 ), (153c)
b
ǫ,i
1 ⋄ u
ǫ,j
4 ,π<(b
ǫ,i
1 , u
ǫ,j
4 ) + π>(b
ǫ,i
1 , u
ǫ,j
4 ) + π0,⋄(u
ǫ,j
4 , b
ǫ,i
1 ), (153d)
with
π0,⋄(u
ǫ,i
4 , u
ǫ,j
1 ) , π0(u
ǫ,i
4 , u
ǫ,j
1 )+
3∑
i1=1
(Cǫ,ii1j1,u + C˜
ǫ,ii1j
1,u )(u
ǫ,i1
3 + u
ǫ,i1
4 )
+ (Cǫ,ii1j1,b + C˜
ǫ,ii1j
1,b )(b
ǫ,i1
3 + b
ǫ,i1
4 ), (154a)
π0,⋄(b
ǫ,i
4 , b
ǫ,j
1 ) , π0(b
ǫ,i
4 , b
ǫ,j
1 )+
3∑
i1=1
(Cǫ,ii1j2,u + C˜
ǫ,ii1j
2,u )(u
ǫ,i1
3 + u
ǫ,i1
4 )
+ (Cǫ,ii1j2,b + C˜
ǫ,ii1j
2,b )(b
ǫ,i1
3 + b
ǫ,i1
4 ), (154b)
π0,⋄(u
ǫ,i
4 , b
ǫ,j
1 ) , π0(u
ǫ,i
4 , b
ǫ,j
1 ) +
3∑
i1=1
(Cǫ,ii1j3,u + C˜
ǫ,ii1j
3,u )(u
ǫ,i1
3 + u
ǫ,i1
4 )
+ (Cǫ,ii1j3,b + C˜
ǫ,ii1j
3,b )(b
ǫ,i1
3 + b
ǫ,i1
4 ), (154c)
π0,⋄(b
ǫ,i
4 , u
ǫ,j
1 ) , π0(b
ǫ,i
4 , u
ǫ,j
1 ) +
3∑
i1=1
(Cǫ,ii1j4,u + C˜
ǫ,ii1j
4,u )(u
ǫ,i1
3 + u
ǫ,i1
4 )
+ (Cǫ,ii1j4,b + C˜
ǫ,ii1j
4,b )(b
ǫ,i1
3 + b
ǫ,i1
4 ), (154d)
and φǫ,ijlk for l ∈ {1, 2}, k ∈ {1, 2, 3, 4}, i, j ∈ {1, 2, 3}, converges to some φ
ij
lk with
respect to the norm of supt∈[0,T ] t
ρ|·(t)| for every ρ > 0 (see (294), (401)-(408)).
Now we define Kǫu and K
ǫ
b to satisfy for all i ∈ {1, 2, 3},
dKǫ,iu = (∆ǫK
ǫ,i
u + u
ǫ,i
1 )dt, K
ǫ,i
u (0) = 0, (155a)
dK
ǫ,i
b = (∆ǫK
ǫ,i
b + b
ǫ,i
1 )dt, K
ǫ,i
b (0) = 0. (155b)
For every ǫ > 0, by a similar argument to the case of (39), we obtain solution
(uǫ4, b
ǫ
4) of (147) and then the solution (u
ǫ, bǫ) = (
∑4
k=1 u
ǫ
k,
∑4
k=1 b
ǫ
k) of (27). We
only mention that we need to define analogously to (49)-(50),
CǫW (T ) , sup
t∈[0,T ]
[
3∑
i=1
‖(uǫ,i1 , b
ǫ,i
1 )(t)‖C−
1
2
− δ
2
(156)
+
3∑
i,j=1
‖(uǫ,i1 ⋄ u
ǫ,j
1 , b
ǫ,i
1 ⋄ b
ǫ,j
1 , u
ǫ,i
1 ⋄ b
ǫ,j
1 , b
ǫ,i
1 ⋄ u
ǫ,j
1 )(t)‖C−1−
δ
2
+
3∑
i,j=1
‖(uǫ,i1 ⋄ u
ǫ,j
2 , b
ǫ,i
1 ⋄ b
ǫ,j
2 , u
ǫ,i
2 ⋄ b
ǫ,j
1 , b
ǫ,i
2 ⋄ u
ǫ,j
1 )(t)‖C−
1
2
− δ
2
+
3∑
i,j=1
‖(uǫ,i2 ⋄ u
ǫ,j
2 , b
ǫ,i
2 ⋄ b
ǫ,j
2 , b
ǫ,i
2 ⋄ u
ǫ,j
2 )(t)‖C−δ
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+
3∑
i,j=1
‖(π0,⋄(u
ǫ,j
3 , u
ǫ,i
1 ), π0,⋄(b
ǫ,j
3 , b
ǫ,i
1 ), π0,⋄(u
ǫ,j
3 , b
ǫ,i
1 ), π0,⋄(b
ǫ,j
3 , u
ǫ,i
1 ))‖C−δ
+
3∑
i,i1,j,j1=1
‖(π0,⋄(P
ii1DǫjK
ǫ,j
u , u
ǫ,j1
1 ), π0,⋄(P
ii1DǫjK
ǫ,i1
u , u
ǫ,j1
1 ),
π0,⋄(P
ii1DǫjK
ǫ,j
b , u
ǫ,j1
1 ), π0,⋄(P
ii1DǫjK
ǫ,i1
b , u
ǫ,j1
1 ),
π0,⋄(P
ii1DǫjK
ǫ,j
u , b
ǫ,j1
1 ), π0,⋄(P
ii1DǫjK
ǫ,i1
u , b
ǫ,j1
1 ),
π0,⋄(P
ii1DǫjK
ǫ,j
b , b
ǫ,j1
1 ), π0,⋄(P
ii1DǫjK
ǫ,i1
b , b
ǫ,j1
1 ))‖C−δ ]
where
π0,⋄(P
ii1DǫjK
ǫ,j
u , u
ǫ,j1
1 ) ,π0(P
ii1DǫjK
ǫ,j
u , u
ǫ,j1
1 )− C
ǫ,ii1jj1
31 , (157a)
π0,⋄(P
ii1DǫjK
ǫ,i1
u , u
ǫ,j1
1 ) ,π0(P
ii1DǫjK
ǫ,i1
u , u
ǫ,j1
1 )− C˜
ǫ,ii1jj1
31 , (157b)
π0,⋄(P
ii1DǫjK
ǫ,j
b , u
ǫ,j1
1 ) ,π0(P
ii1DǫjK
ǫ,j
b , u
ǫ,j1
1 )− C
ǫ,ii1jj1
32 , (157c)
π0,⋄(P
ii1DǫjK
ǫ,i1
b , u
ǫ,j1
1 ) ,π0(P
ii1DǫjK
ǫ,i1
b , u
ǫ,j1
1 )− C˜
ǫ,ii1jj1
32 , (157d)
π0,⋄(P
ii1DǫjK
ǫ,j
u , b
ǫ,j1
1 ) ,π0(P
ii1DǫjK
ǫ,j
u , b
ǫ,j1
1 )− C
ǫ,ii1jj1
33 , (157e)
π0,⋄(P
ii1DǫjK
ǫ,i1
u , b
ǫ,j1
1 ) ,π0(P
ii1DǫjK
ǫ,i1
u , b
ǫ,j1
1 )− C˜
ǫ,ii1jj1
33 , (157f)
π0,⋄(P
ii1DǫjK
ǫ,j
b , b
ǫ,j1
1 ) ,π0(P
ii1DǫjK
ǫ,j
b , b
ǫ,j1
1 )− C
ǫ,ii1jj1
34 , (157g)
π0,⋄(P
ii1DǫjK
ǫ,i1
b , b
ǫ,j1
1 ) ,π0(P
ii1DǫjK
ǫ,i1
b , b
ǫ,j1
1 )− C˜
ǫ,ii1jj1
34 , (157h)
with Cǫ,ii1jj134 explicitly found in (386), and
τ ǫL , inf{t: ‖(u
ǫ, bǫ)(t)‖C−z ≥ L} ∧ L and ρ
ǫ
L , inf{t: C
ǫ
W (t) ≥ L} (158)
for some L ≥ 0 similarly to (142). In the next Subsection 2.2, the following conver-
gence will be proven in detail: for any δ > 0,
u¯
ǫ,i
1 − u
ǫ,i
1 , b¯
ǫ,i
1 − b
ǫ,i
1 → 0 in C([0, T ]; C
− 12−
δ
2 ), (159a)
u¯
ǫ,i
1 ⋄ u¯
ǫ,j
1 − u
ǫ,i
1 ⋄ u
ǫ,j
1 , b¯
ǫ,i
1 ⋄ b¯
ǫ,j
1 − b
ǫ,i
1 ⋄ b
ǫ,j
1 ,
u¯
ǫ,i
1 ⋄ b¯
ǫ,j
1 − u
ǫ,i
1 ⋄ b
ǫ,j
1 , b¯
ǫ,i
1 ⋄ u¯
ǫ,j
1 − b
ǫ,i
1 ⋄ u
ǫ,j
1 → 0 in C([0, T ]; C
−1− δ2 ), (159b)
u¯
ǫ,i
1 ⋄ u¯
ǫ,j
2 − u
ǫ,i
1 ⋄ u
ǫ,j
2 , b¯
ǫ,i
1 ⋄ b¯
ǫ,j
2 − b
ǫ,i
1 ⋄ b
ǫ,j
2 ,
u¯
ǫ,i
2 ⋄ b¯
ǫ,j
1 − u
ǫ,i
2 ⋄ b
ǫ,j
1 , u¯
ǫ,i
1 ⋄ b¯
ǫ,j
2 − u
ǫ,i
1 ⋄ b
ǫ,j
2 → 0 in C([0, T ]; C
−12−
δ
2 ), (159c)
u¯
ǫ,i
2 ⋄ u¯
ǫ,j
2 − u
ǫ,i
2 ⋄ u
ǫ,j
2 , b¯
ǫ,i
2 ⋄ b¯
ǫ,j
2 − b
ǫ,i
2 ⋄ b
ǫ,j
2 ,
b¯
ǫ,i
2 ⋄ u¯
ǫ,j
2 − b
ǫ,i
2 ⋄ u
ǫ,j
2 → 0 in C([0, T ]; C
−δ), (159d)
π0,⋄(u¯
ǫ,i
3 , u¯
ǫ,j
1 )− π0,⋄(u
ǫ,i
3 , u
ǫ,j
1 ), π0,⋄(b¯
ǫ,i
3 , b¯
ǫ,j
1 )− π0,⋄(b
ǫ,i
3 , b
ǫ,j
1 ),
π0,⋄(u¯
ǫ,i
3 , b¯
ǫ,j
1 )− π0,⋄(u
ǫ,i
3 , b
ǫ,j
1 ), π0,⋄(b¯
ǫ,i
3 , u¯
ǫ,j
1 )− π0,⋄(b
ǫ,i
3 , u
ǫ,j
1 )
→ 0 in C([0, T ]; C−δ), (159e)
π0,⋄(P
ii1DjK¯
ǫ,j
u , u¯
ǫ,j1
1 )− π0,⋄(P
ii1DǫjK
ǫ,j
u , u
ǫ,j1
1 ),
π0,⋄(P
ii1DjK¯
ǫ,j
b , b¯
ǫ,j1
1 )− π0,⋄(P
ii1DǫjK
ǫ,j
b , b
ǫ,j1
1 ),
π0,⋄(P
ii1DjK¯
ǫ,j
u , b¯
ǫ,j1
1 )− π0,⋄(P
ii1DǫjK
ǫ,j
u , b
ǫ,j1
1 ),
π0,⋄(P
ii1DjK¯
ǫ,j
b , u¯
ǫ,j1
1 )− π0,⋄(P
ii1DǫjK
ǫ,j
b , u
ǫ,j1
1 )→ 0 in C([0, T ]; C
−δ) (159f)
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as ǫց 0.
2.2. Convergence of renormalization terms. The purpose of this subsection
is to prove rigorously the convergence of (159a) - (159f). Following [63, pg. 39]
we write Xǫt,u , u
ǫ
1(t), X
ǫ
t,b , b
ǫ
1(t), X¯
ǫ
t,u , u¯
ǫ
1(t), X¯
ǫ
t,b , b¯
ǫ
1(t) and following [13,
Notation 4.1], we write k1,...,n ,
∑n
i=1 ki for k1, . . . , kn ∈ Z
3. We then see that
X
ǫ,i
t,u =
∑
k 6=0
Xˆ
ǫ,i
t,u(k)ek, X
ǫ,i
t,b =
∑
k 6=0
Xˆ
ǫ,i
t,b(k)ek,
X¯
ǫ,i
t,u =
∑
k 6=0
ˆ¯Xǫ,it,u(k)ek, X¯
ǫ,i
t,b =
∑
k 6=0
ˆ¯Xǫ,it,b(k)ek,
where ek , (2π)−
3
2 eix·k and Xˆǫt,u(0) = 0, Xˆ
ǫ
t,b(0) = 0,
ˆ¯Xǫt,u(0) = 0,
ˆ¯Xǫt,b(0) = 0 due
to Wˆu(0) = 0, Wˆb(0) = 0. The important covariance relations are given as follows:
E[Xˆǫ,it,u(k)Xˆ
ǫ,j
s,u(k
′)] =1k+k′=0
3∑
i1=1
e−|k|
2f(ǫk)|t−s|hu(ǫk)
2
2|k|2f(ǫk)
Pˆ ii1(k)Pˆji1 (k), (160a)
E[Xˆǫ,it,u(k)Xˆ
ǫ,j
s,b(k
′)] =1k+k′=0
3∑
i1=1
e−|k|
2f(ǫk)|t−s|hu(ǫk)hb(ǫk)
2|k|2f(ǫk)
× Pˆ ii1(k)Pˆji1(k), (160b)
E[Xˆǫ,it,b(k)Xˆ
ǫ,j
s,b(k
′)] =1k+k′=0
3∑
i1=1
e−|k|
2f(ǫk)|t−s|hb(ǫk)
2
2|k|2f(ǫk)
Pˆ ii1(k)Pˆji1 (k), (160c)
E[ ˆ¯Xǫ,it,u(k)
ˆ¯Xǫ,js,u(k
′)] =1k+k′=0
3∑
i1=1
e−|k|
2|t−s|hu(ǫk)
2
2|k|2
Pˆ ii1(k)Pˆji1 (k), (160d)
E[ ˆ¯Xǫ,it,u(k)
ˆ¯Xǫ,js,b(k
′)] =1k+k′=0
3∑
i1=1
e−|k|
2|t−s|hu(ǫk)hb(ǫk)
2|k|2
Pˆ ii1(k)Pˆji1 (k), (160e)
E[ ˆ¯Xǫ,it,b(k)
ˆ¯Xǫ,js,b(k
′)] =1k+k′=0
3∑
i1=1
e−|k|
2|t−s|hb(ǫk)
2
2|k|2
Pˆ ii1(k)Pˆji1 (k). (160f)
In particular, these relations are derived by crucially relying on δij in (10). For
t ≤ s,
E[Xˆǫ,it,u(k)
ˆ¯Xǫ,js,u(k
′)] = 1k+k′=0
3∑
i1=1
e−|k|
2(s−t)hu(ǫk)
2
|k|2(f(ǫk) + 1)
Pˆ ii1(k)Pˆji1 (k′) (161)
by (36), (144) and (10). For t > s, similarly
E[Xˆǫ,it,u(k)
ˆ¯Xǫ,js,u(k
′)] = 1k+k′=0
3∑
i1=1
e−|k|
2f(ǫk)(t−s)hu(ǫk)
2
|k|2(f(ǫk) + 1)
Pˆ ii1(k)Pˆji1 (k). (162)
Identically, for t ≤ s,
E[Xˆǫ,it,b(k)
ˆ¯Xǫ,js,b(k
′)] =1k+k′=0
3∑
i1=1
e−|k|
2(s−t)hu(ǫk)
2
|k|2(f(ǫk) + 1)
Pˆ ii1(k)Pˆji1 (k′), (163a)
E[Xˆǫ,it,u(k)
ˆ¯Xǫ,js,b(k
′)] =E[Xˆǫ,it,b(k)
ˆ¯Xǫ,js,u(k
′)]
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=1k+k′=0
3∑
i1=1
e−|k|
2(s−t)hu(ǫk)hb(ǫk)
|k|2(f(ǫk) + 1)
Pˆ ii1(k)Pˆji1 (k′), (163b)
and for t > s,
E[Xˆǫ,it,b(k)
ˆ¯Xǫ,js,b(k
′)] =1k+k′=0
3∑
i1=1
e−|k|
2f(ǫk)(t−s)hb(ǫk)
2
|k|2(f(ǫk) + 1)
Pˆ ii1(k)Pˆji1(k), (164a)
E[Xˆǫ,it,u(k)
ˆ¯Xǫ,js,b(k
′)] =E[Xˆǫ,it,b(k)
ˆ¯Xǫ,js,u(k
′)] (164b)
=1k+k′=0
3∑
i1=1
e−|k|
2f(ǫk)(t−s)hu(ǫk)hb(ǫk)
|k|2(f(ǫk) + 1)
Pˆ ii1(k)Pˆji1 (k).
2.2.1. Convergence of (159a). W.l.o.g. we fix t1 < t2 and work on b
ǫ
1 − b
ǫ
1. We
compute
E[|∆q[(b
ǫ,i
1 (t2)− b¯
ǫ,i
1 (t2))− (b
ǫ,i
1 (t1)− b¯
ǫ,i
1 (t1))]|
2]
.
∑
k 6=0
θ(2−qk)2E[|Xˆǫ,it2,b(k)−
ˆ¯Xǫ,it2,b(k)− Xˆ
ǫ,i
t1,b
(k) + ˆ¯Xǫ,it1,b(k)|
2]ek (165)
by orthogonality of {ek}k, in which we can estimate
E[|Xˆǫ,it2,b(k)−
ˆ¯Xǫ,it2,b(k)− Xˆ
ǫ,i
t1,b
(k) + ˆ¯Xǫ,it1,b(k)|
2]
=hb(ǫk)
2
3∑
i1=1
Pˆ ii1(k)2[
1
|k|2f(ǫk)
−
4
|k|2(f(ǫk) + 1)
−
e−|k|
2f(ǫk)(t2−t1)
|k|2f(ǫk)
+
2e−|k|
2f(ǫk)(t2−t1)
|k|2(f(ǫk) + 1)
+
1
|k|2
+
2e−|k|
2(t2−t1)
|k|2(f(ǫk) + 1)
−
e−|k|
2(t2−t1)
|k|2
] . Ak,t2t1 (166)
where
Ak,t2t1 ,|
1
|k|2f(ǫk)
−
4
|k|2(f(ǫk) + 1)
−
e−|k|
2f(ǫk)(t2−t1)
|k|2f(ǫk)
+
2e−|k|
2f(ǫk)(t2−t1)
|k|2(f(ǫk) + 1)
+
1
|k|2
+
2e−|k|
2(t2−t1)
|k|2(f(ǫk) + 1)
−
e−|k|
2(t2−t1)
|k|2
|. (167)
On one hand,
Ak,t2t1 .|
1− e−|k|
2f(ǫk)(t2−t1)
|k|2f(ǫk)
|+ |
−2 + 2e−|k|
2f(ǫk)(t2−t1)
|k|2(f(ǫk) + 1)
|
+ |
−2 + 2e−|k|
2(t2−t1)
|k|2(f(ǫk) + 1)
|+ |
1− e−|k|
2(t2−t1)
|k|2
| .
(t2 − t1)η
|k|2−2η
(168)
for any η ∈ [0, 1] and ǫ > 0 sufficiently small, by mean value theorem and (23). On
the other hand,
Ak,t2t1 .
1
|k|2
||f(ǫk)− 1|2 + |f(ǫk)− 1|| .
min{1, |ǫk|}
|k|2
.
ǫ2η
|k|2−2η
(169)
for any η ∈ [0, 12 ] where we used that f(0) = 1 by Definition 1.1 and mean value
theorem. Hence,
E[|Xˆǫ,it2,b(k)−
ˆ¯Xǫ,it2,b(k)− Xˆ
ǫ,i
t1,b
(k) + ˆ¯Xǫ,it1,b(k)|
2]
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.
(t2 − t1)η
|k|2−2η
∧
ǫ2η
|k|2−2η
.
(t2 − t1)
η
2 ǫη
|k|2−2η
. (170)
Therefore, applying (170) to (165) gives
E[|∆q[(b
ǫ,i
1 (t2)− b¯
ǫ,i
1 (t2))− (b
ǫ,i
1 (t1)− b¯
ǫ,i
1 (t1))]|
2] . ǫη(t2 − t1)
η
2 2q(1+2η). (171)
This leads us to for any p > 1,
E[‖∆q[(b
ǫ,i
1 (t2)− b¯
ǫ,i
1 (t2))− (b
ǫ,i
1 (t1)− b¯
ǫ,i
1 (t1))]‖
p
Lp ] . ǫ
ηp
2 |t2 − t1|
ηp
4 2
qp
2 (1+2η)
by Gaussian hypercontractivity theorem (e.g., [44, Theorem 3.50], an application
on [27, pg. 37]) and (171). In turn, this leads to for p > 1 sufficiently large and
η, ǫ0 > 0 sufficiently small so that η + ǫ0 +
3
p
< δ2 ,
E[‖(bǫ,i1 (t2)− b¯
ǫ,i
1 (t2))− (b
ǫ,i
1 (t1)− b¯
ǫ,i
1 (t1))‖
p
C−
1
2
− δ
2
] . ǫ
ηp
2 (t2 − t1)
ηp
4 (172)
by (6) and Besov embedding Lemma 3.4. This implies that for all p > 1, all δ > 0,
b
ǫ,i
1 − b¯
ǫ,i
1 ց 0 in L
p(Ω;C([0, T ]; C−
1
2−
δ
2 )) as ǫց 0.
2.2.2. Convergence of (159b). W.l.o.g. we consider the convergence of uǫ,i1 ⋄ b
ǫ,j
1 −
u¯
ǫ,i
1 ⋄ b¯
ǫ,j
1 and assume that t2 > t1. We define
C
ǫ,ij
03 , E[X
ǫ,i
t,uX
ǫ,j
t,b ] = (2π)
−3
∑
k1 6=0
3∑
i1=1
hu(ǫk1)hb(ǫk1)
2|k1|2f(ǫk1)
Pˆ ii1(k1)Pˆ
ji1 (k1) (173)
by (160b). Similarly, we define
C¯
ǫ,ij
03 , E[X¯
ǫ,i
t,uX¯
ǫ,j
t,b ] = (2π)
−3
∑
k1 6=0
3∑
i1=1
hu(ǫk1)hb(ǫk1)
2|k1|2
Pˆ ii1(k1)Pˆ
ji1 (k1) (174)
by (160e) and
C
ǫ,ij
01 , E[X
ǫ,i
t,uX
ǫ,j
t,u], C
ǫ,ij
02 , E[X
ǫ,i
t,bX
ǫ,j
t,b ], (175a)
C¯
ǫ,ij
01 , E[X¯
ǫ,i
t,uX¯
ǫ,j
t,u], C¯
ǫ,ij
02 , E[X¯
ǫ,i
t,bX¯
ǫ,j
t,b ], (175b)
which are all constants independent of t. Thus, we may now compute
E[|∆q[(u
ǫ,i
1 ⋄ b
ǫ,j
1 (t2)− u¯
ǫ,i
1 ⋄ b¯
ǫ,j
1 (t2))− (u
ǫ,i
1 ⋄ b
ǫ,j
1 (t1)− u¯
ǫ,i
1 ⋄ b¯
ǫ,j
1 (t1))]|
2]
=E[|∆q[:u
ǫ,i
1 b
ǫ,j
1 (t2):− :u¯
ǫ,i
1 b¯
ǫ,j
1 (t2):− :u
ǫ,i
1 b
ǫ,j
1 (t1): + :u¯
ǫ,i
1 b¯
ǫ,j
1 (t1):]|
2]
.
∑
k
θ(2−qk)2
∑
k1,k2 6=0:k12=k
Bk1k2,t1t2 (176)
by Example 3.1, (40), (148), (173), (174), where
Bk1k2,t1t2 ,|
1∏2
i=1|ki|
2f(ǫki)
−
8∏2
i=1|ki|
2(f(ǫki) + 1)
−
e−[|k1|
2f(ǫk1)+|k2|
2f(ǫk2)]|t2−t1|∏2
i=1|ki|
2f(ǫki)
+
4e−[|k1|
2f(ǫk1)+|k2|
2f(ǫk2)]|t2−t1|∏2
i=1|ki|
2(f(ǫki) + 1)
+
1∏2
i=1|ki|
2
+
4e−(|k1|
2+|k2|
2)|t2−t1|∏2
i=1|ki|
2(f(ǫki) + 1)
−
e−[|k1|
2+|k2|
2]|t2−t1|∏2
i=1|ki|
2
|. (177)
Now on one hand, we can estimate for any η ∈ [0, 1],
Bk1k2,t1t2 (178)
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≤|
1− e−(|k1|
2f(ǫk1)+|k2|
2f(ǫk2))|t2−t1|∏2
i=1|ki|
2f(ǫki)
|+ 4|
e−(|k1|
2f(ǫk1)+|k2|
2f(ǫk2))|t2−t1| − 1∏2
i=1|ki|
2(f(ǫki) + 1)
|
+ 4|
e−(|k1|
2+|k2|
2)|t2−t1| − 1∏2
i=1|ki|
2(f(ǫki) + 1)
|+
|1− e−(|k1|
2+|k2|
2)|t2−t1|∏2
i=1|ki|
2
.
1∏2
i=1|ki|
2
[1 ∧ [|k1|
2 + |k2|
2]|t2 − t1|] .
(|k1|2η + |k2|2η)|t2 − t1|η∏2
i=1|ki|
2
by (177), mean value theorem and (23). On the other hand, for any η ∈ [0, 12 ],
Bk1k2,t1t2 .
1∏2
i=1|ki|
2
[(1 ∧ |ǫk2|) + (1 ∧ |ǫk1|)] .
|ǫk1|2η + |ǫk2|2η∏2
i=1|ki|
2
(179)
by (177), mean value theorem as f(0) = 1. Applying (178)-(179) to (176) gives
E[|∆q[|(u
ǫ,i
1 ⋄ b
ǫ,j
1 (t2)− u¯
ǫ,i
1 ⋄ b¯
ǫ,j
1 (t2)) (180)
− (uǫ,i1 ⋄ b
ǫ,j
1 (t1)− u¯
ǫ,i
1 ⋄ b¯
ǫ,j
1 (t1))]|
2] . ǫη|t1 − t2|
η
2 2q(2+2η)
by Lemma 3.13. Therefore, by relying on Gaussian hypercontractivity theorem,
(180) and Besov embedding Lemma 3.4 similarly to (172), we are able to deduce
that for all p > 1, all δ > 0, uǫ,i1 ⋄ b
ǫ,j
1 − u¯
ǫ,i
1 ⋄ b¯
ǫ,j
1 → 0 in L
p(Ω;C([0, T ]; C−1−
δ
2 )) as
ǫց 0.
2.2.3. Convergence of (159c). W.l.o.g. we work on bǫ1 ⋄ b
ǫ
2 − b¯
ǫ
1 ⋄ b¯
ǫ
2. We have the
following identity for t ∈ [0, T ] and i, j ∈ {1, 2, 3} from (36)-(37), (40), (144)-(145),
(148):
b¯
ǫ,j
1 b¯
ǫ,i
2 (t)− b
ǫ,j
1 b
ǫ,i
2 (t) (181)
=
(2π)−3
2
3∑
i1,i2=1
∑
k
∑
k1,k2,k3 6=0:k123=k
× [
∫ t
0
e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)
× [:Xˆǫ,i1s,b (k1)Xˆ
ǫ,i2
s,u (k2)Xˆ
ǫ,j
t,b (k3):− :Xˆ
ǫ,i1
s,u (k1)Xˆ
ǫ,i2
s,b (k2)Xˆ
ǫ,j
t,b (k3):]dsPˆ
ii1 (k12)
−
∫ t
0
e−|k12|
2(t−s)ki212i
× [: ˆ¯Xǫ,i1s,b (k1)
ˆ¯Xǫ,i2s,u (k2)
ˆ¯Xǫ,jt,b (k3):− :
ˆ¯Xǫ,i1s,u (k1)
ˆ¯Xǫ,i2s,b (k2)
ˆ¯Xǫ,jt,b (k3):]dsPˆ
ii1 (k12)]ek
+
(2π)−3
2
3∑
i1,i2=1
∑
k
∑
k1,k2,k3 6=0:k123=k
× [
∫ t
0
e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)
× [1k23=0
3∑
i3=1
e−|k2|
2f(ǫk2)(t−s)hu(ǫk2)hb(ǫk2)
2|k2|2f(ǫk2)
Pˆ i2i3 (k2)Pˆ
ji3 (k2)Xˆ
ǫ,i1
s,b (k1)
+ 1k13=0
3∑
i3=1
e−|k1|
2f(ǫk1)(t−s)hb(ǫk1)
2
2|k1|2f(ǫk1)
Pˆ i1i3(k1)Pˆ
ji3 (k1)Xˆ
ǫ,i2
s,u (k2)
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− 1k23=0
3∑
i3=1
e−|k2|
2f(ǫk2)(t−s)hb(ǫk2)
2
2|k2|2f(ǫk2)
Pˆ i2i3(k2)Pˆ
ji3 (k2)Xˆ
ǫ,i1
s,u (k1)
− 1k13=0
3∑
i3=1
e−|k1|
2f(ǫk1)(t−s)hu(ǫk1)hb(ǫk1)
2|k1|2f(ǫk1)
Pˆ i1i3(k1)Pˆ
ji3 (k1)Xˆ
ǫ,i2
s,b (k2)
−
∫ t
0
e−|k12|
2(t−s)ki212i
× [1k23=0
3∑
i3=1
e−|k2|
2(t−s)hu(ǫk2)hb(ǫk2)
2|k2|2
Pˆ i2i3(k2)Pˆ
ji3 (k2)
ˆ¯Xǫ,i1s,b (k1)
+ 1k13=0
3∑
i3=1
e−|k1|
2(t−s)hb(ǫk1)
2
2|k1|2
Pˆ i1i3(k1)Pˆ
ji3 (k1)
ˆ¯Xǫ,i2s,u (k2)
− 1k23=0
3∑
i3=1
e−|k2|
2(t−s)hb(ǫk2)
2
2|k2|2
Pˆ i2i3(k2)Pˆ
ji3 (k2)
ˆ¯Xǫ,i1s,u (k1)
− 1k13=0
3∑
i3=1
e−|k1|
2(t−s)hu(ǫk1)hb(ǫk1)
2|k1|2
Pˆ i1i3(k1)Pˆ
ji3 (k1)
ˆ¯Xǫ,i2s,b (k2)]ds]Pˆ
ii1 (k12)ek
by Example 3.1 where all the terms corresponding to 1k12=0 vanished due to k12.
This is similar but slightly different from the cancellations used to derive [63, Equa-
tion (119)]. Thus, we obtain
b¯
ǫ,j
1 b¯
ǫ,i
2 (t)− b
ǫ,j
1 b
ǫ,i
2 (t) =
3∑
l=1
V lt,ii1 (182)
where
V 1t,ii1 ,
(2π)−3
2
3∑
i1,i2=1
∑
k
∑
k1,k2,k3 6=0:k123=k
(183a)
× [
∫ t
0
e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)
× [:Xˆǫ,i1s,b (k1)Xˆ
ǫ,i2
s,u (k2)Xˆ
ǫ,j
t,b (k3):− :Xˆ
ǫ,i1
s,u (k1)Xˆ
ǫ,i2
s,b (k2)Xˆ
ǫ,j
t,b (k3):]dsPˆ
ii1 (k12)
−
∫ t
0
e−|k12|
2(t−s)ki212i
× [: ˆ¯Xǫ,i1s,b (k1)
ˆ¯Xǫ,i2s,u (k2)
ˆ¯Xǫ,jt,b (k3):− :
ˆ¯Xǫ,i1s,u (k1)
ˆ¯Xǫ,i2s,b (k2)
ˆ¯Xǫ,jt,b (k3):]dsPˆ
ii1 (k12)]ek,
V 2t,ii1 ,
(2π)−3
2
3∑
i1,i2,i3=1
∑
k1,k2 6=0
(183b)
× [
∫ t
0
e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)Xˆ
ǫ,i1
s,b (k1)
e−|k2|
2f(ǫk2)(t−s)hu(ǫk2)hb(ǫk2)
2|k2|2f(ǫk2)
ds
−
∫ t
0
e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)Xˆ
ǫ,i1
s,u (k1)
e−|k2|
2f(ǫk2)(t−s)hb(ǫk2)
2
2|k2|2f(ǫk2)
ds
−
∫ t
0
e−|k12|
2(t−s)ki212i
ˆ¯Xǫ,i1s,b (k1)
e−|k2|
2(t−s)hu(ǫk2)hb(ǫk2)
2|k2|2
ds
MAGNETOHYDRODYNAMICS SYSTEM 43
+
∫ t
0
e−|k12|
2(t−s)ki212i
ˆ¯Xǫ,i1s,u (k1)
e−|k2|
2(t−s)hb(ǫk2)
2
2|k2|2
ds]
× Pˆ ii1(k12)Pˆ
i2i3(k2)Pˆ
ji3 (k2)ek1 ,
V 3t,ii1 ,
(2π)−3
2
3∑
i1,i2,i3=1
∑
k1,k2 6=0
(183c)
× [
∫ t
0
e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)Xˆ
ǫ,i2
s,u (k2)
e−|k1|
2f(ǫk1)(t−s)hb(ǫk1)
2
2|k1|2f(ǫk1)
ds
−
∫ t
0
e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)Xˆ
ǫ,i2
s,b (k2)
e−|k1|
2f(ǫk1)(t−s)hu(ǫk1)hb(ǫk1)
2|k1|2f(ǫk1)
ds
−
∫ t
0
e−|k12|
2(t−s)ki212i
ˆ¯Xǫ,i2s,u (k2)
e−|k1|
2(t−s)hb(ǫk1)
2
2|k1|2
ds
+
∫ t
0
e−|k12|
2(t−s)ki212i
ˆ¯Xǫ,i2s,b (k2)
e−|k1|
2(t−s)hu(ǫk1)hb(ǫk1)
2|k1|2
ds]
× Pˆ ii1(k12)Pˆ
i1i3(k1)Pˆ
ji3(k1)ek2 .
Here, V 1t,ii1 consists of a Wiener chaos of order three while V
2
t,ii1
and V 3t,ii1 of order
one. Now (149) and (41) inform us that (182) allows us to write
b¯
ǫ,j
1 ⋄ b¯
ǫ,i
2 (t)− b
ǫ,j
1 ⋄ b
ǫ,i
2 (t) =V
l
1,ii1 + V
l
2,ii1 −
3∑
i1=1
(Cǫ,ii1j2,u X
ǫ,i1
t,u + C
ǫ,ii1j
2,b X
ǫ,i1
t,b )
+ V 3t,ii1 −
3∑
i1=1
(C˜ǫ,ii1j2,u X
ǫ,i1
t,u + C˜
ǫ,ii1j
2,b X
ǫ,i1
t,b ). (184)
Terms in the first chaos: V 2t,ii1 , V
3
t,ii1
in (183)
Within (184) we write
V 2t,ii1 −
3∑
i1=1
(Cǫ,ii1j2,u X
ǫ,i1
t,u + C
ǫ,ii1j
2,b X
ǫ,i1
t,b ) = V
2
t,ii1
− V˜ 2t,ii1 (185)
+ V˜ 2t,ii1 −
3∑
i1=1
(Cǫ,ii1j2,u X
ǫ,i1
t,u + C
ǫ,ii1j
2,b X
ǫ,i1
t,b ) +
3∑
i1=1
(C¯ǫ,ii1j2,u X¯
ǫ,i1
t,u + C¯
ǫ,ii1j
2,b X¯
ǫ,i1
t,b )
where
V˜ 2t,ii1 ,
(2π)−3
2
3∑
i1,i2,i3=1
∑
k1,k2 6=0
(186)
× [Xˆǫ,i1t,b (k1)
∫ t
0
e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)
e−|k2|
2f(ǫk2)(t−s)hu(ǫk2)hb(ǫk2)
2|k2|2f(ǫk2)
ds
− Xˆǫ,i1t,u (k1)
∫ t
0
e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)
e−|k2|
2f(ǫk2)(t−s)hb(ǫk2)
2
2|k2|2f(ǫk2)
ds
− ˆ¯Xǫ,i1t,b (k1)
∫ t
0
e−|k12|
2(t−s)ki212i
e−|k2|
2(t−s)hu(ǫk2)hb(ǫk2)
2|k2|2
ds
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+ ˆ¯Xǫ,i1t,u (k1)
∫ t
0
e−|k12|
2(t−s)ki212i
e−|k2|
2(t−s)hb(ǫk2)
2
2|k2|2
ds]
× Pˆ ii1(k12)Pˆ
i2i3(k2)Pˆ
ji3 (k2)ek1 ,
C
ǫ,ii1j
2,u (t) ,−
(2π)−3
2
3∑
i2,i3=1
∑
k2 6=0
∫ t
0
e−2|k2|
2f(ǫk2)(t−s)ki22 g(ǫk
i2
2 )
hb(ǫk2)
2
2|k2|2f(ǫk2)
× Pˆ ii1(k2)Pˆ
i2i3(k2)Pˆ
ji3(k2)ds (187)
so that we can readily compute using (24) and Definition 1.1
lim
ǫց0
C
ǫ,ii1j
2,u (t) =−
(2π)−3
8(a+ b)
3∑
i2,i3=1
(188)
×
∫
R3
[cos(axi2 )− cos(bxi2)]
|x|4f(x)2
hb(x)
2Pˆ ii1(x)Pˆ i2i3(x)Pˆji3 (x)dx;
similarly,
C
ǫ,ii1j
2,b (t) ,
(2π)−3
2
3∑
i2,i3=1
∑
k2 6=0
∫ t
0
e−2|k2|
2f(ǫk2)(t−s)ki22 g(ǫk
i2
2 )
hu(ǫk2)hb(ǫk2)
2|k2|2f(ǫk2)
× Pˆ ii1(k2)Pˆ
i2i3 (k2)Pˆ
ji3 (k2)ds (189)
so that
lim
ǫց0
C
ǫ,ii1j
2,b (t) =
(2π)−3
8(a+ b)
3∑
i2,i3=1
(190)
×
∫
R3
[cos(axi2 )− cos(bxi2)]
|x|4f(x)2
hu(x)hb(x)Pˆ
ii1 (x)Pˆ i2i3(x)Pˆji3 (x)dx.
Additionally, we define
C¯
ǫ,ii1j
2,u (t) ,−
(2π)−3
2
3∑
i2,i3=1
∑
k2 6=0
∫ t
0
e−2|k2|
2(t−s)ds
× ki22 i
hb(ǫk2)
2
2|k2|2
Pˆ ii1(k2)Pˆ
i2i3(k2)Pˆ
ji3 (k2), (191a)
C¯
ǫ,ii1j
2,b (t) ,
(2π)−3
2
3∑
i2,i3=1
∑
k2 6=0
∫ t
0
e−2|k2|
2(t−s)ds
× ki22 i
hu(ǫk2)hb(ǫk2)
2|k2|2
Pˆ ii1(k2)Pˆ
i2i3(k2)Pˆ
ji3 (k2), (191b)
which are both zero. As we will see in (202), such Cǫ,ii1j2,u , C
ǫ,ii1j
2,b , C¯
ǫ,ii1j
2,u , C¯
ǫ,ii1j
2,b had
to be carefully selected to make the necessary estimates work. Now within (185)
we compute
E[|∆q(V
2
t,ii1
− V˜ 2t,ii1 )|
2] .
2∑
l=1
Dlq,t,ij (192)
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by (183), (186) where
D1q,t,ij ,E[|
3∑
i1,i2,i3=1
∑
k1,k2 6=0
θ(2−qk1) (193a)
× [
∫ t
0
e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)
e−|k2|
2f(ǫk2)(t−s)hu(ǫk2)hb(ǫk2)
|k2|2f(ǫk2)
× [Xˆǫ,i1s,b (k1)− Xˆ
ǫ,i1
t,b (k1)]ds
−
∫ t
0
e−|k12|
2(t−s)ki212i
e−|k2|
2(t−s)hu(ǫk2)hb(ǫk2)
|k2|2
× [ ˆ¯Xǫ,i1s,b (k1)−
ˆ¯Xǫ,i1t,b (k1)]ds]Pˆ
ii1(k12)Pˆ
i2i3(k2)Pˆ
ji3 (k2)ek1 |
2],
D2q,t,ij ,E[|
3∑
i1,i2,i3=1
∑
k1,k2 6=0
θ(2−qk1) (193b)
× [
∫ t
0
e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)
e−|k2|
2f(ǫk2)(t−s)hb(ǫk2)
2
|k2|2f(ǫk2)
× [Xˆǫ,i1s,u (k1)− Xˆ
ǫ,i1
t,u (k1)]ds
−
∫ t
0
e−|k12|
2(t−s)ki212i
e−|k2|
2(t−s)hb(ǫk2)
2
|k2|2
× [ ˆ¯Xǫ,i1s,u (k1)−
ˆ¯Xǫ,i1t,u (k1)]ds]Pˆ
ii1(k12)Pˆ
i2i3(k2)Pˆ
ji3 (k2)ek1 |
2].
Remark 2.2. Here we strategically paired up the two terms with hu(ǫk2)hb(ǫk2)
in D1q,t,ij and the other two terms with hb(ǫk2)
2 in D2q,t,ij . Such an issue does not
arise in the case of the NS equations which only has h(ǫk2)
2.
W.l.o.g. we work on D1q,t,ij as the estimates on D
2
q,t,ij are similar. We define for
k1 6= 0,
dk1,t−s,ii1i2i3j ,
∑
k2 6=0
e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12) (194a)
×
e−|k2|
2f(ǫk2)(t−s)hu(ǫk2)hb(ǫk2)
|k2|2f(ǫk2)
Pˆ ii1(k12)Pˆ
i2i3(k2)Pˆ
ji3 (k2),
d¯k1,t−s,ii1i2i3j(t− s) ,
∑
k2 6=0
e−|k12|
2(t−s)ki212i (194b)
×
e−|k2|
2(t−s)hu(ǫk2)hb(ǫk2)
|k2|2
Pˆ ii1(k12)Pˆ
i2i3(k2)Pˆ
ji3 (k2),
so that we may compute from (193)
D1q,t,ij . D
11
q,t,ij +D
12
q,t,ij (195)
by (194a) -(194b) where
D11q,t,ij ,E[|
3∑
i1,i2,i3=1
∑
k1 6=0
θ(2−qk1)ek1
∫ t
0
[dk1,t−s,ii1i2i3j − d¯k1,t−s,ii1i2i3j ]
× [Xˆǫ,i1s,b (k1)− Xˆ
ǫ,i1
t,b (k1)]ds|
2], (196a)
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D12q,t,ij ,E[|
3∑
i1,i2,i3=1
∑
k1 6=0
θ(2−qk1)ek1
∫ t
0
d¯k1,t−s,ii1i2i3j
× [Xˆǫ,i1s,b (k1)− Xˆ
ǫ,i1
t,b (k1)−
ˆ¯Xǫ,i1s,b (k1) +
ˆ¯Xǫ,i1t,b (k1)]ds|
2]. (196b)
In order to compute D11q,t,ij , we first notice that for any η ∈ [0, 1],
|dk1,t−s,ii1i2i3j − d¯k1,t−s,ii1i2i3j |
.ǫ
η
2
∑
k2 6=0
(|k12|
η
2 + |k2|
η
2 )|k12|
|k2|2
e−|k12|
2c¯f (t−s)e−|k2|
2c¯f (t−s) (197)
by (444a)-(444b) and (23), and second we see that
E[(Xˆǫ,i1s,b (k1)− Xˆ
ǫ,i1
t,b (k1))(Xˆ
ǫ,i′1
s¯,b (k1)− Xˆ
ǫ,i′1
t,b (k1))] (198)
≤
 3∑
j1=1
1− e−|k1|
2f(ǫk1)|t−s|
|k1|2f(ǫk1)
hb(ǫk1)
2Pˆ i1j1(k1)
2
 12
×
 3∑
j1=1
1− e−|k1|
2f(ǫk1)|t−s¯|
|k1|2f(ǫk1)
hb(ǫk1)
2Pˆ i
′
1j1(k1)
2
 12 . |k1|2η|t− s| η2 |t− s¯| η2
|k1|2
by Ho¨lder’s inequality, (160a), (23) and mean value theorem. Applying (197)-(198)
to (196) shows that for ǫ ∈ (0, η),
D11q,t,ij .
3∑
i1,i2,i3,i
′
1,i
′
2,i
′
3=1
∑
k1 6=0
θ(2−qk1)
2 (199)
×
∫
[0,t]2
[dk1,t−s,ii1i2i3j − d¯k1,t−s,ii1i2i3j ][dk1,t−s¯,ii′1i′2i′3j − d¯k1,t−s¯,ii′1i′2i′3j ]
× E[(Xˆǫ,i1s,b (k1)− Xˆ
ǫ,i1
t,b (k1))(Xˆ
ǫ,i′1
s¯,b (k1)− Xˆ
ǫ,i′1
t,b (k1))]dsds¯ . ǫ
ηt
η−ǫ
2 2q(1+2η)
by (443). Next, we compute D12q,t,ij as follows:
D12q,t,ij .
3∑
i1,i2,i3,i
′
1,i
′
2,i
′
3=1
∑
k1 6=0
θ(2−qk1)
2
∫
[0,t]2
(200)
× [
∑
k2 6=0
e−|k12|
2(t−s)ki212i
e−|k2|
2(t−s)hu(ǫk2)hb(ǫk2)
|k2|2
Pˆ ii1(k12)Pˆ
i2i3(k2)Pˆ
ji3(k2)]
× [
∑
k3 6=0
e−|k13|
2(t−s¯)k
i′2
13i
e−|k3|
2(t−s¯)hu(ǫk3)hb(ǫk3)
|k3|2
Pˆ ii
′
1(k13)Pˆ
i′2i
′
3(k3)Pˆ
ji′3(k3)]
× (E[|Xˆǫ,i1s,b (k1)− Xˆ
ǫ,i1
t,b (k1)−
ˆ¯Xǫ,i1s,b (k1) +
ˆ¯Xǫ,i1t,b (k1)|
2])
1
2
× (E[|Xˆ
ǫ,i′1
s¯,b (k1)− Xˆ
ǫ,i′1
t,b (k1)−
ˆ¯X
ǫ,i′1
s¯,b (k1) +
ˆ¯X
ǫ,i′1
t,b (k1)|
2])
1
2 dsds¯ . ǫηt
η−ǫ
2 2q(1+2η)
by (196), (194b), Ho¨lder’s inequality and (443). Applying (199)-(200) to (195) and
(192) leads to
E[|∆q(V
2
t,ii1
− V˜ 2t,ii1)|
2] . ǫηt
η−ǫ
2 2q(1+2η). (201)
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Next, within (185) we compute
E[|∆q[V˜
2
t,ii1
−
3∑
i1=1
(Cǫ,ii1j2,u X
ǫ,i1
t,u + C
ǫ,ii1j
2,b X
ǫ,i1
t,b ) +
3∑
i1=1
(C¯ǫ,ii1j2,u X¯
ǫ,i1
t,u + C¯
ǫ,ii1j
2,b X¯
ǫ,i1
t,b )]|
2]
.
∑
k1 6=0
θ(2−qk1)
2
× (
3∑
i,j=1
E[|Xˆǫ,it,b(k1)Xˆ
ǫ,j
t,b (k1)|]hu(ǫk1)
2hb(ǫk1)
2
× |
3∑
i1,i2=1
∑
k2 6=0
∫ t
0
e−|k2|
2f(ǫk2)(t−s)
|k2|2f(ǫk2)
× [e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)Pˆ
ii1(k12)− e
−|k2|
2f(ǫk2)(t−s)ki22 g(ǫk
i2
2 )Pˆ
ii1(k2)]
−
e−|k2|
2(t−s)
|k2|2
[e−|k12|
2(t−s)ki212iPˆ
ii1(k12)− e
−|k2|
2(t−s)ki22 iPˆ
ii1(k2)]ds|
2
+
3∑
i=1
E[|Xˆǫ,it,b(k1)−
ˆ¯Xǫ,it,b(k1)|
2]hu(ǫk1)
2hb(ǫk1)
2
× |
3∑
i1,i2=1
∑
k2 6=0
∫ t
0
e−|k2|
2(t−s)
|k2|2
[e−|k12|
2(t−s)ki212iPˆ
ii1(k12)
− e−|k2|
2(t−s)ki22 iPˆ
ii1(k2)]ds|
2
+
3∑
i,j=1
E[|Xˆǫ,it,u(k1)Xˆ
ǫ,j
t,u(k1)|]hb(ǫk1)
4
× |
3∑
i1,i2=1
∑
k2 6=0
∫ t
0
e−|k2|
2f(ǫk2)(t−s)
|k2|2f(ǫk2)
× [e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)Pˆ
ii1(k12)− e
−|k2|
2f(ǫk2)(t−s)ki22 g(ǫk
i2
2 )Pˆ
ii1(k2)]
−
e−|k2|
2(t−s)
|k2|2
[e−|k12|
2(t−s)ki212iPˆ
ii1(k12)− e
−|k2|
2(t−s)ki22 iPˆ
ii1(k2)]ds|
2
+
3∑
i=1
E[|Xˆǫ,it,u(k1)−
ˆ¯Xǫ,it,u(k1)|
2]hb(ǫk1)
4
|
3∑
i1,i2=1
∑
k2 6=0
∫ t
0
e−|k2|
2(t−s)
|k2|2
× [e−|k12|
2(t−s)ki212iPˆ
ii1(k12)
− e−|k2|
2(t−s)ki22 iPˆ
ii1(k2)]ds|
2) (202)
by (186), (187), (189), (191a) and (191b). Now we can immediately estimate from
(160a) that for any i, j ∈ {1, 2, 3},
E[|Xˆǫ,it,b(k1)Xˆ
ǫ,j
t,b (k1)|] .
hb(ǫk1)
2
|k1|2
and E[|Xˆǫ,it,u(k1)Xˆ
ǫ,j
t,u(k1)|] .
hu(ǫk1)
2
|k1|2
(203)
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while for any η ∈ [0, 1],
E[|Xˆǫ,it,b(k1)−
ˆ¯Xǫ,it,b(k1)|
2]
=
3∑
i1=1
hb(ǫk1)
2
|k1|2
Pˆ ii1(k1)
2 1
2f(ǫk1)(f(ǫk1) + 1)
(f(ǫk1)− 1)
2 .
|ǫk1|
η
|k1|2
(204)
by (160c), (160f) and (161) and mean value theorem, and similarly
E[|Xˆǫ,it,u(k1)−
ˆ¯Xǫ,it,u(k1)|
2] .
|ǫk1|η
|k1|2
. (205)
Applying (203) - (205) to (202) leads to
E[|∆q[V˜
2
t,ii1
−
3∑
i1=1
(Cǫ,ii1j2,u X
ǫ,i1
t,u + C
ǫ,ii1j
2,b X
ǫ,i1
t,b ) (206)
+
3∑
i1=1
(C¯ǫ,ii1j2,u X¯
ǫ,i1
t,u + C¯
ǫ,ii1j
2,b X¯
ǫ,i1
t,b )]|
2] .
2∑
l=1
Elq,t,i
where
E1q,t,i ,
∑
k1 6=0
θ(2−qk1)
2
|k1|2
|
3∑
i1,i2=1
∑
k2 6=0
(207a)
×
∫ t
0
e−|k2|
2f(ǫk2)(t−s)
|k2|2f(ǫk2)
[e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)Pˆ
ii1(k12)
− e−|k2|
2f(ǫk2)(t−s)ki22 g(ǫk
i2
2 )Pˆ
ii1(k2)]
−
e−|k2|
2(t−s)
|k2|2
[e−|k12|
2(t−s)ki212iPˆ
ii1(k12)− e
−|k2|
2(t−s)ki22 iPˆ
ii1(k2)]ds|
2,
E2q,t,i ,ǫ
η
∑
k1 6=0
θ(2−qk1)
2
|k1|2−η
|
3∑
i1,i2=1
∑
k2 6=0
(207b)
×
∫ t
0
e−|k2|
2(t−s)
|k2|2
[e−|k12|
2(t−s)ki212iPˆ
ii1(k12)− e
−|k2|
2(t−s)ki22 iPˆ
ii1(k2)]ds|
2.
In order to estimate E1q,t,i, we see that applications of Lemmas 3.8 and 3.9 lead to
|
e−|k2|
2f(ǫk2)(t−s)
|k2|2f(ǫk2)
[e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)Pˆ
ii1(k12)
− e−|k2|
2f(ǫk2)(t−s)ki22 g(ǫk
i2
2 )Pˆ
ii1(k2)]
−
e−|k2|
2(t−s)
|k2|2
[e−|k12|
2(t−s)ki212iPˆ
ii1(k12)− e
−|k2|
2(t−s)ki22 iPˆ
ii1(k2)]|
.
e−|k2|
2 c¯f (t−s)
|k2|2
|k1|
η|t− s|−
1−η
2 (208)
for any η ∈ (0, 1), while (444a), (444b) and (443) lead to
|
e−|k2|
2f(ǫk2)(t−s)
|k2|2f(ǫk2)
[e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)Pˆ
ii1(k12)
− e−|k2|
2f(ǫk2)(t−s)ki22 g(ǫk
i2
2 )Pˆ
ii1(k2)]
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−
e−|k2|
2(t−s)
|k2|2
[e−|k12|
2(t−s)ki212iPˆ
ii1(k12)− e
−|k2|
2(t−s)ki22 iPˆ
ii1(k2)]|
.ǫ
η
2
e−|k2|
2c¯f (t−s)
|k2|2
(|t− s|−
1
2 |k2|
η
2 + |t− s|−
1
2−
η
4 ). (209)
Therefore, applying (208)-(209) to (207) gives for any ǫ ∈ (0, η),
E1q,t,i .
∑
k1 6=0
θ(2−qk1)
2
|k1|2
|
∑
k2 6=0
∫ t
0
e−|k2|
2c¯f (t−s)
|k2|2
|k1|
η
2 |t− s|−
1
4+
η
4−
1
4 ǫ
η
4 |k2|
η
4 ds (210)
+
∫ t
0
e−|k2|
2c¯f (t−s)
|k2|2
|k1|
η
2 |t− s|−
1
4+
η
4−
1
4−
η
8 ǫ
η
4 ds|2 . ǫ
η
2 t
η−ǫ
4 2q(1+η)
by (443). Next, we can estimate from (207) for any η ∈ (0, 1) and ǫ ∈ (0, η)
E2q,t,i . ǫ
η
∑
k1 6=0
θ(2−qk1)
2
|k1|2−3η
|
∑
k2 6=0
t
η−ǫ
2
|k2|3+ǫ
|2 . ǫηtη−ǫ2q(1+3η) (211)
due to Lemma 3.8 and (443). Applying (210)-(211) to (206) gives
E[|∆q[V˜
2
t,ii1
−
3∑
i1=1
(Cǫ,ii1j2,u X
ǫ,i1
t,u + C
ǫ,ii1j
2,b X
ǫ,i1
t,b )
+
3∑
i1=1
(C¯ǫ,ii1j2,u X¯
ǫ,i1
t,u + C¯
ǫ,ii1j
2,b X¯
ǫ,i1
t,b )]|
2] . ǫ
η
2 t
η−ǫ
4 2q(1+3η). (212)
Concerning V 3t,ii1 from (183) within (184), we write
V 3t,ii1 −
3∑
i1=1
(C˜ǫ,ii1j2,u X
ǫ,i1
t,u + C˜
ǫ,ii1j
2,b X
ǫ,i1
t,b ) = V
3
t,ii1
− V˜ 3t,ii1 (213)
+ V˜ 3t,ii1 −
3∑
i2=1
(C˜ǫ,ii2j2,u X
ǫ,i2
t,u + C˜
ǫ,ii2j
2,b X
ǫ,i2
t,b ) +
3∑
i2=1
( ¯˜Cǫ,ii2j2,u X¯
ǫ,i2
t,u +
¯˜
C
ǫ,ii2j
2,b X¯
ǫ,i2
t,b )
where similarly to (186) - (191b),
V˜ 3t,ii1 ,
(2π)−3
2
3∑
i1,i2,i3=1
∑
k1,k2 6=0
(214)
× [Xˆǫ,i2t,u (k2)
∫ t
0
e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)
e−|k1|
2f(ǫk1)(t−s)hb(ǫk1)
2
2|k1|2f(ǫk1)
ds
− Xˆǫ,i2t,b (k2)
∫ t
0
e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)
e−|k1|
2f(ǫk1)(t−s)hu(ǫk1)hb(ǫk1)
2|k1|2f(ǫk1)
ds
− ˆ¯Xǫ,i2t,u (k2)
∫ t
0
e−|k12|
2(t−s)ki212i
e−|k1|
2(t−s)hb(ǫk1)
2
2|k1|2
ds
+ ˆ¯Xǫ,i2t,b (k2)
∫ t
0
e−|k12|
2(t−s)ki212i
e−|k1|
2(t−s)hu(ǫk1)hb(ǫk1)
2|k1|2
ds]
× Pˆ ii1 (k12)Pˆ
i1i3(k1)Pˆ
ji3 (k1)ek2 ,
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C˜
ǫ,ii2j
2,u (t) ,
(2π)−3
2
3∑
i1,i3=1
∑
k1 6=0
∫ t
0
e−2|k1|
2f(ǫk1)(t−s)ki21 g(ǫk
i2
1 )
hb(ǫk1)
2
2|k1|2f(ǫk1)
(215)
× Pˆ ii1 (k1)Pˆ
i1i3(k1)Pˆ
ji3 (k1)ds
so that
lim
ǫց0
C˜
ǫ,ii2j
2,u (t) =
(2π)−3
8(a+ b)
3∑
i1,i3=1
(216)
×
∫
R3
[cos(axi2)− cos(bxi2 )]
|x|4f(x)2
hb(x)
2Pˆ ii1(x)Pˆ i1i3(x)Pˆji3 (x)dx
by (24) while
C˜
ǫ,ii2j
2,b (t) ,−
(2π)−3
2
3∑
i1,i3=1
∑
k1 6=0
∫ t
0
e−2|k1|
2f(ǫk1)(t−s)ki21 g(ǫk
i2
1 )
hu(ǫk1)hb(ǫk1)
2|k1|2f(ǫk1)
× Pˆ ii1(k1)Pˆ
i1i3(k1)Pˆ
ji3(k1)ds (217)
so that
lim
ǫց0
C˜
ǫ,ii2j
2,b (t) =−
(2π)−3
8(a+ b)
3∑
i1,i3=1
∫
R3
[cos(axi2)− cos(bxi2 )]
|x|4f(x)2
× hu(x)hb(x)Pˆ
ii1 (x)Pˆ i1i3(x)Pˆji3 (x)dx. (218)
Additionally, we define
¯˜
C
ǫ,ii2j
2,u (t) ,
(2π)−3
2
3∑
i1,i3=1
∑
k1 6=0
∫ t
0
e−2|k1|
2(t−s)ds
× ki21 i
hb(ǫk1)
2
2|k1|2
Pˆ ii1(k1)Pˆ
i1i3(k1)Pˆ
ji3 (k1), (219a)
¯˜
C
ǫ,ii2j
2,b (t) ,−
(2π)−3
2
3∑
i1,i3=1
∑
k1 6=0
∫ t
0
e−2|k1|
2(t−s)ds
× ki21 i
hu(ǫk1)hb(ǫk1)
2|k1|2
Pˆ ii1(k1)Pˆ
i1i3(k1)Pˆ
ji3 (k1), (219b)
which are both zero. Before we proceed, for completeness, we record all of Cǫ,ii1jk,u ,
C
ǫ,ii1j
k,b , C˜
ǫ,ii1j
k,u , C˜
ǫ,ii1j
k,b for k ∈ {1, 3, 4}:
C
ǫ,ii1j
1,u = C
ǫ,ii1j
4,b =
(2π)−3
2
3∑
i2,i3=1
∑
k2 6=0
∫ t
0
e−2|k2|
2f(ǫk2)(t−s)ki22 g(ǫk
i2
2 )
×
hu(ǫk2)
2
2|k2|2f(ǫk2)
Pˆ ii1(k2)Pˆ
i2i3(k2)Pˆ
ji3 (k2)ds, (220a)
C
ǫ,ii1j
1,b = C
ǫ,ii1j
4,u = −
(2π)−3
2
3∑
i2,i3=1
∑
k2 6=0
∫ t
0
e−2|k2|
2f(ǫk2)(t−s)ki22 g(ǫk
i2
2 )
×
hu(ǫk2)hb(ǫk2)
2|k2|2f(ǫk2)
Pˆ ii1(k2)Pˆ
i2i3(k2)Pˆ
ji3(k2)ds, (220b)
MAGNETOHYDRODYNAMICS SYSTEM 51
C
ǫ,ii1j
2,u = C
ǫ,ii1j
3,b , C
ǫ,ii1j
2,b = C
ǫ,ii1j
3,u , (220c)
C˜
ǫ,ii2j
1,u (t) = −C˜
ǫ,ii2j
4,b (t) =
(2π)−3
2
3∑
i1,i3=1
∑
k1 6=0
∫ t
0
e−2|k1|
2f(ǫk1)(t−s)ki21 g(ǫk
i2
1 )
×
hu(ǫk1)
2
2|k1|2f(ǫk1)
Pˆ ii1(k1)Pˆ
i1i3(k1)Pˆ
ji3 (k1)ds
C˜
ǫ,ii2j
1,b (t) = C˜
ǫ,ii2j
2,b (t) = −C˜
ǫ,ii2j
3,u (t) = −C˜
ǫ,ii2j
4,u (t), C˜
ǫ,ii2j
2,u (t) = −C˜
ǫ,ii2j
3,b (t). (220d)
For a subsequent purpose, we point out that the appropriate C¯ǫ,ii1j3,u (t) would be
identical to C¯ǫ,ii1j2,b (t) in (191b) as C
ǫ,ii1j
3,u = C
ǫ,ii1j
2,b . Now we compute within (213),
E[|∆q(V
3
t,ii1
− V˜ 3t,ii1 )|
2] .
2∑
l=1
F lq,t,ij (221)
by (183) and (214) where
F 1q,t,ij ,E[|
3∑
i1,i2,i3=1
∑
k1,k2 6=0
θ(2−qk2)
× [
∫ t
0
e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)
e−|k1|
2f(ǫk1)(t−s)hb(ǫk1)
2
|k1|2f(ǫk1)
× [Xˆǫ,i2s,u (k2)− Xˆ
ǫ,i2
t,u (k2)]ds
−
∫ t
0
e−|k12|
2(t−s)ki212i
e−|k1|
2(t−s)hb(ǫk1)
2
|k1|2
[ ˆ¯Xǫ,i2s,u (k2)−
ˆ¯Xǫ,i2t,u (k2)]ds]
× Pˆ ii1(k12)Pˆ
i1i3(k1)Pˆ
ji3(k1)ek2 |
2], (222a)
F 2q,t,ij ,E[|
3∑
i1,i2,i3=1
∑
k1,k2 6=0
θ(2−qk2)
× [
∫ t
0
e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)
e−|k1|
2f(ǫk1)(t−s)hu(ǫk1)hb(ǫk1)
|k1|2f(ǫk1)
× [Xˆǫ,i2s,b (k2)− Xˆ
ǫ,i2
t,b (k2)]ds
−
∫ t
0
e−|k12|
2(t−s)ki212i
e−|k1|
2(t−s)hu(ǫk1)hb(ǫk1)
|k1|2
[ ˆ¯Xǫ,i2s,b (k2)−
ˆ¯Xǫ,i2t,b (k2)]ds]
× Pˆ ii1(k12)Pˆ
i1i3(k1)Pˆ
ji3(k1)ek2 |
2]. (222b)
W.l.o.g. we work on F 1q,t,ij as the estimates on F
2
q,t,ij are similar. We define for
k2 6= 0,
fk2,t−s,ii1i2i3j ,
∑
k1 6=0
e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)
e−|k1|
2f(ǫk1)(t−s)hb(ǫk1)
2
|k1|2f(ǫk1)
× Pˆ ii1(k12)Pˆ
i1i3(k1)Pˆ
ji3 (k1), (223a)
f¯k2,t−s,ii1i2i3j ,
∑
k1 6=0
e−|k12|
2(t−s)ki212i
e−|k1|
2(t−s)hb(ǫk1)
2
|k1|2
× Pˆ ii1(k12)Pˆ
i1i3(k1)Pˆ
ji3 (k1), (223b)
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so that we see from (222) that
F 1q,t,ij .
2∑
l=1
F 1lq,t,ij (224)
where
F 11q,t,ij ,E[|
3∑
i1,i2,i3=1
∑
k2 6=0
θ(2−qk2)ek2
∫ t
0
[fk2,t−s,ii1i2i3j − f¯k2,t−s,ii1i2i3j ]
× [Xˆǫ,i2s,u (k2)− Xˆ
ǫ,i2
t,u (k2)]ds|
2], (225a)
F 12q,t,ij ,E[|
3∑
i1,i2,i3=1
∑
k2 6=0
θ(2−qk2)ek2
∫ t
0
f¯k2,t−s,ii1i2i3j
× [Xˆǫ,i2s,u (k2)− Xˆ
ǫ,i2
t,u (k2)−
ˆ¯Xǫ,i2s,u (k2) +
ˆ¯Xǫ,i2t,u (k2)]ds|
2]. (225b)
In order to compute F 11q,t,ij , first we see that for any η ∈ [0, 1],
|fk2,t−s,ii1i2i3j − f¯k2,t−s,ii1i2i3j |
.ǫ
η
2
∑
k1 6=0
e−(|k12|
2+|k1|
2)c¯f (t−s)(|k12|
η
2 + |k1|
η
2 )
|k12|
|k1|2
(226)
by (223), (444a), (444b) and mean value theorem. Thus, relying also on (198) and
(443), we deduce from (225)
F 11q,t,ij .
3∑
i1,i2,i3,i
′
1,i
′
2,i
′
3=1
∑
k2 6=0
θ(2−qk2)
2 (227)
×
∫
[0,t]2
|fk2,t−s,ii1i2i3j − f¯k2,t−s,ii1i2i3j ||fk2,t−s¯,ii′1i′2i′3j − f¯k2,t−s¯,ii′1i′2i′3j |
× E[|Xˆǫ,i2s,u (k2)− Xˆ
ǫ,i2
t,u (k2)||Xˆ
ǫ,i′2
s¯,u (k2)− Xˆ
ǫ,i′2
t,u (k2)|dsds¯] . ǫ
ηt
η−ǫ
2 2q(1+2η).
In order to compute F 12q,t,ij , we rely on (170) to deduce that for any ǫ ∈ (0, η),
F 12q,t,ij .
3∑
i1,i2,i3,i
′
1,i
′
2,i
′
3=1
∑
k2 6=0
θ(2−qk2)
2
∫
[0,t]2
|f¯k2,t−s,ii1i2i3j ||f¯k2,t−s¯,ii′1i′2i′3j | (228)
× E[|Xˆǫ,i2s,u (k2)− Xˆ
ǫ,i2
t,u (k2)−
ˆ¯Xǫ,i2s,u (k2) +
ˆ¯Xǫ,i2t,u (k2)|
× |Xˆ
ǫ,i′2
s¯,u (k2)− Xˆ
ǫ,i′2
t,u (k2)−
ˆ¯X
ǫ,i′2
s¯,u (k2) +
ˆ¯X
ǫ,i′2
t,u (k2)|]dsds¯ . ǫ
ηt
η−ǫ
2 2q(1+2η)
by (223), (225), Ho¨lder’s inequality and (443). Applying (227)-(228) to (224) and
(221) leads us to
E[|∆q(V
3
t,ii1
− V˜ 3t,ii1)|
2] . ǫηt
η−ǫ
2 2q(1+2η). (229)
Next, we estimate within (213)
E[|∆q[V˜
3
t,ii1
−
3∑
i2=1
(C˜ǫ,ii2j2,u X
ǫ,i2
t,u + C˜
ǫ,ii2j
2,b X
ǫ,i2
t,b )
+
3∑
i2=1
( ¯˜Cǫ,ii2j2,u X¯
ǫ,i2
t,u +
¯˜
C
ǫ,ii2j
2,b X¯
ǫ,i2
t,b )]|
2]
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.
∑
k2 6=0
θ(2−qk2)
2
× [(
3∑
i,j=1
E[Xˆǫ,it,u(k2)Xˆ
ǫ,j
t,u(k2)])
× |
3∑
i1,i2=1
∑
k1 6=0
hb(ǫk1)
2
∫ t
0
[
e−|k1|
2f(ǫk1)(t−s)
|k1|2f(ǫk1)
[e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)Pˆ
ii1(k12)
− e−|k1|
2f(ǫk1)(t−s)ki21 g(ǫk
i2
1 )Pˆ
ii1(k1)]
−
e−|k1|
2(t−s)
|k1|2
[e−|k12|
2(t−s)ki212iPˆ
ii1(k12)− e
−|k1|
2(t−s)ki21 iPˆ
ii1(k1)]]ds|
2
+ (
3∑
i=1
E[|Xˆǫ,it,u(k2)−
ˆ¯Xǫ,it,u(k2)|
2])
× |
3∑
i1,i2=1
∑
k1 6=0
hb(ǫk1)
2
∫ t
0
e−|k1|
2(t−s)
|k1|2
× [e−|k12|
2(t−s)ki212iPˆ
ii1(k12)− e
−|k1|
2(t−s)ki21 iPˆ
ii1(k1)]ds|
2
+ (
3∑
i,j=1
E[Xˆǫ,it,b(k2)Xˆ
ǫ,j
t,b (k2)])
× |
3∑
i1,i2=1
∑
k1 6=0
hu(ǫk1)hb(ǫk1)
×
∫ t
0
[
e−|k1|
2f(ǫk1)(t−s)
|k1|2f(ǫk1)
[e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)Pˆ
ii1 (k12)
− e−|k1|
2f(ǫk1)(t−s)ki21 g(ǫk
i2
1 )Pˆ
ii1(k1)]
−
e−|k1|
2(t−s)
|k1|2
[e−|k12|
2(t−s)ki212iPˆ
ii1(k12)− e
−|k1|
2(t−s)ki21 iPˆ
ii1(k1)]]ds|
2
+ (
3∑
i=1
E[|Xˆǫ,it,b(k2)−
ˆ¯Xǫ,it,b(k2)|
2])
× |
3∑
i1,i2=1
∑
k1 6=0
hu(ǫk1)hb(ǫk1)
∫ t
0
e−|k1|
2(t−s)
|k1|2
× [e−|k12|
2(t−s)ki212iPˆ
ii1(k12)− e
−|k1|
2(t−s)ki21 iPˆ
ii1(k1)]ds|
2] (230)
by (214), (215), (217) and (219). We use the previous estimates from (203) and
(204) in (230) so that
E[|∆q[V˜
3
t,ii1
−
3∑
i2=1
(C˜ǫ,ii2j2,u X
ǫ,i2
t,u + C˜
ǫ,ii2j
2,b X
ǫ,i2
t,b )
+
3∑
i2=1
( ¯˜Cǫ,ii2j2,u X¯
ǫ,i2
t,u +
¯˜
C
ǫ,ii2j
2,b X¯
ǫ,i2
t,b )]|
2] .
2∑
l=1
H lq,t,i (231)
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where
H1q,t,i ,
∑
k2 6=0
θ(2−qk2)
2
|k2|2
|
3∑
i1,i2=1
∑
k1 6=0
(232a)
×
∫ t
0
[
e−|k1|
2f(ǫk1)(t−s)
|k1|2f(ǫk1)
[e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)Pˆ
ii1 (k12)
− e−|k1|
2f(ǫk1)(t−s)ki21 g(ǫk
i2
1 )Pˆ
ii1 (k1)]
−
e−|k1|
2(t−s)
|k1|2
[e−|k12|
2(t−s)ki212iPˆ
ii1(k12)− e
−|k1|
2(t−s)ki21 iPˆ
ii1(k1)]]ds|
2,
H2q,t,i ,ǫ
η
∑
k2 6=0
θ(2−qk2)
2
|k2|2−η
|
3∑
i1,i2=1
∑
k1 6=0
(232b)
×
∫ t
0
e−|k1|
2(t−s)
|k1|2
[e−|k12|
2(t−s)ki212iPˆ
ii1(k12)− e
−|k1|
2(t−s)ki21 iPˆ
ii1(k1)]ds|
2.
In order to estimate H1q,t,i, we see that for any η ∈ (0, 1)
|
e−|k1|
2f(ǫk1)(t−s)
|k1|2f(ǫk1)
[e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)Pˆ
ii1 (k12)
− e−|k1|
2f(ǫk1)(t−s)ki21 g(ǫk
i2
1 )Pˆ
ii1(k1)]
−
e−|k1|
2(t−s)
|k1|2
[e−|k12|
2(t−s)ki212iPˆ
ii1(k12)− e
−|k1|
2(t−s)ki21 iPˆ
ii1(k1)]|
.
e−|k1|
2c¯f (t−s)
|k1|2
|k2|
η|t− s|−
1−η
2 ∧ ǫ
η
2
e−|k1|
2c¯f (t−s)
|k1|2
(|t− s|−
1
2 |k1|
η
2 + |t− s|−
1
2−
η
4 )
where the first estimate is due to Lemmas 3.8 and 3.9 similarly to (208)-(209),
(444a), (444b) and (443) while the second by (444a), (444b) and (443). Therefore,
we deduce from (232) that for ǫ ∈ (0, η),
H1t,q,i .
∑
k2 6=0
θ(2−qk2)
2
|k2|2
|
∑
k1 6=0
∫ t
0
e−|k1|
2c¯f (t−s)
|k1|2
|k2|
η
2 (t− s)−
1−η
4 ǫ
η
4 |t− s|−
1
4 |k1|
η
4
+
e−|k1|
2c¯f (t−s)
|k1|2
|k2|
η
2 |t− s|−
1
4+
η
4−
1
4−
η
8 ǫ
η
4 ds|2 . ǫ
η
2 t
η−ǫ
4 2q(1+η). (233)
On the other hand, we can estimate from (232), for ǫ ∈ (0, η),
H2q,t,i . ǫ
ηtη−ǫ
∑
k2 6=0
θ(2−qk2)
2
|k2|2−3η
|
∑
k1 6=0
1
|k1|3+ǫ
|2 . ǫηtη−ǫ2q(1+3η) (234)
by Lemma 3.8 and (443). Applying (233)-(234) to (231) gives
E[|∆q[V˜
3
t,ii1
−
3∑
i2=1
(C˜ǫ,ii2j2,u X
ǫ,i2
t,u + C˜
ǫ,ii2j
2,b X
ǫ,i2
t,b )
+
3∑
i2=1
( ¯˜Cǫ,ii2j2,u X¯
ǫ,i2
t,u +
¯˜
C
ǫ,ii2j
2,b X¯
ǫ,i2
t,b )]|
2] . ǫ
η
2 t
η−ǫ
4 2q(1+3η). (235)
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Terms in the first chaos : V 1t,ii1 in (183)
We compute
E[|∆qV
1
t,ii1
|2] (236)
.E[|∆q
3∑
i1,i2=1
∑
k
∑
k1,k2,k3 6=0:k123=k
×
∫ t
0
[e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)− e
−|k12|
2(t−s)ki212i]
× :Xˆǫ,i1s,b (k1)Xˆ
ǫ,i2
s,u (k2)Xˆ
ǫ,j
t,b (k3):dsPˆ
ii1(k12)ek|
2]
+ E[|∆q
3∑
i1,i2=1
∑
k
∑
k1,k2,k3 6=0:k123=k
∫ t
0
e−|k12|
2(t−s)ki212i
× [:Xˆǫ,i1s,b (k1)Xˆ
ǫ,i2
s,u (k2)Xˆ
ǫ,j
t,b (k3):− :
ˆ¯Xǫ,i1s,b (k1)
ˆ¯Xǫ,i2s,u (k2)
ˆ¯Xǫ,jt,b (k3):]dsPˆ
ii1(k12)ek|
2]
+ E[|∆q
3∑
i1,i2=1
∑
k
∑
k1,k2,k3 6=0:k123=k
×
∫ t
0
[e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)− e
−|k12|
2(t−s)ki212i]
× :Xˆǫ,i1s,u (k1)Xˆ
ǫ,i2
s,b (k2)Xˆ
ǫ,j
t,b (k3):dsPˆ
ii1(k12)ek|
2]
+ E[|∆q
3∑
i1,i2=1
∑
k
∑
k1,k2,k3 6=0:k123=k
∫ t
0
e−|k12|
2(t−s)ki212i
× [:Xˆǫ,i1s,u (k1)Xˆ
ǫ,i2
s,b (k2)Xˆ
ǫ,j
t,b (k3):− :
ˆ¯Xǫ,i1s,u (k1)
ˆ¯Xǫ,i2s,b (k2)
ˆ¯Xǫ,jt,b (k3):]dsPˆ
ii1(k12)ek|
2].
Relying on Example 3.1 and (160a)-(160c), we may further bound by
E[|∆qV
1
t,ii1
|2] .
3∑
l=1
I lq,t (237)
where
I1q,t ,
3∑
i2,i
′
2=1
∑
k
θ(2−qk)2
∑
k1,k2,k3,k
′
1,k
′
2,k
′
3 6=0:k123=k
′
123=k
J (238a)
×
∫
[0,t]2
|e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)− e
−|k12|
2(t−s)ki212i|
× |e−|k
′
12|
2f(ǫk′12)(t−s¯)(k′12)
i′2g(ǫ(k′12)
i′2)− e−|k
′
12|
2(t−s¯)(k′12)
i′2 i|
3∏
i=1
1
|ki|2
dsds¯,
I2q,t ,
3∑
i2,i
′
2=1
∑
k
θ(2−qk)2
∑
k1,k2,k3,k
′
1,k
′
2,k
′
3 6=0:k123=k123′=k
J (238b)
×
∫
[0,t]2
|e−|k12|
2(t−s)ki212||e
−|k′12|
2(t−s¯)(k′12)
i′2 |
× E[(:Xˆǫs,b(k1)Xˆ
ǫ
s,u(k2)Xˆ
ǫ
t,b(k3):− :
ˆ¯Xǫs,b(k1)
ˆ¯Xǫs,u(k2)
ˆ¯Xǫt,b(k3):)
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× (:Xˆǫs¯,b(k
′
1)Xˆ
ǫ
s¯,u(k
′
2)Xˆ
ǫ
t,b(k
′
3):− :
ˆ¯Xǫs¯,b(k
′
1)
ˆ¯Xǫs¯,u(k
′
2)
ˆ¯Xǫt,b(k
′
3):)]dsds¯,
I3q,t ,
3∑
i2,i
′
2=1
∑
k
θ(2−qk)2
∑
k1,k2,k3,k
′
1,k
′
2,k
′
3 6=0:k123=k123′=k
J (238c)
×
∫
[0,t]2
|e−|k12|
2(t−s)ki212||e
−|k′12|
2(t−s¯)(k′12)
i′2 |
× E[(:Xˆǫs,u(k1)Xˆ
ǫ
s,b(k2)Xˆ
ǫ
t,b(k3):− :
ˆ¯Xǫs,u(k1)
ˆ¯Xǫs,b(k2)
ˆ¯Xǫt,b(k3):)
× (:Xˆǫs¯,u(k
′
1)Xˆ
ǫ
s¯,b(k
′
2)Xˆ
ǫ
t,b(k
′
3):− :
ˆ¯Xǫs¯,u(k
′
1)
ˆ¯Xǫs¯,b(k
′
2)
ˆ¯Xǫt,b(k
′
3):)]dsds¯
and
J ,1k1=k′1,k2=k′2,k3=k′3 + 1k1=k′1,k2=k′3,k3=k′2 + 1k1=k′2,k2=k′1,k3=k′3
+ 1k1=k′2,k2=k′3,k3=k′1 + 1k1=k′3,k2=k′1,k3=k′2 + 1k1=k′3,k2=k′2,k3=k′1 . (239)
Remark 2.3. In the case of the NS equations, an analogous bound would be the
same with all b replaced by u; i.e.,
3∑
i2,i
′
2=1
∑
k
θ(2−qk)2
∑
k1,k2,k3,k
′
1,k
′
2,k
′
3 6=0:k123=k
′
123=k
J
×
∫
[0,t]2
|e−|k12|
2f(ǫk12)(t−s)ki212g(ǫk
i2
12)− e
−|k12|
2(t−s)ki212i|
× |e−|k
′
12|
2f(ǫk′12)(t−s¯)(k′12)
i′2g(ǫ(k′12)
i′2)− e−|k
′
12|
2(t−s¯)(k′12)
i′2 i|
3∏
i=1
1
|ki|2
dsds¯,
+
3∑
i1,i2,i
′
1,i
′
2=1
∑
k
θ(2−qk)2
∑
k1,k2,k3,k
′
1,k
′
2,k
′
3 6=0:k123=k123′=k
J
×
∫
[0,t]2
|e−|k12|
2(t−s)ki212||e
−|k′12|
2(t−s¯)(k′12)
i′2 |
× E[(:Xˆǫs,u(k1)Xˆ
ǫ
s,u(k2)Xˆ
ǫ
t,u(k3):− :
ˆ¯Xǫs,u(k1)
ˆ¯Xǫs,u(k2)
ˆ¯Xǫt,u(k3):)
× (:Xˆǫs¯,u(k
′
1)Xˆ
ǫ
s¯,u(k
′
2)Xˆ
ǫ
t,u(k
′
3):− :
ˆ¯Xǫs¯,u(k
′
1)
ˆ¯Xǫs¯,u(k
′
2)
ˆ¯Xǫt,u(k
′
3):)]dsds¯.
Then we notice the symmetry in k1 with k2, k
′
1 with k
′
2. Using this symmetry, Zhu
and Zhu [70] reduced the work load of six different cases in J of (239) to two cases.
In the case of the MHD system, because e.g., Xˆǫs,b(k1)Xˆ
ǫ
s,u(k2) 6= Xˆ
ǫ
s,b(k2)Xˆ
ǫ
s,u(k1),
there is no symmetry in k1 with k2 within I
2
q,t or within I
1
q,t + I
2
q,t alone. However,
we see that there is a remarkable symmetry in I1q,t + I
2
q,t + I
3
q,t as a whole. Due to
this symmetry, we can reduce the six cases in J of (239) to two cases of
1k1=k′1,k2=k′2,k3=k′3 and 1k1=k′1,k2=k′3,k3=k′2 . (240)
For example, in the sixth case of 1k1=k′3,k2=k′2,k3=k′1 , we can swap k1 with k2 and k
′
1
with k′2 to deduce the case (k1, k2, k3) = (k
′
1, k
′
3, k
′
2). Similarly, other cases may be
readily reduced to the one of two cases in (240) (see [63, Equation (250)] for similar
computations).
W.l.o.g. we work hereafter on I1q,t + I
2
q,t as the estimates on I
3
q,t is similar to
that on I2q,t; however, we emphasize again that we needed I
3
q,t for the reduction of
MAGNETOHYDRODYNAMICS SYSTEM 57
six cases to two taking advantage of the symmetry from the structure of the MHD
system. We estimate for η ∈ [0, 1],
I1q,t .
∑
k
θ(2−qk)2
∑
k1,k2,k3,k
′
1,k
′
2,k
′
3 6=0:k123=k
′
123=k
(241)
× (1k1=k′1,k2=k′2,k3=k′3 + 1k1=k′1,k2=k′3,k3=k′2)
3∏
i=1
1
|ki|2
×
∫
[0,t]2
e−|k12|
2c¯f (t−s)|ǫk12|
η
2 |k12|e
−|k′12|
2(t−s¯)|ǫk′12|
η
2 |k′12|dsds¯
.ǫηtη
∑
k
θ(2−qk)2[
∑
k3 6=0
1
|k3|2
1
|k − k3|3−3η
+
∑
k3 6=0
1
|k3|2
∑
k1,k2 6=0:k12=k−k3
1
|k1|2|k2|2|k12|2−3η
 12
×
∑
k2 6=0
1
|k2|2
∑
k1,k3 6=0:k13=k−k2
1
|k1|2|k3|2|k13|2−3η

1
2
] . ǫηtη2q(1+3η)
by (444a), (444b), (443) and Ho¨lder’s inequality. Next, for I2q,t in (238), we see that
for any i1, i2, j, i
′
1, i
′
2, j ∈ {1, 2, 3},
E[(:Xˆǫ,i1s,b (k1)Xˆ
ǫ,i2
s,u (k2)Xˆ
ǫ,j
t,b (k3):− :
ˆ¯Xǫ,i1s,b (k1)
ˆ¯Xǫ,i2s,u (k2)
ˆ¯Xǫ,jt,b (k3):)
× (:Xˆ
ǫ,i′1
s¯,b (k
′
1)Xˆ
ǫ,i′2
s¯,u (k
′
2)Xˆ
ǫ,j
t,b (k
′
3):− :
ˆ¯X
ǫ,i′1
s¯,b (k
′
1)
ˆ¯X
ǫ,i′2
s¯,u (k
′
2)
ˆ¯Xǫ,j
′
t,b (k
′
3):)]
≤(E[|:Xˆǫ,i1s,b (k1)Xˆ
ǫ,i2
s,u (k2)Xˆ
ǫ,j
t,b (k3):− :
ˆ¯Xǫ,i1s,b (k1)
ˆ¯Xǫ,i2s,u (k2)
ˆ¯Xǫ,jt,b (k3):|
2])
1
2
× (E[|:Xˆ
ǫ,i′1
s¯,b (k
′
1)Xˆ
ǫ,i′2
s¯,u (k
′
2)Xˆ
ǫ,j
t,b (k
′
3):− :
ˆ¯X
ǫ,i′1
s¯,b (k
′
1)
ˆ¯X
ǫ,i′2
s¯,u (k
′
2)
ˆ¯Xǫ,j
′
t,b (k
′
3):|
2])
1
2
by Ho¨lder’s inequality.
Remark 2.4. Only E[|:Xˆǫ,i1s,b (k1)Xˆ
ǫ,i2
s,u (k2)Xˆ
ǫ,j
t,b (k3):−:
ˆ¯Xǫ,i1s,b (k1)
ˆ¯Xǫ,i2s,u (k2)
ˆ¯Xǫ,jt,b (k3):|
2]
will be computed in detail below; it is more complex than the analogous computations
in case of the NS equations and require careful couplings of certain terms as we will
see in (244).
We compute
E[|:Xˆǫ,i1s,b (k1)Xˆ
ǫ,i2
s,u (k2)Xˆ
ǫ,j
t,b (k3):
− : ˆ¯Xǫ,i1s,b (k1)
ˆ¯Xǫ,i2s,u (k2)
ˆ¯Xǫ,jt,b (k3):|
2] =
24∑
i=1
Kik1k2k3,i1i2j (242)
where
K1k1k2k3,i1i2j ,
3∑
i3,i4,i5=1
hb(ǫk1)
2
2|k1|2f(ǫk1)
Pˆ i1i3(k1)
2 hu(ǫk2)
2
2|k2|2f(ǫk2)
× Pˆ i2i4(k2)
2 hb(ǫk3)
2
2|k3|2f(ǫk3)
Pˆji5(k3)
2, (243a)
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K2k1k2k3,i1i2j , 1k2=k3
3∑
i3,i4,i5=1
hb(ǫk1)
2
2|k1|2f(ǫk1)
Pˆ i1i3(k1)
2
×
e−|k2|
2f(ǫk2)(t−s)hu(ǫk2)hb(ǫk2)
2|k2|2f(ǫk2)
Pˆ i2i4(k2)Pˆ
ji4 (k2)
×
e−|k2|
2f(ǫk2)(t−s)hu(ǫk2)hb(ǫk2)
2|k2|2f(ǫk2)
Pˆ i2i5(k2)Pˆ
ji5 (k2), (243b)
K3k1k2k3,i1i2j , 1k1=k2
3∑
i3,i4,i5=1
hb(ǫk1)hu(ǫk1)
2|k1|2f(ǫk1)
Pˆ i1i3(k1)Pˆ
i2i3(k1)
hu(ǫk1)hb(ǫk1)
2|k1|2f(ǫk1)
× Pˆ i2i4(k1)Pˆ
i1i4(k1)
hb(ǫk3)
2
2|k3|2f(ǫk3)
Pˆji5(k3)
2, (243c)
K4k1k2k3,i1i2j , 1k1=k2=k3
3∑
i3,i4,i5=1
hb(ǫk1)hu(ǫk1)
2|k1|2f(ǫk1)
Pˆ i1i3(k1)Pˆ
i2i3(k1)
×
e−|k1|
2f(ǫk1)(t−s)hu(ǫk1)hb(ǫk1)
2|k1|2f(ǫk1)
Pˆ i2i4(k1)Pˆ
ji4 (k1)
×
e−|k1|
2f(ǫk1)(t−s)hb(ǫk1)
2
2|k1|2f(ǫk1)
Pˆji5(k1)Pˆ
i1i5(k1), (243d)
K5k1k2k3,i1i2j , 1k1=k2=k3
3∑
i3,i4,i5=1
e−|k1|
2f(ǫk1)(t−s)hb(ǫk1)
2
2|k1|2f(ǫk1)
Pˆ i1i3(k1)Pˆ
ji3 (k1)
×
hu(ǫk1)hb(ǫk1)
2|k1|2f(ǫk1)
Pˆ i2i4(k1)Pˆ
i1i4(k1)
×
e−|k1|
2f(ǫk1)(t−s)hb(ǫk1)hu(ǫk1)
2|k1|2f(ǫk1)
Pˆji5(k1)Pˆ
i2i5(k1), (243e)
K6k1k2k3,i1i2j , 1k1=k3
3∑
i3,i4,i5=1
e−|k1|
2f(ǫk1)(t−s)hb(ǫk1)
2
2|k1|2f(ǫk1)
Pˆ i1i3(k1)Pˆ
ji3 (k1)
×
hu(ǫk2)
2
2|k2|2f(ǫk2)
Pˆ i2i4(k2)
2 e
−|k1|
2f(ǫk1)(t−s)hb(ǫk1)
2
2|k1|2f(ǫk1)
× Pˆji5(k1)Pˆ
i1i5(k1), (243f)
K7k1k2k3,i1i2j , −
3∑
i3,i4,i5=1
hb(ǫk1)
2
|k1|2(f(ǫk1) + 1)
Pˆ i1i3(k1)
2 hu(ǫk2)
2
|k2|2(f(ǫk2) + 1)
× Pˆ i2i4(k2)
2 hb(ǫk3)
2
|k3|2(f(ǫk3) + 1)
Pˆji5(k3)
2, (243g)
K8k1k2k3,i1i2j , −1k2=k3
3∑
i3,i4,i5=1
hb(ǫk1)
2
|k1|2(f(ǫk1) + 1)
Pˆ i1i3(k1)
2
×
e−|k2|
2(t−s)hu(ǫk2)hb(ǫk2)
|k2|2(f(ǫk2) + 1)
Pˆ i2i4(k2)Pˆ
ji4 (k2)
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×
e−|k2|
2f(ǫk2)(t−s)hu(ǫk2)hb(ǫk2)
|k2|2(f(ǫk2) + 1)
Pˆ i2i5(k2)Pˆ
ji5 (k2), (243h)
K9k1k2k3,i1i2j , −1k1=k2
3∑
i3,i4,i5=1
hb(ǫk1)hu(ǫk1)
|k1|2(f(ǫk1) + 1)
Pˆ i1i3(k1)Pˆ
i2i3(k1) (243i)
×
hu(ǫk1)hb(ǫk1)
|k1|2(f(ǫk1) + 1)
Pˆ i2i4 (k1)Pˆ
i1i4(k1)
hb(ǫk3)
2
|k3|2(f(ǫk3) + 1)
Pˆji5(k3)
2,
K10k1k2k3,i1i2j , −1k1=k2=k3
3∑
i3,i4,i5=1
hb(ǫk1)hu(ǫk1)
|k1|2(f(ǫk1) + 1)
Pˆ i1i3(k1)Pˆ
i2i3(k1)
×
e−|k1|
2(t−s)hu(ǫk1)hb(ǫk1)
|k1|2(f(ǫk1) + 1)
Pˆ i2i4(k1)Pˆ
ji4 (k1)
×
e−|k1|
2f(ǫk1)(t−s)hb(ǫk1)
2
|k1|2(f(ǫk1) + 1)
Pˆji5(k1)Pˆ
i1i5(k1), (243j)
K11k1k2k3,i1i2j , −1k1=k2=k3
3∑
i3,i4,i5=1
e−|k1|
2(t−s)hb(ǫk1)
2
|k1|2(f(ǫk1) + 1)
Pˆ i1i3(k1)Pˆ
ji3 (k1)
×
hu(ǫk1)hb(ǫk1)
|k1|2(f(ǫk1) + 1)
Pˆ i2i4 (k1)Pˆ
i1i4(k1)
×
e−|k1|
2f(ǫk1)(t−s)hb(ǫk1)hu(ǫk1)
|k1|2(f(ǫk1) + 1)
Pˆji5(k1)Pˆ
i2i5(k1), (243k)
K12k1k2k3,i1i2j , −1k1=k3
3∑
i3,i4,i5=1
e−|k1|
2(t−s)hb(ǫk1)
2
|k1|2(f(ǫk1) + 1)
Pˆ i1i3(k1)Pˆ
ji3 (k1)
×
hu(ǫk2)
2
|k2|2(f(ǫk2) + 1)
Pˆ i2i4 (k2)
2
×
e−|k1|
2f(ǫk1)(t−s)hb(ǫk1)
2
|k1|2(f(ǫk1) + 1)
Pˆji5(k1)Pˆ
i1i5(k1), (243l)
K13k1k2k3,i1i2j , −
3∑
i3,i4,i5=1
hb(ǫk1)
2
|k1|2(f(ǫk1) + 1)
Pˆ i1i3(k1)
2 hu(ǫk2)
2
|k2|2(f(ǫk2) + 1)
× Pˆ i2i4(k2)
2 hb(ǫk3)
2
|k3|2(f(ǫk3) + 1)
Pˆji5(k3)
2, (243m)
K14k1k2k3,i1i2j , −1k2=k3
3∑
i3,i4,i5=1
hb(ǫk1)
2
|k1|2(f(ǫk1) + 1)
Pˆ i1i3(k1)
2
×
e−|k2|
2f(ǫk2)(t−s)hu(ǫk2)hb(ǫk2)
|k2|2(f(ǫk2) + 1)
Pˆ i2i4(k2)Pˆ
ji4 (k2)
×
e−|k2|
2(t−s)hu(ǫk2)hb(ǫk2)
|k2|2(f(ǫk2) + 1)
Pˆ i2i5(k2)Pˆ
ji5 (k2), (243n)
K15k1k2k3,i1i2j , −1k1=k2
3∑
i3,i4,i5=1
hb(ǫk1)hu(ǫk1)
|k1|2(f(ǫk1) + 1)
Pˆ i1i3(k1)Pˆ
i2i3(k1)
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×
hu(ǫk1)hb(ǫk1)
|k1|2(f(ǫk1) + 1)
Pˆ i2i4 (k1)Pˆ
i1i4(k1)
×
hb(ǫk3)
2
|k3|2(f(ǫk3) + 1)
Pˆji5(k3)
2, (243o)
K16k1k2k3,i1i2j , −1k1=k2=k3
3∑
i3,i4,i5=1
hb(ǫk1)hu(ǫk1)
|k1|2(f(ǫk1) + 1)
Pˆ i1i3(k1)Pˆ
i2i3(k1)
×
e−|k1|
2f(ǫk1)(t−s)hu(ǫk1)hb(ǫk1)
|k1|2(f(ǫk1) + 1)
× Pˆ i2i4(k1)Pˆ
ji4(k1)
e−|k1|
2(t−s)hb(ǫk1)
2
|k1|2(f(ǫk1) + 1)
Pˆji5(k1)Pˆ
i1i5(k1), (243p)
K17k1k2k3,i1i2j , −1k1=k2=k3
3∑
i3,i4,i5=1
e−|k1|
2f(ǫk1)(t−s)hb(ǫk1)
2
|k1|2(f(ǫk1) + 1)
Pˆ i1i3(k1)Pˆ
ji3(k1)
×
hu(ǫk1)hb(ǫk1)
|k1|2(f(ǫk1) + 1)
Pˆ i2i4 (k1)Pˆ
i1i4(k1)
×
e−|k1|
2(t−s)hb(ǫk1)hu(ǫk1)
|k1|2(f(ǫk1) + 1)
Pˆji5(k1)Pˆ
i2i5(k1), (243q)
K18k1k2k3,i1i2j , −1k1=k3
3∑
i3,i4,i5=1
e−|k1|
2f(ǫk1)(t−s)hb(ǫk1)
2
|k1|2(f(ǫk1) + 1)
Pˆ i1i3(k1)Pˆ
ji3 (k1)
×
hu(ǫk2)
2
|k2|2(f(ǫk2) + 1)
Pˆ i2i4 (k2)
2
×
e−|k1|
2(t−s)hb(ǫk1)
2
|k1|2(f(ǫk1) + 1)
Pˆji5(k1)Pˆ
i1i5(k1), (243r)
K19k1k2k3,i1i2j ,
3∑
i3,i4,i5=1
hb(ǫk1)
2
2|k1|2
Pˆ i1i3(k1)
2hu(ǫk2)
2
2|k2|2
× Pˆ i2i4(k2)
2hb(ǫk3)
2
2|k3|2
Pˆji5 (k3)
2, (243s)
K20k1k2k3,i1i2j , 1k2=k3
3∑
i3,i4,i5=1
hb(ǫk1)
2
2|k1|2
Pˆ i1i3(k1)
2
×
e−|k2|
2(t−s)hu(ǫk2)hb(ǫk2)
2|k2|2
Pˆ i2i4(k2)Pˆ
ji4 (k2)
×
e−|k2|
2(t−s)hu(ǫk2)hb(ǫk2)
2|k2|2
Pˆ i2i5(k2)Pˆ
ji5 (k2), (243t)
K21k1k2k3,i1i2j , 1k1=k2
3∑
i3,i4,i5=1
hb(ǫk1)hu(ǫk1)
2|k1|2
Pˆ i1i3(k1)Pˆ
i2i3(k1)
hu(ǫk1)hb(ǫk1)
2|k1|2
× Pˆ i2i4(k1)Pˆ
i1i4(k1)
hb(ǫk3)
2
2|k3|2
Pˆji5(k3)
2, (243u)
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K22k1k2k3,i1i2j , 1k1=k2=k3
3∑
i3,i4,i5=1
hb(ǫk1)hu(ǫk1)
2|k1|2
Pˆ i1i3(k1)Pˆ
i2i3(k1)
×
e−|k1|
2(t−s)hu(ǫk1)hb(ǫk1)
2|k1|2
× Pˆ i2i4(k1)Pˆ
ji4(k1)
e−|k1|
2(t−s)hb(ǫk1)
2
2|k1|2
Pˆji5(k1)Pˆ
i1i5(k1), (243v)
K23k1k2k3,i1i2j , 1k1=k2=k3
3∑
i3,i4,i5=1
e−|k1|
2(t−s)hb(ǫk1)
2
2|k1|2
Pˆ i1i3(k1)Pˆ
ji3 (k1)
×
hu(ǫk1)hb(ǫk1)
2|k1|2
Pˆ i2i4(k1)Pˆ
i1i4(k1)
×
e−|k1|
2(t−s)hb(ǫk1)hu(ǫk1)
2|k1|2
Pˆji5(k1)Pˆ
i2i5(k1), (243w)
K24k1k2k3,i1i2j , 1k1=k3
3∑
i3,i4,i5=1
e−|k1|
2(t−s)hb(ǫk1)
2
2|k1|2
Pˆ i1i3(k1)Pˆ
ji3 (k1)
hu(ǫk2)
2
2|k2|2
× Pˆ i2i4(k2)
2 e
−|k1|
2(t−s)hb(ǫk1)
2
2|k1|2
Pˆji5(k1)Pˆ
i1i5(k1) (243x)
by Example 3.1 and (160a) - (164). Now we strategically group together∑
i∈{1,7,13,19}
Kik1k2k3,i1i2j =
×
3∑
i3,i4,i5=1
hb(ǫk1)
2hu(ǫk2)
2hb(ǫk3)
2Pˆ i1i3(k1)
2Pˆ i2i4(k2)
2Pˆji5 (k3)
2
|k1|2|k2|2|k3|2
× [
1
8
∏3
i=1 f(ǫki)
−
2∏3
i=1(f(ǫki + 1)
+
1
8
], (244a)∑
i∈{2,8,14,20}
Kik1k2k3,i1i2j = 1k2=k3
×
3∑
i3,i4,i5=1
hb(ǫk1)
2hu(ǫk2)
2hb(ǫk2)
2Pˆ i1i3(k1)2Pˆ i2i4(k2)Pˆji4(k2)Pˆji5 (k2)Pˆ i2i5(k2)
|k1|2|k2|2|k3|2
× [
e−2|k2|
2f(ǫk2)(t−s)
8
∏2
i=1 f(ǫki)
−
2e−|k2|
2(t−s)(f(ǫk2)+1)∏3
i=1(f(ǫki) + 1)
+
e−2|k2|
2(t−s)
8
], (244b)∑
i∈{3,9,15,21}
Kik1k2k3,i1i2j = 1k1=k2
×
3∑
i3,i4,i5=1
h2b(ǫk1)hu(ǫk1)
2hb(ǫk3)
2Pˆ i1i3(k1)Pˆ i2i3(k1)Pˆ i2i4(k1)Pˆ i1i4(k1)Pˆji5 (k3)2
|k1|2|k2|2|k3|2
× [
1
8
∏3
i=1 f(ǫki)
−
2∏2
i=1(f(ǫki) + 1)
+
1
8
], (244c)∑
i∈{4,10,16,22}
Kik1k2k3,i1i2j = 1k1=k2=k3
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×
3∑
i3,i4,i5=1
hb(ǫk1)
4hu(ǫk1)
2Pˆ i1i3(k1)Pˆ i2i3(k1)Pˆ i2i4(k1)Pˆji4 (k1)Pˆji5 (k1)Pˆ i1i5 (k1)
|k1|2|k2|2|k3|2
× [
e−2|k1|
2f(ǫk1)(t−s)
8
∏2
i=1 f(ǫki)
−
2e−|k1|
2(t−s)(f(ǫk1)+1)∏3
i=1(f(ǫki) + 1)
+
e−2|k1|
2(t−s)
8
], (244d)∑
i∈{5,11,17,23}
Kik1k2k3,i1i2j = 1k1=k2=k3
×
3∑
i3,i4,i5=1
hb(ǫk1)
4hu(ǫk1)
2Pˆ i1i3(k1)Pˆji3(k1)Pˆ i2i4(k1)Pˆ i1i4 (k1)Pˆji5 (k1)Pˆ i2i5 (k1)
|k1|2|k2|2|k3|2
× [
e−2|k1|
2f(ǫk1)(t−s)
8
∏2
i=1 f(ǫki)
−
2e−|k1|
2(t−s)(f(ǫk1)+1)∏3
i=1(f(ǫki) + 1)
+
e−2|k1|
2(t−s)
8
], (244e)∑
i∈{6,12,18,24}
Kik1k2k3,i1i2j = 1k1=k3
×
3∑
i3,i4,i5=1
hb(ǫk1)
4hu(ǫk2)
2Pˆ i1i3(k1)Pˆji3(k1)Pˆ i2i4(k2)2Pˆji5 (k1)Pˆ i1i5(k1)
|k1|2|k2|2|k3|2
× [
e−2|k1|
2f(ǫk1)(t−s)
8
∏2
i=1 f(ǫki)
−
2e−|k1|
2(t−s)(f(ǫk1)+1)∏3
i=1(f(ǫki) + 1)
+
e−2|k1|
2(t−s)
8
]. (244f)
We can compute for any η ∈ [0, 1] by mean value theorem that
|
e−2|k1|
2f(ǫk1)(t−s)
8
∏2
i=1 f(ǫki)
−
2e−|k1|
2(t−s)(f(ǫk1)+1)∏3
i=1(f(ǫki) + 1)
+
e−2|k1|
2(t−s)
8
| .
3∑
i=1
|ǫki|
η, (245)
from which it is also clear that
|
1
8
∏3
i=1 f(ǫki)
−
2∏2
i=1(f(ǫki) + 1)
+
1
8
| .
3∑
i=1
|ǫki|
η. (246)
Applying (245)-(246) to (244) and (242) gives
E[|:Xˆǫ,i1s,b (k1)Xˆ
ǫ,i2
s,u (k2)Xˆ
ǫ,j
t,b (k3):
− : ˆ¯Xǫ,i1s,b (k1)
ˆ¯Xǫ,i2s,u (k2)
ˆ¯Xǫ,jt,b (k3):|
2] .
∑3
i=1|ǫki|
η∏3
i=1|ki|
2
. (247)
Similar computations can show that an analogous upper bound applies also to
E[|:Xˆ
ǫ,i′1
s¯,b (k
′
1)Xˆ
ǫ,i′2
s¯,u (k
′
2)Xˆ
ǫ,j
t,b (k
′
3): − :
ˆ¯X
ǫ,i′1
s¯,b (k
′
1)
ˆ¯X
ǫ,i′2
s¯,u (k
′
2)
ˆ¯Xǫ,j
′
t,b (k
′
3):|
2]. Thus, we finally
estimate from (238),
I2q,t .
∑
k
θ(2−qk)2
∑
k1,k2,k3,k
′
1,k
′
2,k
′
3 6=0:k123=k
′
123=k
(248)
× (1k1=k′1,k2=k′2,k3=k′3 + 1k1=k′1,k2=k′3,k3=k′2)
∫
[0,t]2
e−|k12|
2(t−s)−|k′12|
2(t−s¯)
× |k12||k
′
12|
(∑3
i=1|ǫki|
η∏3
i=1|ki|
2
+
∑3
i=1|ǫk
′
i|
η∏3
i=1|k
′
i|
2
)
dsds¯
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.ǫηtη
∑
k
θ(2−qk)2
∑
k1,k2,k3 6=0:k123=k
× [|k12|
−2+2η
∑3
i=1|ki|
η∏3
i=1|ki|
2
+ |k12|
−1+η|k13|
−1+η
∑3
i=1|ki|
η∏3
i=1|ki|
2
] . ǫηtη2q(1+3η)
by (240), Ho¨lder’s inequality, (247), (443), Lemma 3.13. Considering (241) and
(248) in (237) leads to
E[|∆qV
1
t,ii1
|2] . ǫηtη2q(1+3η). (249)
Considering (201), (212), (229), (235) and (249) in (184) leads to
E[|∆q(b¯
ǫ,j
1 ⋄ b¯
ǫ,i
2 (t)− b
ǫ,j
1 ⋄ b
ǫ,i
2 (t)|
2] . ǫ
η
2 t
η−ǫ
4 2q(1+3η). (250)
Similar calculations show that there exist η, ǫ, γ > 0 sufficiently small so that
E[|∆q(b¯
ǫ,j
1 ⋄ b¯
ǫ,i
2 (t1)− b¯
ǫ,j
1 ⋄ b¯
ǫ,i
2 (t2)
− bǫ,j1 ⋄ b
ǫ,i
2 (t1) + b
ǫ,j
1 ⋄ b
ǫ,i
2 (t2))|
2] . ǫγ |t2 − t1|
η2q(1+ǫ). (251)
Therefore, by relying on Gaussian hypercontractivity theorem and Besov embed-
ding Lemma 3.4, similarly to (172), we deduce that for all δ > 0, all p > 1,
b
ǫ,i
2 ⋄ b
ǫ,j
1 − b¯
ǫ,i
2 ⋄ b¯
ǫ,j
1 → 0 in L
p(Ω;C([0, T ]; C−
1
2−
δ
2 )) as ǫց 0.
2.2.4. Convergence of (159e). W.l.o.g. we work on π0,⋄(u
ǫ,i0
3 , b
ǫ,j0
1 )−π0,⋄(u¯
ǫ,i0
3 , b¯
ǫ,j0
1 ).
By (44) and (152), we have
π0,⋄(u
ǫ,i0
3 , b
ǫ,j0
1 )− π0,⋄(u¯
ǫ,i0
3 , b¯
ǫ,j0
1 )
=π0(u
ǫ,i0
3 , b
ǫ,j0
1 )− π0(u¯
ǫ,i0
3 , b¯
ǫ,j0
1 )− φ
ǫ,i0j0
13 (t) + φ¯
ǫ,i0j0
13 (t)− C
ǫ,i0j0
13 + C¯
ǫ,i0j0
13
+
3∑
i1=1
(Cǫ,i0i1j03,u + C˜
ǫ,i0i1j0
3,u )u
ǫ,i1
2 + (C
ǫ,i0i1j0
3,b + C˜
ǫ,i0i1j0
3,b )b
ǫ,i1
2 . (252)
Considering (38) and (146), for simplicity we define u¯31, u¯32, u31, u32 to satisfy for
i0 ∈ {1, 2, 3}, u¯ǫ31(0, ·) ≡ u¯
ǫ
32(0, ·) ≡ u
ǫ
31(0, ·) ≡ u
ǫ
32(0, ·) ≡ 0 and
du¯
ǫ,i0
31 = ∆u¯
ǫ,i0
31 dt−
1
2
3∑
i1,j=1
P i0i1Dj(u¯
ǫ,i1
1 ⋄ u¯
ǫ,j
2 − b¯
ǫ,i1
1 ⋄ b¯
ǫ,j
2 )dt, (253a)
du¯
ǫ,i0
32 = ∆u¯
ǫ,i0
32 dt−
1
2
3∑
i1,j=1
P i0i1Dj(u¯
ǫ,i1
2 ⋄ u¯
ǫ,j
1 − b¯
ǫ,i1
2 ⋄ b¯
ǫ,j
1 )dt, (253b)
du
ǫ,i0
31 = ∆ǫu
ǫ,i0
31 dt−
1
2
3∑
i1,j=1
P i0i1Dǫj(u
ǫ,i1
1 ⋄ u
ǫ,j
2 − b
ǫ,i1
1 ⋄ b
ǫ,j
2 )dt, (253c)
du
ǫ,i0
32 = ∆ǫu
ǫ,i0
32 dt−
1
2
3∑
i1,j=1
P i0i1Dǫj(u
ǫ,i1
2 ⋄ u
ǫ,j
1 − b
ǫ,i1
2 ⋄ b
ǫ,j
1 )dt. (253d)
W.l.o.g. we show the estimates of π0,⋄(u
ǫ,i0
32 , b
ǫ,j0
1 ) − π0,⋄(u¯
ǫ,i0
32 , b¯
ǫ,j0
1 ); the estimate
of π0,⋄(u
ǫ,i0
31 , b
ǫ,j0
1 ) − π0,⋄(u¯
ǫ,i0
31 , b¯
ǫ,j0
1 ) follows similarly. From (253d), (253b), (145),
(148), (149), (40), (41) and (37) to deduce
π0(u
ǫ,i0
32 , b
ǫ,j0
1 )(t)− π0(u¯
ǫ,i0
32 , b¯
ǫ,j0
1 )(t)
64 KAZUO YAMAZAKI
=
1
4
[π0(
3∑
i1,i3,i4,j1=1
∫ t
0
e−(s−t)∆ǫP i0i1Dǫj1(u
ǫ,j1
1 (s)P
i1i4
×
∫ s
0
e−(r−s)∆ǫDǫi3(u
ǫ,i4
1 u
ǫ,i3
1 − b
ǫ,i4
1 b
ǫ,i3
1 )dr)ds
−
3∑
i1,i3,i4,j1=1
∫ t
0
e−(s−t)∆ǫP i0i1Dǫj1(b
ǫ,j1
1 (s)P
i1i4
×
∫ s
0
e−(r−s)∆ǫDǫi3(b
ǫ,i4
1 u
ǫ,i3
1 − u
ǫ,i4
1 b
ǫ,i3
1 )dr)ds, b
ǫ,j0
1 (t))
− L¯5t,i0j0 − L¯
6
t,i0j0
− π0(
3∑
i1,i3,i4,j1=1
∫ t
0
e−(s−t)∆P i0i1Dj1(u¯
ǫ,j1
1 (s)P
i1i4
×
∫ s
0
e−(r−s)∆Di3(u¯
ǫ,i4
1 u¯
ǫ,i3
1 − b¯
ǫ,i4
1 b¯
ǫ,i3
1 )dr)ds
−
3∑
i1,i3,i4,j1=1
∫ t
0
e−(s−t)∆P i0i1Dj1(b¯
ǫ,j1
1 (s)P
i1i4
×
∫ s
0
e−(r−s)∆Di3(b¯
ǫ,i4
1 u¯
ǫ,i3
1 − u¯
ǫ,i4
1 b¯
ǫ,i3
1 )dr)ds, b¯
ǫ,j0
1 (t))] (254)
where
L¯5t,i0j0 ,2π0(
3∑
i1,i2,j1=1
∫ t
0
e−(s−t)∆ǫP i0i1Dǫj1(C
ǫ,i1i2j1
1,u u
ǫ,i2
1 + C
ǫ,i1i2j1
1,b b
ǫ,i2
1 )ds
−
∫ t
0
e−(s−t)∆ǫP i0i1Dǫj1(C
ǫ,i1i2j1
2,u u
ǫ,i2
1 + C
ǫ,i1i2j1
2,b b
ǫ,i2
1 )ds, b
ǫ,j0
1 (t)), (255a)
L¯6t,i0j0 ,2π0(
3∑
i1,i2,j1=1
∫ t
0
e−(s−t)∆ǫP i0i1Dǫj1(C˜
ǫ,i1i2j1
1,u u
ǫ,i2
1 + C˜
ǫ,i1i2j1
1,b b
ǫ,i2
1 )ds
−
∫ t
0
e−(s−t)∆ǫP i0i1Dǫj1(C˜
ǫ,i1i2j1
2,u u
ǫ,i2
1 + C˜
ǫ,i1i2j1
2,b b
ǫ,i2
1 )ds, b
ǫ,j0
1 (t)). (255b)
Within the right hand side of (254), besides L¯5t,i0j0 − L¯
6
t,i0j0
, we see that
π0(
3∑
i1,i2,i3,j1=1
∫ t
0
e−(s−t)∆ǫP i0i1Dǫj1(u
ǫ,j1
1 (s)P
i1i2 (256)
×
∫ s
0
e−(σ−s)∆ǫDǫi3(u
ǫ,i2
1 u
ǫ,i3
1 − b
ǫ,i2
1 b
ǫ,i3
1 )dσ)ds, b
ǫ,j0
1 (t))
− π0(
3∑
i1,i2,i3,j1=1
∫ t
0
e−(s−t)∆ǫP i0i1Dǫj1(b
ǫ,j1
1 (s)P
i1i2
×
∫ s
0
e−(σ−s)∆ǫDǫi3(b
ǫ,i2
1 u
ǫ,i3
1 − u
ǫ,i2
1 b
ǫ,i3
1 )dσ)ds, b
ǫ,j0
1 (t))
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− π0(
3∑
i1,i2,i3,j1=1
∫ t
0
e−(s−t)∆P i0i1Dj1(u¯
ǫ,j1
1 (s)P
i1i2
×
∫ s
0
e−(σ−s)∆Di3(u¯
ǫ,i2
1 u¯
ǫ,i3
1 − b¯
ǫ,i2
1 b¯
ǫ,i3
1 )dσ)ds, b¯
ǫ,j0
1 (t))
+ π0(
3∑
i1,i2,i3,j1=1
∫ t
0
e−(s−t)∆P i0i1Dj1(b¯
ǫ,j1
1 (s)P
i1i2
×
∫ s
0
e−(σ−s)∆Di3(b¯
ǫ,i2
1 u¯
ǫ,i3
1 − u¯
ǫ,i2
1 b¯
ǫ,i3
1 )dσ)ds, b¯
ǫ,j0
1 (t))
=(2π)−
9
2
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k
∑
k1,k2,k3,k4 6=0:k1234=k
θ(2−ik123)θ(2
−jk4)
× [(
∫ t
0
e−|k123|
2f(ǫk123)(t−s)k
j1
123g(ǫk
j1
123)Xˆ
ǫ,j1
s,u (k3)
×
∫ s
0
e−|k12|
2f(ǫk12)(s−σ)ki312g(ǫk
i3
12)Xˆ
ǫ,i2
σ,u (k1)Xˆ
ǫ,i3
σ,u (k2)dσdsXˆ
ǫ,j0
t,b (k4)
−
∫ t
0
e−|k123|
2(t−s)k
j1
123i
ˆ¯Xǫ,j1s,u (k3)
×
∫ s
0
e−|k12|
2(s−σ)ki312i
ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,u (k2)dσds
ˆ¯Xǫ,j0t,b (k4))Pˆ
i0i1(k123)Pˆ
i1i2(k12)ek
− (
∫ t
0
e−|k123|
2f(ǫk123)(t−s)k
j1
123g(ǫk
j1
123)Xˆ
ǫ,j1
s,u (k3)
×
∫ s
0
e−|k12|
2f(ǫk12)(s−σ)ki312g(ǫk
i3
12)Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2)dσdsXˆ
ǫ,j0
t,b (k4)
+
∫ t
0
e−|k123|
2(t−s)k
j1
123i
ˆ¯Xǫ,j1s,u (k3)
×
∫ s
0
e−|k12|
2(s−σ)ki312i
ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,b (k2)dσds
ˆ¯Xǫ,j0t,b (k4))Pˆ
i0i1(k123)Pˆ
i1i2(k12)ek
− (
∫ t
0
e−|k123|
2f(ǫk123)(t−s)k
j1
123g(ǫk
j1
123)Xˆ
ǫ,j1
s,b (k3)
×
∫ s
0
e−|k12|
2f(ǫk12)(s−σ)ki312g(ǫk
i3
12)Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,u (k2)dσdsXˆ
ǫ,j0
t,b (k4)
+
∫ t
0
e−|k123|
2(t−s)k
j1
123i
ˆ¯Xǫ,j1s,b (k3)
×
∫ s
0
e−|k12|
2(s−σ)ki312i
ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,u (k2)dσds
ˆ¯Xǫ,j0t,b (k4))Pˆ
i0i1(k123)Pˆ
i1i2(k12)ek
+ (
∫ t
0
e−|k123|
2f(ǫk123)(t−s)k
j1
123g(ǫk
j1
123)Xˆ
ǫ,j1
s,b (k3)
×
∫ s
0
e−|k12|
2f(ǫk12)(s−σ)ki312g(ǫk
i3
12)Xˆ
ǫ,i2
σ,u (k1)Xˆ
ǫ,i3
σ,b (k2)dσdsXˆ
ǫ,j0
t,b (k4)
−
∫ t
0
e−|k123|
2(t−s)k
j1
123i
ˆ¯Xǫ,j1s,b (k3)
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×
∫ s
0
e−|k12|
2(s−σ)ki312i
ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,b (k2)dσds
ˆ¯Xǫ,j0t,b (k4))Pˆ
i0i1(k123)Pˆ
i1i2(k12)ek].
Now we can write first within (256) by Example 3.1
Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2)Xˆ
ǫ,j1
s,u (k3)Xˆ
ǫ,j0
t,b (k4) =
10∑
i=1
l1ik1k2k3k4,i2i3j0j1,sσt (257)
where due to (160),
l11k1k2k3k4,i2i3j0j1,sσt ,:Xˆ
ǫ,i2
σ,u (k1)Xˆ
ǫ,i3
σ,u (k2)Xˆ
ǫ,j1
s,u (k3)Xˆ
ǫ,j0
t,b (k4):, (258a)
l12k1k2k3k4,i2i3j0j1,sσt ,1k12=0
3∑
i4=1
hu(ǫk1)
2
2|k1|2f(ǫk1)
× Pˆ i2i4(k1)Pˆ
i3i4(k1):Xˆ
ǫ,j1
s,u (k3)Xˆ
ǫ,j0
t,b (k4):, (258b)
l13k1k2k3k4,i2i3j0j1,sσt ,1k12=0,k34=0
3∑
i4,i5=1
hu(ǫk1)
2
2|k1|2f(ǫk1)
Pˆ i2i4(k1)Pˆ
i3i4(k1)
×
e−|k3|
2f(ǫk3)(t−s)hu(ǫk3)hb(ǫk3)
2|k3|2f(ǫk3)
Pˆj1i5(k3)Pˆ
j0i5 (k3), (258c)
l14k1k2k3k4,i2i3j0j1,sσt ,1k13=0
3∑
i4=1
e−|k1|
2f(ǫk1)(s−σ)hu(ǫk1)
2
2|k1|2f(ǫk1)
× Pˆ i2i4(k1)Pˆ
j1i4(k1):Xˆ
ǫ,i3
σ,u (k2)Xˆ
ǫ,j0
t,b (k4):, (258d)
l15k1k2k3k4,i2i3j0j1,sσt ,1k13=0,k24=0
3∑
i4,i5=1
e−|k1|
2f(ǫk1)(s−σ)hu(ǫk1)
2
2|k1|2f(ǫk1)
× Pˆ i2i4(k1)Pˆ
j1i4(k1)
e−|k2|
2f(ǫk2)(t−σ)hu(ǫk2)hb(ǫk2)
2|k2|2f(ǫk2)
× Pˆ i3i5(k2)Pˆ
j0i5(k2), (258e)
l16k1k2k3k4,i2i3j0j1,sσt ,1k14=0
3∑
i4=1
e−|k1|
2f(ǫk1)(t−σ)hu(ǫk1)hb(ǫk1)
2|k1|2f(ǫk1)
× Pˆ i2i4(k1)Pˆ
j0i4(k1):Xˆ
ǫ,i3
σ,u (k2)Xˆ
ǫ,j1
s,u (k3):, (258f)
l17k1k2k3k4,i2i3j0j1,sσt ,1k14=0,k23=0
3∑
i4,i5=1
e−|k1|
2f(ǫk1)(t−σ)hu(ǫk1)hb(ǫk1)
2|k1|2f(ǫk1)
× Pˆ i2i4(k1)Pˆ
j0i4(k1)
e−|k2|
2f(ǫk2)(s−σ)hu(ǫk2)
2
2|k2|2f(ǫk2)
× Pˆ i3i5(k2)Pˆ
j1i5(k2), (258g)
l18k1k2k3k4,i2i3j0j1,sσt ,1k23=0
3∑
i4=1
e−|k2|
2f(ǫk2)(s−σ)hu(ǫk2)
2
2|k2|2f(ǫk2)
× Pˆ i3i4(k2)Pˆ
j1i4(k2):Xˆ
ǫ,i2
σ,u (k1)Xˆ
ǫ,j0
t,b (k4):, (258h)
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l19k1k2k3k4,i2i3j0j1,sσt ,1k24=0
3∑
i4=1
e−|k2|
2f(ǫk2)(t−σ)hu(ǫk2)hb(ǫk2)
2|k2|2f(ǫk2)
× Pˆ i3i4(k2)Pˆ
j0i4(k2):Xˆ
ǫ,i2
σ,u (k1)Xˆ
ǫ,j1
s,u (k3):, (258i)
l110k1k2k3k4,i2i3j0j1,sσt ,1k34=0
3∑
i4=1
e−|k3|
2f(ǫk3)(t−s)hu(ǫk3)hb(ǫk3)
2|k3|2f(ǫk3)
× Pˆj1i4(k3)Pˆ
j0i4(k3):Xˆ
ǫ,i2
σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):, (258j)
where the terms corresponding to l1ik1k2k3k4,i2i3j0j1,sσt for i ∈ {2, 3} vanish due to
k12 in (256). Similarly, second within (256), we see that
ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,u (k2)
ˆ¯Xǫ,j1s,u (k3)
ˆ¯Xǫ,j0t,b (k4) =
10∑
i=1
l2ik1k2k3k4,i2i3j0j1,sσt (259)
where
l21k1k2k3k4,i2i3j0j1,sσt ,:
ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,u (k2)
ˆ¯Xǫ,j1s,u (k3)
ˆ¯Xǫ,j0t,b (k4):, (260a)
l22k1k2k3k4,i2i3j0j1,sσt ,1k12=0
3∑
i4=1
hu(ǫk1)
2
2|k1|2
× Pˆ i2i4(k1)Pˆ
i3i4(k1):
ˆ¯Xǫ,j1s,u (k3)
ˆ¯Xǫ,j0t,b (k4):, (260b)
l23k1k2k3k4,i2i3j0j1,sσt ,1k12=0,k34=0
3∑
i4,i5=1
hu(ǫk1)
2
2|k1|2
Pˆ i2i4(k1)Pˆ
i3i4(k1)
×
e−|k3|
2(t−s)hu(ǫk3)hb(ǫk3)
2|k3|2
Pˆj1i5(k3)Pˆ
j0i5 (k3), (260c)
l24k1k2k3k4,i2i3j0j1,sσt ,1k13=0
3∑
i4=1
e−|k1|
2(s−σ)hu(ǫk1)
2
2|k1|2
× Pˆ i2i4(k1)Pˆ
j1i4(k1):
ˆ¯Xǫ,i3σ,u (k2)
ˆ¯Xǫ,j0t,b (k4):, (260d)
l25k1k2k3k4,i2i3j0j1,sσt ,1k13=0,k24=0
3∑
i4,i5=1
e−|k1|
2(s−σ)hu(ǫk1)
2
2|k1|2
Pˆ i2i4(k1)Pˆ
j1i4(k1)
×
e−|k2|
2(t−σ)hu(ǫk2)hb(ǫk2)
2|k2|2
Pˆ i3i5(k2)Pˆ
j0i5(k2), (260e)
l26k1k2k3k4,i2i3j0j1,sσt ,1k14=0
3∑
i4=1
e−|k1|
2(t−σ)hu(ǫk1)hb(ǫk1)
2|k1|2
× Pˆ i2i4(k1)Pˆ
j0i4(k1):
ˆ¯Xǫ,i3σ,u (k2)
ˆ¯Xǫ,j1s,u (k3):, (260f)
l27k1k2k3k4,i2i3j0j1,sσt ,1k14=0,k23=0
3∑
i4,i5=1
e−|k1|
2(t−σ)hu(ǫk1)hb(ǫk1)
2|k1|2
(260g)
× Pˆ i2i4(k1)Pˆ
j0i4(k1)
e−|k2|
2(s−σ)hu(ǫk2)
2
2|k2|2
Pˆ i3i5(k2)Pˆ
j1i5(k2),
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l28k1k2k3k4,i2i3j0j1,sσt ,1k23=0
3∑
i4=1
e−|k2|
2(s−σ)hu(ǫk2)
2
2|k2|2
× Pˆ i3i4(k2)Pˆ
j1i4(k2):
ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,j0t,b (k4):, (260h)
l29k1k2k3k4,i2i3j0j1,sσt ,1k24=0
3∑
i4=1
e−|k2|
2(t−σ)hu(ǫk2)hb(ǫk2)
2|k2|2
× Pˆ i3i4(k2)Pˆ
j0i4(k2):
ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,j1s,u (k3):, (260i)
l210k1k2k3k4,i2i3j0j1,sσt ,1k34=0
3∑
i4=1
e−|k3|
2(t−s)hu(ǫk3)hb(ǫk3)
2|k3|2
× Pˆj1i4(k3)Pˆ
j0i4(k3):
ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,u (k2): (260j)
where terms corresponding to l2ik1k2k3k4,i2i3j0j1,sσt for i ∈ {2, 3} vanish due to k12 in
(256). Third, within (256)
Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2)Xˆ
ǫ,j1
s,u (k3)Xˆ
ǫ,j0
t,b (k4) =
10∑
i=1
l3ik1k2k3k4,i2i3j0j1,sσt (261)
where
l31k1k2k3k4,i2i3j0j1,sσt , :Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2)Xˆ
ǫ,j1
s,u (k3)Xˆ
ǫ,j0
t,b (k4):, (262a)
l32k1k2k3k4,i2i3j0j1,sσt , 1k12=0
3∑
i4=1
hb(ǫk1)
2
2|k1|2f(ǫk1)
× Pˆ i2i4(k1)Pˆ
i3i4(k1):Xˆ
ǫ,j1
s,u (k3)Xˆ
ǫ,j0
t,b (k4):, (262b)
l33k1k2k3k4,i2i3j0j1,sσt , 1k12=0,k34=0
3∑
i4,i5=1
hb(ǫk1)
2
2|k1|2f(ǫk1)
Pˆ i2i4(k1)Pˆ
i3i4(k1)
×
e−|k3|
2f(ǫk3)(t−s)hu(ǫk3)hb(ǫk3)
2|k3|2f(ǫk3)
Pˆj1i5(k3)Pˆ
j0i5(k3), (262c)
l34k1k2k3k4,i2i3j0j1,sσt , 1k13=0
3∑
i4=1
e−|k1|
2f(ǫk1)(s−σ)hb(ǫk1)hu(ǫk1)
2|k1|2f(ǫk1)
× Pˆ i2i4(k1)Pˆ
j1i4(k1):Xˆ
ǫ,i3
σ,b (k2)Xˆ
ǫ,j0
t,b (k4):, (262d)
l35k1k2k3k4,i2i3j0j1,sσt , 1k13=0,k24=0
3∑
i4,i5=1
e−|k1|
2f(ǫk1)(s−σ)hb(ǫk1)hu(ǫk1)
2|k1|2f(ǫk1)
× Pˆ i2i4(k1)Pˆ
j1i4(k1)
e−|k2|
2f(ǫk2)(t−σ)hb(ǫk2)
2
2|k2|2f(ǫk2)
× Pˆ i3i5(k2)Pˆ
j0i5(k2), (262e)
l36k1k2k3k4,i2i3j0j1,sσt , 1k14=0
3∑
i4=1
e−|k1|
2f(ǫk1)(t−σ)hb(ǫk1)
2
2|k1|2f(ǫk1)
× Pˆ i2i4(k1)Pˆ
j0i4(k1):Xˆ
ǫ,i3
σ,b (k2)Xˆ
ǫ,j1
s,u (k3):, (262f)
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l37k1k2k3k4,i2i3j0j1,sσt , 1k14=0,k23=0
3∑
i4,i5=1
e−|k1|
2f(ǫk1)(t−σ)hb(ǫk1)
2
2|k1|2f(ǫk1)
× Pˆ i2i4(k1)Pˆ
j0i4(k1)
e−|k2|
2f(ǫk2)(s−σ)hb(ǫk2)hu(ǫk2)
2|k2|2f(ǫk2)
× Pˆ i3i5(k2)Pˆ
j1i5(k2), (262g)
l38k1k2k3k4,i2i3j0j1,sσt , 1k23=0
3∑
i4=1
e−|k2|
2f(ǫk2)(s−σ)hb(ǫk2)hu(ǫk2)
2|k2|2f(ǫk2)
× Pˆ i3i4(k2)Pˆ
j1i4(k2):Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,j0
t,b (k4):, (262h)
l39k1k2k3k4,i2i3j0j1,sσt , 1k24=0
3∑
i4=1
e−|k2|
2f(ǫk2)(t−σ)hb(ǫk2)
2
2|k2|2f(ǫk2)
× Pˆ i3i4(k2)Pˆ
j0i4(k2):Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,j1
s,u (k3):, (262i)
l310k1k2k3k4,i2i3j0j1,sσt , 1k34=0
3∑
i4=1
e−|k3|
2f(ǫk3)(t−s)hu(ǫk3)hb(ǫk3)
2|k3|2f(ǫk3)
× Pˆj1i4(k3)Pˆ
j0i4(k3):Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2): (262j)
where the terms corresponding to l3ik1k2k3k4,i2i3j0j1,sσt for i ∈ {2, 3} vanish due to
k12 in (256). Similarly, fourth, within (256), we see that
ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,u (k3)
ˆ¯Xǫ,j0t,b (k4) =
10∑
i=1
l4ik1k2k3k4,i2i3j0j1,sσt (263)
where
l41k1k2k3k4,i2i3j0j1,sσt ,:
ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,u (k3)
ˆ¯Xǫ,j0t,b (k4):, (264a)
l42k1k2k3k4,i2i3j0j1,sσt ,1k12=0
3∑
i4=1
hb(ǫk1)
2
2|k1|2
× Pˆ i2i4(k1)Pˆ
i3i4(k1):
ˆ¯Xǫ,j1s,u (k3)
ˆ¯Xǫ,j0t,b (k4):, (264b)
l43k1k2k3k4,i2i3j0j1,sσt ,1k12=0,k34=0
3∑
i4,i5=1
hb(ǫk1)
2
2|k1|2
Pˆ i2i4(k1)Pˆ
i3i4(k1)
×
e−|k3|
2(t−s)hu(ǫk3)hb(ǫk3)
2|k3|2
Pˆj1i5(k3)Pˆ
j0i5 (k3), (264c)
l44k1k2k3k4,i2i3j0j1,sσt ,1k13=0
3∑
i4=1
e−|k1|
2(s−σ)hb(ǫk1)hu(ǫk1)
2|k1|2
× Pˆ i2i4(k1)Pˆ
j1i4(k1):
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j0t,b (k4):, (264d)
l45k1k2k3k4,i2i3j0j1,sσt ,1k13=0,k24=0
3∑
i4,i5=1
e−|k1|
2(s−σ)hb(ǫk1)hu(ǫk1)
2|k1|2
Pˆ i2i4 (k1)
× Pˆj1i4(k1)
e−|k2|
2(t−σ)hb(ǫk2)
2
2|k2|2
Pˆ i3i5(k2)Pˆ
j0i5(k2), (264e)
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l46k1k2k3k4,i2i3j0j1,sσt ,1k14=0
3∑
i4=1
e−|k1|
2(t−σ)hb(ǫk1)
2
2|k1|2
× Pˆ i2i4(k1)Pˆ
j0i4(k1):
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,u (k3):, (264f)
l47k1k2k3k4,i2i3j0j1,sσt ,1k14=0,k23=0
3∑
i4,i5=1
e−|k1|
2(t−σ)hb(ǫk1)
2
2|k1|2
Pˆ i2i4 (k1)Pˆ
j0i4(k1)
×
e−|k2|
2(s−σ)hb(ǫk2)hu(ǫk2)
2|k2|2
Pˆ i3i5(k2)Pˆ
j1i5(k2), (264g)
l48k1k2k3k4,i2i3j0j1,sσt ,1k23=0
3∑
i4=1
e−|k2|
2(s−σ)hb(ǫk2)hu(ǫk2)
2|k2|2
× Pˆ i3i4(k2)Pˆ
j1i4(k2):
ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,j0t,b (k4):, (264h)
l49k1k2k3k4,i2i3j0j1,sσt ,1k24=0
3∑
i4=1
e−|k2|
2(t−σ)hb(ǫk2)
2
2|k2|2
× Pˆ i3i4(k2)Pˆ
j0i4(k2):
ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,j1s,u (k3):, (264i)
l410k1k2k3k4,i2i3j0j1,sσt ,1k34=0
3∑
i4=1
e−|k3|
2(t−s)hu(ǫk3)hb(ǫk3)
2|k3|2
× Pˆj1i4(k3)Pˆ
j0i4(k3):
ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,b (k2): (264j)
where the terms corresponding to l4ik1k2k3k4,i2i3j0j1,sσt for i ∈ {2, 3} vanish due to
k12 in (256). Fifth, within (256)
Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,u (k2)Xˆ
ǫ,j1
s,b (k3)Xˆ
ǫ,j0
t,b (k4) =
10∑
i=1
l5ik1k2k3k4,i2i3j0j1,sσt (265)
where
l51k1k2k3k4,i2i3j0j1,sσt , :Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,u (k2)Xˆ
ǫ,j1
s,b (k3)Xˆ
ǫ,j0
t,b (k4):, (266a)
l52k1k2k3k4,i2i3j0j1,sσt , 1k12=0
3∑
i4=1
hb(ǫk1)hu(ǫk1)
2|k1|2f(ǫk1)
× Pˆ i2i4(k1)Pˆ
i3i4(k1):Xˆ
ǫ,j1
s,b (k3)Xˆ
ǫ,j0
t,b (k4):, (266b)
l53k1k2k3k4,i2i3j0j1,sσt , 1k12=0,k34=0
3∑
i4,i5=1
hb(ǫk1)hu(ǫk1)
2|k1|2f(ǫk1)
Pˆ i2i4(k1)Pˆ
i3i4(k1)
×
e−|k3|
2f(ǫk3)(t−s)hb(ǫk3)
2
2|k3|2f(ǫk3)
Pˆj1i5(k3)Pˆ
j0i5(k3), (266c)
l54k1k2k3k4,i2i3j0j1,sσt , 1k13=0
3∑
i4=1
e−|k1|
2f(ǫk1)(s−σ)hb(ǫk1)
2
2|k1|2f(ǫk1)
Pˆ i2i4(k1)Pˆ
j1i4(k1):Xˆ
ǫ,i3
σ,u (k2)Xˆ
ǫ,j0
t,b (k4):, (266d)
MAGNETOHYDRODYNAMICS SYSTEM 71
l55k1k2k3k4,i2i3j0j1,sσt , 1k13=0,k24=0
3∑
i4,i5=1
e−|k1|
2f(ǫk1)(s−σ)hb(ǫk1)
2
2|k1|2f(ǫk1)
× Pˆ i2i4(k1)Pˆ
j1i4(k1)
e−|k2|
2f(ǫk2)(t−σ)hu(ǫk2)hb(ǫk2)
2|k2|2f(ǫk2)
× Pˆ i3i5(k2)Pˆ
j0i5(k2), (266e)
l56k1k2k3k4,i2i3j0j1,sσt , 1k14=0
3∑
i4=1
e−|k1|
2f(ǫk1)(t−σ)hb(ǫk1)
2
2|k1|2f(ǫk1)
× Pˆ i2i4(k1)Pˆ
j0i4(k1):Xˆ
ǫ,i3
σ,u (k2)Xˆ
ǫ,j1
s,b (k3):, (266f)
l57k1k2k3k4,i2i3j0j1,sσt , 1k14=0,k23=0
3∑
i4,i5=1
e−|k1|
2f(ǫk1)(t−σ)hb(ǫk1)
2
2|k1|2f(ǫk1)
× Pˆ i2i4(k1)Pˆ
j0i4(k1)
e−|k2|
2f(ǫk2)(s−σ)hb(ǫk2)hu(ǫk2)
2|k2|2f(ǫk2)
× Pˆ i3i5(k2)Pˆ
j1i5(k2), (266g)
l58k1k2k3k4,i2i3j0j1,sσt , 1k23=0
3∑
i4=1
e−|k2|
2f(ǫk2)(s−σ)hb(ǫk2)hu(ǫk2)
2|k2|2f(ǫk2)
× Pˆ i3i4(k2)Pˆ
j1i4(k2):Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,j0
t,b (k4):, (266h)
l59k1k2k3k4,i2i3j0j1,sσt , 1k24=0
3∑
i4=1
e−|k2|
2f(ǫk2)(t−σ)hu(ǫk2)hb(ǫk2)
2|k2|2f(ǫk2)
× Pˆ i3i4(k2)Pˆ
j0i4(k2):Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,j1
s,b (k3):, (266i)
l510k1k2k3k4,i2i3j0j1,sσt , 1k34=0
3∑
i4=1
e−|k3|
2f(ǫk3)(t−s)hb(ǫk3)
2
2|k3|2f(ǫk3)
× Pˆj1i4(k3)Pˆ
j0i4(k3):Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,u (k2): (266j)
where the terms corresponding to l5ik1k2k3k4,i2i3j0j1,sσt for i ∈ {2, 3} vanish due to
k12 within (256). Similarly, sixth, within (256), we see that
ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,u (k2)
ˆ¯Xǫ,j1s,b (k3)
ˆ¯Xǫ,j0t,b (k4) =
10∑
i=1
l6ik1k2k3k4,i2i3j0j1,sσt (267)
where
l61k1k2k3k4,i2i3j0j1,sσt ,:
ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,u (k2)
ˆ¯Xǫ,j1s,b (k3)
ˆ¯Xǫ,j0t,b (k4):, (268a)
l62k1k2k3k4,i2i3j0j1,sσt ,1k12=0
3∑
i4=1
hb(ǫk1)hu(ǫk1)
2|k1|2
× Pˆ i2i4(k1)Pˆ
i3i4(k1):
ˆ¯Xǫ,j1s,b (k3)
ˆ¯Xǫ,j0t,b (k4):, (268b)
l63k1k2k3k4,i2i3j0j1,sσt ,1k12=0,k34=0
3∑
i4,i5=1
hb(ǫk1)hu(ǫk1)
2|k1|2
Pˆ i2i4(k1)Pˆ
i3i4(k1)
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×
e−|k3|
2(t−s)hb(ǫk3)
2
2|k3|2
Pˆj1i5(k3)Pˆ
j0i5(k3), (268c)
l64k1k2k3k4,i2i3j0j1,sσt ,1k13=0
3∑
i4=1
e−|k1|
2(s−σ)hb(ǫk1)
2
2|k1|2
× Pˆ i2i4(k1)Pˆ
j1i4(k1):
ˆ¯Xǫ,i3σ,u (k2)
ˆ¯Xǫ,j0t,b (k4):, (268d)
l65k1k2k3k4,i2i3j0j1,sσt ,1k13=0,k24=0
3∑
i4,i5=1
e−|k1|
2(s−σ)hb(ǫk1)
2
2|k1|2
Pˆ i2i4(k1)Pˆ
j1i4(k1)
×
e−|k2|
2(t−σ)hu(ǫk2)hb(ǫk2)
2|k2|2
Pˆ i3i5(k2)Pˆ
j0i5(k2), (268e)
l66k1k2k3k4,i2i3j0j1,sσt ,1k14=0
3∑
i4=1
e−|k1|
2(t−σ)hb(ǫk1)
2
2|k1|2
× Pˆ i2i4(k1)Pˆ
j0i4(k1):
ˆ¯Xǫ,i3σ,u (k2)
ˆ¯Xǫ,j1s,b (k3):, (268f)
l67k1k2k3k4,i2i3j0j1,sσt ,1k14=0,k23=0
3∑
i4,i5=1
e−|k1|
2(t−σ)hb(ǫk1)
2
2|k1|2
Pˆ i2i4(k1)Pˆ
j0i4(k1)
×
e−|k2|
2(s−σ)hb(ǫk2)hu(ǫk2)
2|k2|2
Pˆ i3i5(k2)Pˆ
j1i5(k2), (268g)
l68k1k2k3k4,i2i3j0j1,sσt ,1k23=0
3∑
i4=1
e−|k2|
2(s−σ)hb(ǫk2)hu(ǫk2)
2|k2|2
× Pˆ i3i4(k2)Pˆ
j1i4(k2):
ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,j0t,b (k4):, (268h)
l69k1k2k3k4,i2i3j0j1,sσt ,1k24=0
3∑
i4=1
e−|k2|
2(t−σ)hu(ǫk2)hb(ǫk2)
2|k2|2
× Pˆ i3i4(k2)Pˆ
j0i4(k2):
ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,j1s,b (k3):, (268i)
l610k1k2k3k4,i2i3j0j1,sσt ,1k34=0
3∑
i4=1
e−|k3|
2(t−s)hb(ǫk3)
2
2|k3|2
× Pˆj1i4(k3)Pˆ
j0i4(k3):
ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,u (k2): (268j)
where the terms corresponding to l6ik1k2k3k4,i2i3j0j1,sσt for i ∈ {2, 3} vanish due to
k12 in (256). Seventh, within (256)
Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,b (k2)Xˆ
ǫ,j1
s,b (k3)Xˆ
ǫ,j0
t,b (k4) =
10∑
i=1
l7ik1k2k3k4,i2i3j0j1,sσt (269)
where
l71k1k2k3k4,i2i3j0j1,sσt ,:Xˆ
ǫ,i2
σ,u (k1)Xˆ
ǫ,i3
σ,b (k2)Xˆ
ǫ,j1
s,b (k3)Xˆ
ǫ,j0
t,b (k4):, (270a)
l72k1k2k3k4,i2i3j0j1,sσt ,1k12=0
3∑
i4=1
hb(ǫk1)hu(ǫk1)
2|k1|2f(ǫk1)
× Pˆ i2i4(k1)Pˆ
i3i4(k1):Xˆ
ǫ,j1
s,b (k3)Xˆ
ǫ,j0
t,b (k4):, (270b)
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l73k1k2k3k4,i2i3j0j1,sσt ,1k12=0,k34=0
3∑
i4,i5=1
hb(ǫk1)hu(ǫk1)
2|k1|2f(ǫk1)
Pˆ i2i4(k1)Pˆ
i3i4(k1)
×
e−|k3|
2f(ǫk3)(t−s)hb(ǫk3)
2
2|k3|2f(ǫk3)
Pˆj1i5(k3)Pˆ
j0i5(k3), (270c)
l74k1k2k3k4,i2i3j0j1,sσt ,1k13=0
3∑
i4=1
e−|k1|
2f(ǫk1)(s−σ)hb(ǫk1)hu(ǫk1)
2|k1|2f(ǫk1)
× Pˆ i2i4(k1)Pˆ
j1i4(k1):Xˆ
ǫ,i3
σ,b (k2)Xˆ
ǫ,j0
t,b (k4):, (270d)
l75k1k2k3k4,i2i3j0j1,sσt ,1k13=0,k24=0
3∑
i4,i5=1
e−|k1|
2f(ǫk1)(s−σ)hu(ǫk1)hb(ǫk1)
2|k1|2f(ǫk1)
× Pˆ i2i4(k1)Pˆ
j1i4(k1)
e−|k2|
2f(ǫk2)(t−σ)hb(ǫk2)
2
2|k2|2f(ǫk2)
× Pˆ i3i5(k2)Pˆ
j0i5(k2), (270e)
l76k1k2k3k4,i2i3j0j1,sσt ,1k14=0
3∑
i4=1
e−|k1|
2f(ǫk1)(t−σ)hu(ǫk1)hb(ǫk1)
2|k1|2f(ǫk1)
× Pˆ i2i4(k1)Pˆ
j0i4(k1):Xˆ
ǫ,i3
σ,b (k2)Xˆ
ǫ,j1
s,b (k3):, (270f)
l77k1k2k3k4,i2i3j0j1,sσt ,1k14=0,k23=0
3∑
i4,i5=1
e−|k1|
2f(ǫk1)(t−σ)hu(ǫk1)hb(ǫk1)
2|k1|2f(ǫk1)
× Pˆ i2i4(k1)Pˆ
j0i4(k1)
e−|k2|
2f(ǫk2)(s−σ)hb(ǫk2)
2
2|k2|2f(ǫk2)
× Pˆ i3i5(k2)Pˆ
j1i5(k2), (270g)
l78k1k2k3k4,i2i3j0j1,sσt ,1k23=0
3∑
i4=1
e−|k2|
2f(ǫk2)(s−σ)hb(ǫk2)
2
2|k2|2f(ǫk2)
× Pˆ i3i4(k2)Pˆ
j1i4(k2):Xˆ
ǫ,i2
σ,u (k1)Xˆ
ǫ,j0
t,b (k4):, (270h)
l79k1k2k3k4,i2i3j0j1,sσt ,1k24=0
3∑
i4=1
e−|k2|
2f(ǫk2)(t−σ)hb(ǫk2)
2
2|k2|2f(ǫk2)
× Pˆ i3i4(k2)Pˆ
j0i4(k2):Xˆ
ǫ,i2
σ,u (k1)Xˆ
ǫ,j1
s,b (k3):, (270i)
l710k1k2k3k4,i2i3j0j1,sσt ,1k34=0
3∑
i4=1
e−|k3|
2f(ǫk3)(t−s)hb(ǫk3)
2
2|k3|2f(ǫk3)
× Pˆj1i4(k3)Pˆ
j0i4(k3):Xˆ
ǫ,i2
σ,u (k1)Xˆ
ǫ,i3
σ,b (k2): (270j)
where the terms corresponding to l7ik1k2k3k4,i2i3j0j1,sσt for i ∈ {2, 3} vanish due to
k12 in (256). Similarly, eighth, within (256), we see that
ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,b (k3)
ˆ¯Xǫ,j0t,b (k4) =
10∑
i=1
l8ik1k2k3k4,i2i3j0j1,sσt (271)
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where
l81k1k2k3k4,i2i3j0j1,sσt ,:
ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,b (k3)
ˆ¯Xǫ,j0t,b (k4):, (272a)
l82k1k2k3k4,i2i3j0j1,sσt ,1k12=0
3∑
i4=1
hb(ǫk1)hu(ǫk1)
2|k1|2
× Pˆ i2i4(k1)Pˆ
i3i4 (k1):
ˆ¯Xǫ,j1s,b (k3)
ˆ¯Xǫ,j0t,b (k4):, (272b)
l83k1k2k3k4,i2i3j0j1,sσt ,1k12=0,k34=0
3∑
i4,i5=1
hb(ǫk1)hu(ǫk1)
2|k1|2
Pˆ i2i4(k1)Pˆ
i3i4(k1)
×
e−|k3|
2(t−s)hb(ǫk3)
2
2|k3|2
Pˆj1i5(k3)Pˆ
j0i5(k3), (272c)
l84k1k2k3k4,i2i3j0j1,sσt ,1k13=0
3∑
i4=1
e−|k1|
2(s−σ)hb(ǫk1)hu(ǫk1)
2|k1|2
Pˆ i2i4 (k1)Pˆ
j1i4(k1):
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j0t,b (k4):, (272d)
l85k1k2k3k4,i2i3j0j1,sσt ,1k13=0,k24=0
3∑
i4,i5=1
e−|k1|
2(s−σ)hu(ǫk1)hb(ǫk1)
2|k1|2
Pˆ i2i4(k1)Pˆ
j1i4(k1)
×
e−|k2|
2(t−σ)hb(ǫk2)
2
2|k2|2
Pˆ i3i5(k2)Pˆ
j0i5(k2), (272e)
l86k1k2k3k4,i2i3j0j1,sσt ,1k14=0
3∑
i4=1
e−|k1|
2(t−σ)hu(ǫk1)hb(ǫk1)
2|k1|2
× Pˆ i2i4(k1)Pˆ
j0i4 (k1):
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,b (k3):, (272f)
l87k1k2k3k4,i2i3j0j1,sσt ,1k14=0,k23=0
3∑
i4,i5=1
e−|k1|
2(t−σ)hu(ǫk1)hb(ǫk1)
2|k1|2
Pˆ i2i4(k1)Pˆ
j0i4(k1)
×
e−|k2|
2(s−σ)hb(ǫk2)
2
2|k2|2
Pˆ i3i5(k2)Pˆ
j1i5(k2), (272g)
l88k1k2k3k4,i2i3j0j1,sσt ,1k23=0
3∑
i4=1
e−|k2|
2(s−σ)hb(ǫk2)
2
2|k2|2
× Pˆ i3i4(k2)Pˆ
j1i4 (k2):
ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,j0t,b (k4):, (272h)
l89k1k2k3k4,i2i3j0j1,sσt ,1k24=0
3∑
i4=1
e−|k2|
2(t−σ)hb(ǫk2)
2
2|k2|2
× Pˆ i3i4(k2)Pˆ
j0i4 (k2):
ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,j1s,b (k3):, (272i)
l810k1k2k3k4,i2i3j0j1,sσt ,1k34=0
3∑
i4=1
e−|k3|
2(t−s)hb(ǫk3)
2
2|k3|2
× Pˆj1i4(k3)Pˆ
j0i4(k3):
ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,b (k2): (272j)
MAGNETOHYDRODYNAMICS SYSTEM 75
where the terms corresponding to l8ik1k2k3k4,i2i3j0j1,sσt for i ∈ {2, 3} vanish due to
k12 in (256). Applying (257) - (272) to (256) and (254) gives us
π0(u
ǫ,i0
32 , b
ǫ,j0
1 )(t)− π0(u¯
ǫ,i0
32 , b¯
ǫ,j0
1 )(t) =
1
4
(
7∑
k=1
Lkt,i0j0 − L¯
5
t0,i0j0
− L¯6t0,i0j0) (273)
where L¯5t,i0j0 and L¯
6
t,i0j0
were defined in (255a)-(255b), L1t,i0j0 corresponds to the
terms from lm1k1k2k3k4,i1i2i3j0j1,sσt for m ∈ {1, . . . , 8} so that
L1t,i0j0 ,(2π)
− 92
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k
∑
k1,k2,k3,k4 6=0:k1234=k
θ(2−ik123)θ(2
−jk4)
×
∫ t
0
[e−|k123|
2f(ǫk123)(t−s)
∫ s
0
:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2)Xˆ
ǫ,j1
s,u (k3)Xˆ
ǫ,j0
t,b (k4):
× e−|k12|
2f(ǫk12)(s−σ)dσk
j1
123g(ǫk
j1
123)k
i3
12g(ǫk
i3
12)
− e−|k123|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,u (k2)
ˆ¯Xǫ,j1s,u (k3)
ˆ¯Xǫ,j0t,b (k4):
× e−|k12|
2(s−σ)dσk
j1
123ik
i3
12i
− e−|k123|
2f(ǫk123)(t−s)
∫ s
0
:Xˆǫ,i2σ,b (k1)Xˆ
ǫ,i3
σ,b (k2)Xˆ
ǫ,j1
s,u (k3)Xˆ
ǫ,j0
t,b (k4):
× e−|k12|
2f(ǫk12)(s−σ)dσk
j1
123g(ǫk
j1
123)k
i3
12g(ǫk
i3
12)
+ e−|k123|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,u (k3)
ˆ¯Xǫ,j0t,b (k4):
× e−|k12|
2(s−σ)dσk
j1
123ik
i3
12i
− e−|k123|
2f(ǫk123)(t−s)
∫ s
0
:Xˆǫ,i2σ,b (k1)Xˆ
ǫ,i3
σ,u (k2)Xˆ
ǫ,j1
s,b (k3)Xˆ
ǫ,j0
t,b (k4):
× e−|k12|
2f(ǫk12)(s−σ)dσk
j1
123g(ǫk
j1
123)k
i3
12g(ǫk
i3
12)
+ e−|k123|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,u (k2)
ˆ¯Xǫ,j1s,b (k3)
ˆ¯Xǫ,j0t,b (k4):
× e−|k12|
2(s−σ)dσk
j1
123ik
i3
12i
+ e−|k123|
2f(ǫk123)(t−s)
∫ s
0
:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,b (k2)Xˆ
ǫ,j1
s,b (k3)Xˆ
ǫ,j0
t,b (k4):
× e−|k12|
2f(ǫk12)(s−σ)dσk
j1
123g(ǫk
j1
123)k
i3
12g(ǫk
i3
12)
− e−|k123|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,b (k3)
ˆ¯Xǫ,j0t,b (k4):
× e−|k12|
2(s−σ)dσk
j1
123ik
i3
12i]dsPˆ
i0i1(k123)Pˆ
i1i2(k12)ek, (274)
L2t,i0j0 corresponds to the terms from l
m6
k1k2k3k4,i1i2i3j0j1,sσt
for m ∈ {1, . . . , 8} so
that
L2t,i0j0 ,(2π)
− 92
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k
∑
k1,k2,k3 6=0:k23=k
θ(2−ik123)θ(2
−jk1) (275)
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× [
∫ t
0
e−|k123|
2f(ǫk123)(t−s)
∫ s
0
:Xˆǫ,i3σ,u (k2)Xˆ
ǫ,j1
s,u (k3):k
i3
12g(ǫk
i3
12)k
j1
123g(ǫk
j1
123)
×
e−|k1|
2f(ǫk1)(t−σ)hu(ǫk1)hb(ǫk1)
2|k1|2f(ǫk1)
e−|k12|
2f(ǫk12)(s−σ)dσds
−
∫ t
0
e−|k123|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i3σ,u (k2)
ˆ¯Xǫ,j1s,u (k3):k
i3
12ik
j1
123i
×
e−|k1|
2(t−σ)hu(ǫk1)hb(ǫk1)
2|k1|2
e−|k12|
2(s−σ)dσds
−
∫ t
0
e−|k123|
2f(ǫk123)(t−s)
∫ s
0
:Xˆǫ,i3σ,b (k2)Xˆ
ǫ,j1
s,u (k3):k
i3
12g(ǫk
i3
12)k
j1
123g(ǫk
j1
123)
×
e−|k1|
2f(ǫk1)(t−σ)hb(ǫk1)
2
2|k1|2f(ǫk1)
e−|k12|
2f(ǫk12)(s−σ)dσds
+
∫ t
0
e−|k123|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,u (k3):k
i3
12ik
j1
123i
×
e−|k1|
2(t−σ)hb(ǫk1)
2
2|k1|2
e−|k12|
2(s−σ)dσds
−
∫ t
0
e−|k123|
2f(ǫk123)(t−s)
∫ s
0
:Xˆǫ,i3σ,u (k2)Xˆ
ǫ,j1
s,b (k3):k
i3
12g(ǫk
i3
12)k
j1
123g(ǫk
j1
123)
×
e−|k1|
2f(ǫk1)(t−σ)hb(ǫk1)
2
2|k1|2f(ǫk1)
e−|k12|
2f(ǫk12)(s−σ)dσds
+
∫ t
0
e−|k123|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i3σ,u (k2)
ˆ¯Xǫ,j1s,b (k3):k
i3
12ik
j1
123i
×
e−|k1|
2(t−σ)hb(ǫk1)
2
2|k1|2
e−|k12|
2(s−σ)dσds
+
∫ t
0
e−|k123|
2f(ǫk123)(t−s)
∫ s
0
:Xˆǫ,i3σ,b (k2)Xˆ
ǫ,j1
s,b (k3):k
i3
12g(ǫk
i3
12)k
j1
123g(ǫk
j1
123)
×
e−|k1|
2f(ǫk1)(t−σ)hu(ǫk1)hb(ǫk1)
2|k1|2f(ǫk1)
e−|k12|
2f(ǫk12)(s−σ)dσds
−
∫ t
0
e−|k123|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,b (k3):k
i3
12ik
j1
123i
×
e−|k1|
2(t−σ)hu(ǫk1)hb(ǫk1)
2|k1|2
e−|k12|
2(s−σ)dσds]
×
3∑
i4=1
Pˆ i2i4(k1)Pˆ
j0i4(k1)Pˆ
i1i2(k12)Pˆ
i0i1(k123)ek,
L3t,i0j0 corresponds to the terms from l
m9
k1k2k3k4,i1i2i3j0j1,sσt
for m ∈ {1, . . . , 8} so
that
L3t,i0j0 ,(2π)
− 92
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k
∑
k1,k2,k3 6=0:k13=k
θ(2−ik123)θ(2
−jk2) (276)
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× [
∫ t
0
e−|k123|
2f(ǫk123)(t−s)
∫ s
0
:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,j1
s,u (k3):k
i3
12g(ǫk
i3
12)k
j1
123g(ǫk
j1
123)
×
e−|k2|
2f(ǫk2)(t−σ)hu(ǫk2)hb(ǫk2)
2|k2|2f(ǫk2)
e−|k12|
2f(ǫk12)(s−σ)dσds
−
∫ t
0
e−|k123|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,j1s,u (k3):k
i3
12ik
j1
123i
×
e−|k2|
2(t−σ)hu(ǫk2)hb(ǫk2)
2|k2|2
e−|k12|
2(s−σ)dσds
−
∫ t
0
e−|k123|
2f(ǫk123)(t−s)
∫ s
0
:Xˆǫ,i2σ,b (k1)Xˆ
ǫ,j1
s,u (k3):k
i3
12g(ǫk
i3
12)k
j1
123g(ǫk
j1
123)
×
e−|k2|
2f(ǫk2)(t−σ)hb(ǫk2)
2
2|k2|2f(ǫk2)
e−|k12|
2f(ǫk12)(s−σ)dσds
+
∫ t
0
e−|k123|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,j1s,u (k3):k
i3
12ik
j1
123i
×
e−|k2|
2(t−σ)hb(ǫk2)
2
2|k2|2
e−|k12|
2(s−σ)dσds
−
∫ t
0
e−|k123|
2f(ǫk123)(t−s)
∫ s
0
:Xˆǫ,i2σ,b (k1)Xˆ
ǫ,j1
s,b (k3):k
i3
12g(ǫk
i3
12)k
j1
123g(ǫk
j1
123)
×
e−|k2|
2f(ǫk2)(t−σ)hu(ǫk2)hb(ǫk2)
2|k2|2f(ǫk2)
e−|k12|
2f(ǫk12)(s−σ)dσds
+
∫ t
0
e−|k123|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,j1s,b (k3):k
i3
12ik
j1
123i
×
e−|k2|
2(t−σ)hu(ǫk2)hb(ǫk2)
2|k2|2
e−|k12|
2(s−σ)dσds
+
∫ t
0
e−|k123|
2f(ǫk123)(t−s)
∫ s
0
:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,j1
s,b (k3):k
i3
12g(ǫk
i3
12)k
j1
123g(ǫk
j1
123)
×
e−|k2|
2f(ǫk2)(t−σ)hb(ǫk2)
2
2|k2|2f(ǫk2)
e−|k12|
2f(ǫk12)(s−σ)dσds
−
∫ t
0
e−|k123|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,j1s,b (k3):k
i3
12ik
j1
123i
×
e−|k2|
2(t−σ)hb(ǫk2)
2
2|k2|2
e−|k12|
2(s−σ)dσds]
×
3∑
i4=1
Pˆ i3i4(k2)Pˆ
j0i4(k2)Pˆ
i1i2(k12)Pˆ
i0i1(k123)ek,
L4t,i0j0 corresponds to terms from l
m10
k1k2k3k4,i2i3j0j1,sσt
for m ∈ {1, . . . , 8} so that
L4t,i0j0 ,(2π)
− 92
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k
∑
k1,k2,k3 6=0:k12=k
θ(2−ik123)θ(2
−jk3) (277)
× [
∫ t
0
e−|k123|
2f(ǫk123)(t−s)
∫ s
0
:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):k
i3
12g(ǫk
i3
12)k
j1
123g(ǫk
j1
123)
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×
e−|k3|
2f(ǫk3)(t−s)hu(ǫk3)hb(ǫk3)
2|k3|2f(ǫk3)
e−|k12|
2f(ǫk12)(s−σ)dσds
−
∫ t
0
e−|k123|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,u (k2):k
i3
12ik
j1
123i
×
e−|k3|
2(t−s)hu(ǫk3)hb(ǫk3)
2|k3|2
e−|k12|
2(s−σ)dσds
−
∫ t
0
e−|k123|
2f(ǫk123)(t−s)
∫ s
0
:Xˆǫ,i2σ,b (k1)Xˆ
ǫ,i3
σ,b (k2):k
i3
12g(ǫk
i3
12)k
j1
123g(ǫk
j1
123)
×
e−|k3|
2f(ǫk3)(t−s)hu(ǫk3)hb(ǫk3)
2|k3|2f(ǫk3)
e−|k12|
2f(ǫk12)(s−σ)dσds
+
∫ t
0
e−|k123|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,b (k2):k
i3
12ik
j1
123i
×
e−|k3|
2(t−s)hu(ǫk3)hb(ǫk3)
2|k3|2
e−|k12|
2(s−σ)dσds
−
∫ t
0
e−|k123|
2f(ǫk123)(t−s)
∫ s
0
:Xˆǫ,i2σ,b (k1)Xˆ
ǫ,i3
σ,u (k2):k
i3
12g(ǫk
i3
12)k
j1
123g(ǫk
j1
123)
×
e−|k3|
2f(ǫk3)(t−s)hb(ǫk3)
2
2|k3|2f(ǫk3)
e−|k12|
2f(ǫk12)(s−σ)dσds
+
∫ t
0
e−|k123|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,u (k2):k
i3
12ik
j1
123i
×
e−|k3|
2(t−s)hb(ǫk3)
2
2|k3|2
e−|k12|
2(s−σ)dσds
+
∫ t
0
e−|k123|
2f(ǫk123)(t−s)
∫ s
0
:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,b (k2):k
i3
12g(ǫk
i3
12)k
j1
123g(ǫk
j1
123)
×
e−|k3|
2f(ǫk3)(t−s)hb(ǫk3)
2
2|k3|2f(ǫk3)
e−|k12|
2f(ǫk12)(s−σ)dσds
−
∫ t
0
e−|k123|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,b (k2):k
i3
12ik
j1
123i
×
e−|k3|
2(t−s)hb(ǫk3)
2
2|k3|2
e−|k12|
2(s−σ)dσds]
×
3∑
i4=1
Pˆj1i4(k3)Pˆ
j0i4(k3)Pˆ
i1i2(k12)Pˆ
i0i1(k123)ek,
L5t,i0j0 corresponds to the terms from l
m8
k1k2k3k4,i2i3j0j1,sσt
for m ∈ {1, . . . , 8} so that
L5t,i0j0 ,(2π)
− 92
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k
∑
k1,k2,k4 6=0:k14=k
θ(2−ik1)θ(2
−jk4) (278)
× [
∫ t
0
e−|k1|
2f(ǫk1)(t−s)
∫ s
0
:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,j0
t,b (k4):k
i3
12g(ǫk
i3
12)k
j1
1 g(ǫk
j1
1 )
×
e−|k2|
2f(ǫk2)(s−σ)hu(ǫk2)
2
2|k2|2f(ǫk2)
e−|k12|
2f(ǫk12)(s−σ)dσds
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−
∫ t
0
e−|k1|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,j0t,b (k4):k
i3
12ik
j1
1 i
×
e−|k2|
2(s−σ)hu(ǫk2)
2
2|k2|2
e−|k12|
2(s−σ)dσds
−
∫ t
0
e−|k1|
2f(ǫk1)(t−s)
∫ s
0
:Xˆǫ,i2σ,b (k1)Xˆ
ǫ,j0
t,b (k4):k
i3
12g(ǫk
i3
12)k
j1
1 g(ǫk
j1
1 )
×
e−|k2|
2f(ǫk2)(s−σ)hb(ǫk2)hu(ǫk2)
2|k2|2f(ǫk2)
e−|k12|
2f(ǫk12)(s−σ)dσds
+
∫ t
0
e−|k1|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,j0t,b (k4):k
i3
12ik
j1
1 i
×
e−|k2|
2(s−σ)hb(ǫk2)hu(ǫk2)
2|k2|2
e−|k12|
2(s−σ)dσds
−
∫ t
0
e−|k1|
2f(ǫk1)(t−s)
∫ s
0
:Xˆǫ,i2σ,b (k1)Xˆ
ǫ,j0
t,b (k4):k
i3
12g(ǫk
i3
12)k
j1
1 g(ǫk
j1
1 )
×
e−|k2|
2f(ǫk2)(s−σ)hu(ǫk2)hb(ǫk2)
2|k2|2f(ǫk2)
e−|k12|
2f(ǫk12)(s−σ)dσds
+
∫ t
0
e−|k1|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,j0t,b (k4):k
i3
12ik
j1
1 i
×
e−|k2|
2(s−σ)hu(ǫk2)hb(ǫk2)
2|k2|2
e−|k12|
2(s−σ)dσds
+
∫ t
0
e−|k1|
2f(ǫk1)(t−s)
∫ s
0
:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,j0
t,b (k4):k
i3
12g(ǫk
i3
12)k
j1
1 g(ǫk
j1
1 )
×
e−|k2|
2f(ǫk2)(s−σ)hb(ǫk2)
2
2|k2|2f(ǫk2)
e−|k12|
2f(ǫk12)(s−σ)dσds
−
∫ t
0
e−|k1|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,j0t,b (k4):k
i3
12ik
j1
1 i
×
e−|k2|
2(s−σ)hb(ǫk2)
2
2|k2|2
e−|k12|
2(s−σ)dσds]
×
3∑
i4=1
Pˆ i3i4(k2)Pˆ
j1i4(k2)Pˆ
i1i2(k12)Pˆ
i0i1(k1)ek,
and L6t,i0j0 corresponds to the terms from l
m4
k1k2k3k4,i2i3j0j1,sσt
for m ∈ {1, . . . , 8} so
that
L6t,i0j0 ,(2π)
− 92
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k
∑
k1,k2,k4 6=0:k24=k
θ(2−ik2)θ(2
−jk4) (279)
× [
∫ t
0
e−|k2|
2f(ǫk2)(t−s)
∫ s
0
:Xˆǫ,i3σ,u (k2)Xˆ
ǫ,j0
t,b (k4):k
i3
12g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
×
e−|k1|
2f(ǫk1)(s−σ)hu(ǫk1)
2
2|k1|2f(ǫk1)
e−|k12|
2f(ǫk12)(s−σ)dσds
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−
∫ t
0
e−|k2|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i3σ,u (k2)
ˆ¯Xǫ,j0t,b (k4):k
i3
12ik
j1
2 i
×
e−|k1|
2(s−σ)hu(ǫk1)
2
2|k1|2
e−|k12|
2(s−σ)dσds
−
∫ t
0
e−|k2|
2f(ǫk2)(t−s)
∫ s
0
:Xˆǫ,i3σ,b (k2)Xˆ
ǫ,j0
t,b (k4):k
i3
12g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
×
e−|k1|
2f(ǫk1)(s−σ)hb(ǫk1)hu(ǫk1)
2|k1|2f(ǫk1)
e−|k12|
2f(ǫk12)(s−σ)dσds
+
∫ t
0
e−|k2|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j0t,b (k4):k
i3
12ik
j1
2 i
×
e−|k1|
2(s−σ)hb(ǫk1)hu(ǫk1)
2|k1|2
e−|k12|
2(s−σ)dσds
−
∫ t
0
e−|k2|
2f(ǫk2)(t−s)
∫ s
0
:Xˆǫ,i3σ,u (k2)Xˆ
ǫ,j0
t,b (k4):k
i3
12g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
×
e−|k1|
2f(ǫk1)(s−σ)hb(ǫk1)
2
2|k1|2f(ǫk1)
e−|k12|
2f(ǫk12)(s−σ)dσds
+
∫ t
0
e−|k2|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i3σ,u (k2)
ˆ¯Xǫ,j0t,b (k4):k
i3
12ik
j1
2 i
×
e−|k1|
2(s−σ)hb(ǫk1)
2
2|k1|2
e−|k12|
2(s−σ)dσds
+
∫ t
0
e−|k2|
2f(ǫk2)(t−s)
∫ s
0
:Xˆǫ,i3σ,b (k2)Xˆ
ǫ,j0
t,b (k4):k
i3
12g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
×
e−|k1|
2f(ǫk1)(s−σ)hu(ǫk1)hb(ǫk1)
2|k1|2f(ǫk1)
e−|k12|
2f(ǫk12)(s−σ)dσds
−
∫ t
0
e−|k2|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j0t,b (k4):k
i3
12ik
j1
2 i
×
e−|k1|
2(s−σ)hu(ǫk1)hb(ǫk1)
2|k1|2
e−|k12|
2(s−σ)dσds]
×
3∑
i4=1
Pˆ i2i4(k1)Pˆ
j1i4(k1)Pˆ
i1i2(k12)Pˆ
i0i1(k2)ek.
Finally, we take the terms corresponding to lm7k1k2k3k4,i2i3j0j1,sσt for m ∈ {1, . . . , 8}
and define it as
L71t,i0j0 ,(2π)
−6
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k1,k2 6=0
θ(2−ik2)θ(2
−jk2) (280)
× [
∫ t
0
e−|k2|
2f(ǫk2)(t−s)
∫ s
0
hu(ǫk2)hb(ǫk2)hu(ǫk1)
2
4|k1|2|k2|2f(ǫk1)f(ǫk2)
ki312g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
× e−|k12|
2f(ǫk12)(s−σ)−|k1|
2f(ǫk1)(s−σ)−|k2|
2f(ǫk2)(t−σ)dσds
−
∫ t
0
e−|k2|
2(t−s)
∫ s
0
hu(ǫk2)hb(ǫk2)hu(ǫk1)
2
4|k1|2|k2|2
ki312ik
j1
2 i
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× e−|k12|
2(s−σ)−|k1|
2(s−σ)−|k2|
2(t−σ)dσds
−
∫ t
0
e−|k2|
2f(ǫk2)(t−s)
∫ s
0
hb(ǫk2)
2hb(ǫk1)hu(ǫk1)
4|k1|2|k2|2f(ǫk1)f(ǫk2)
ki312g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
× e−|k12|
2f(ǫk12)(s−σ)−|k1|
2f(ǫk1)(s−σ)−|k2|
2f(ǫk2)(t−σ)dσds
+
∫ t
0
e−|k2|
2(t−s)
∫ s
0
hb(ǫk2)
2hb(ǫk1)hu(ǫk1)
4|k1|2|k2|2
ki312ik
j1
2 i
× e−|k12|
2(s−σ)−|k1|
2(s−σ)−|k2|
2(t−σ)dσds
−
∫ t
0
e−|k2|
2f(ǫk2)(t−s)
∫ s
0
hb(ǫk2)
2hu(ǫk1)hb(ǫk1)
4|k1|2|k2|2f(ǫk1)f(ǫk2)
ki312g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
× e−|k12|
2f(ǫk12)(s−σ)−|k1|
2f(ǫk1)(s−σ)−|k2|
2f(ǫk2)(t−σ)dσds
+
∫ t
0
e−|k2|
2(t−s)
∫ s
0
hb(ǫk2)
2hu(ǫk1)hb(ǫk1)
4|k1|2|k2|2
ki312ik
j1
2 i
× e−|k12|
2(s−σ)−|k1|
2(s−σ)−|k2|
2(t−σ)dσds
+
∫ t
0
e−|k2|
2f(ǫk2)(t−s)
∫ s
0
hu(ǫk2)hb(ǫk2)hb(ǫk1)
2
4|k1|2|k2|2f(ǫk1)f(ǫk2)
ki312g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
× e−|k12|
2f(ǫk12)(s−σ)−|k1|
2f(ǫk1)(s−σ)−|k2|
2f(ǫk2)(t−σ)dσds
−
∫ t
0
e−|k2|
2(t−s)
∫ s
0
hu(ǫk2)hb(ǫk2)hb(ǫk1)
2
4|k1|2|k2|2
ki312ik
j1
2 i
× e−|k12|
2(s−σ)−|k1|
2(s−σ)−|k2|
2(t−σ)dσds]
×
3∑
i4,i5=1
Pˆ i3i4(k1)Pˆ
j1i4(k1)Pˆ
i2i5(k2)Pˆ
j0i5(k2)Pˆ
i1i2(k12)Pˆ
i0i1(k2)
where we strategically swapped k1 with k2 and i4 with i5. The motivation for
this swap will be clear in Remark 2.5. Similarly, we take terms corresponding to
lm5k1k2k3k4,i2i3j0j1,sσt for m ∈ {1, . . . , 8} and define
L72t,i0j0 ,(2π)
−6
∑
|i−j|≤1
∑
k1,k2 6=0
3∑
i1,i2,i3,j1=1
θ(2−ik2)θ(2
−jk2) (281)
× [
∫ t
0
e−|k2|
2f(ǫk2)(t−s)
∫ s
0
hu(ǫk1)
2hu(ǫk2)hb(ǫk2)
4|k1|2|k2|2f(ǫk1)f(ǫk2)
ki312g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
× e−|k12|
2f(ǫk12)(s−σ)−|k1|
2f(ǫk1)(s−σ)−|k2|
2f(ǫk2)(t−σ)dσds
−
∫ t
0
e−|k2|
2(t−s)
∫ s
0
hu(ǫk1)
2hu(ǫk2)hb(ǫk2)
4|k1|2|k2|2
ki312ik
j1
2 i
× e−|k12|
2(s−σ)−|k1|
2(s−σ)−|k2|
2(t−σ)dσds
−
∫ t
0
e−|k2|
2f(ǫk2)(t−s)
∫ s
0
hb(ǫk1)hu(ǫk1)hb(ǫk2)
2
4|k1|2|k2|2f(ǫk1)f(ǫk2)
ki312g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
× e−|k12|
2f(ǫk12)(s−σ)−|k1|
2f(ǫk1)(s−σ)−|k2|
2f(ǫk2)(t−σ)dσds
+
∫ t
0
e−|k2|
2(t−s)
∫ s
0
hb(ǫk1)hu(ǫk1)hb(ǫk2)
2
4|k1|2|k2|2
ki312ik
j1
2 i
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× e−|k12|
2(s−σ)−|k1|
2(s−σ)−|k2|
2(t−σ)dσds
−
∫ t
0
e−|k2|
2f(ǫk2)(t−s)
∫ s
0
hb(ǫk1)
2hu(ǫk2)hb(ǫk2)
4|k1|2|k2|2f(ǫk1)f(ǫk2)
ki312g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
× e−|k12|
2f(ǫk12)(s−σ)−|k1|
2f(ǫk1)(s−σ)−|k2|
2f(ǫk2)(t−σ)dσds
+
∫ t
0
e−|k2|
2(t−s)
∫ s
0
hb(ǫk1)
2hu(ǫk2)hb(ǫk2)
4|k1|2|k2|2
ki312ik
j1
2 i
× e−|k12|
2(s−σ)−|k1|
2(s−σ)−|k2|
2(t−σ)dσds
+
∫ t
0
e−|k2|
2f(ǫk2)(t−s)
∫ s
0
hu(ǫk1)hb(ǫk1)hb(ǫk2)
2
4|k1|2|k2|2f(ǫk1)f(ǫk2)
ki312g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
× e−|k12|
2f(ǫk12)(s−σ)−|k1|
2f(ǫk1)(s−σ)−|k2|
2f(ǫk2)(t−σ)dσds
−
∫ t
0
e−|k2|
2(t−s)
∫ s
0
hu(ǫk1)hb(ǫk1)hb(ǫk2)
2
4|k1|2|k2|2
ki312ik
j1
2 i
× e−|k12|
2(s−σ)−|k1|
2(s−σ)−|k2|
2(t−σ)dσds]
×
3∑
i4,i5=1
Pˆ i2i4(k1)Pˆ
j1i4(k1)Pˆ
i3i5(k2)Pˆ
j0i5(k2)Pˆ
i1i2(k12)Pˆ
i0i1(k2).
Remark 2.5. We observe the cancellations between the third and seventh, and
fourth and eighth lines of (281); however, due to the lack of such cancellations in
L71t,i0j0 in (280), we intentionally choose not to take advantage of these cancellations
and instead work as follows. We add the first four terms of L71t,i0j0 in (280) to the
and first four terms of L72t,i0j0 in (281) to deduce
L
7,⋆
t,i0j0
,(2π)−6
∑
|i−j|≤1
∑
k1,k2 6=0
3∑
i1,i2,i3,j1=1
θ(2−ik2)θ(2
−jk2) (282)
× [
∫ t
0
e−|k2|
2f(ǫk2)(t−s)
∫ s
0
hu(ǫk2)hb(ǫk2)hu(ǫk1)
2
4|k1|2|k2|2f(ǫk1)f(ǫk2)
ki312g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
× e−|k12|
2f(ǫk12)(s−σ)−|k1|
2f(ǫk1)(s−σ)−|k2|
2f(ǫk2)(t−σ)dσds
−
∫ t
0
e−|k2|
2(t−s)
∫ s
0
hu(ǫk2)hb(ǫk2)hu(ǫk1)
2
4|k1|2|k2|2
ki312ik
j1
2 i
× e−|k12|
2(s−σ)−|k1|
2(s−σ)−|k2|
2(t−σ)dσds
−
∫ t
0
e−|k2|
2f(ǫk2)(t−s)
∫ s
0
hb(ǫk2)
2hb(ǫk1)hu(ǫk1)
4|k1|2|k2|2f(ǫk1)f(ǫk2)
ki312g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
× e−|k12|
2f(ǫk12)(s−σ)−|k1|
2f(ǫk1)(s−σ)−|k2|
2f(ǫk2)(t−σ)dσds
+
∫ t
0
e−|k2|
2(t−s)
∫ s
0
hb(ǫk2)
2hb(ǫk1)hu(ǫk1)
4|k1|2|k2|2
ki312ik
j1
2 i
× e−|k12|
2(s−σ)−|k1|
2(s−σ)−|k2|
2(t−σ)dσds]
×
3∑
i4,i5=1
Pˆj1i4(k1)Pˆ
j0i5(k2)Pˆ
i1i2(k12)Pˆ
i0i1(k2)
× [Pˆ i2i4(k1)Pˆ
i3i5(k2) + Pˆ
i3i4(k1)Pˆ
i2i5(k2)].
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For the fifth to eighth terms in L71t,i0j0 of (280) and L
72
t,i0j0
of (281), we see that
adding them similarly won’t work well as e.g., the fifth terms of L71t,i0j0 and the L
72
t,i0j0
have more differences than just Leray projection terms, specifically hb(ǫk2)hu(ǫk1) 6=
hb(ǫk1)hu(ǫk2). This is a difference from the case of the NS equations as a result
of the complex structure of the MHD system. Remarkably, we still realize that the
following terms are identical, modulus signs: the fifth term of L71t,i0j0 and the seventh
term of L72t,i0j0 , the sixth term of L
71
t,i0j0
and the eighth term of L72t,i0j0 , the seventh
term of L71t,i0j0 and the fifth term of L
72
t,i0j0
, the eighth term of L71t,i0j0 and the sixth
term of L72t,i0j0 . Thus, we can still combine the last four terms of L
71
t,i0j0
and the
last four terms of L72t,i0j0 to deduce
L
7,⋆⋆
t,i0j0
,(2π)−6
∑
|i−j|≤1
∑
k1,k2 6=0
3∑
i1,i2,i3,j1=1
θ(2−ik2)θ(2
−jk2) (283)
× [
∫ t
0
e−|k2|
2f(ǫk2)(t−s)
∫ s
0
hb(ǫk2)
2hu(ǫk1)hb(ǫk1)
4|k1|2|k2|2f(ǫk1)f(ǫk2)
ki312g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
× e−|k12|
2f(ǫk12)(s−σ)−|k1|
2f(ǫk1)(s−σ)−|k2|
2f(ǫk2)(t−σ)dσds
−
∫ t
0
e−|k2|
2(t−s)
∫ s
0
hb(ǫk2)
2hu(ǫk1)hb(ǫk1)
4|k1|2|k2|2
ki312ik
j1
2 i
× e−|k12|
2(s−σ)−|k1|
2(s−σ)−|k2|
2(t−σ)dσds
−
∫ t
0
e−|k2|
2f(ǫk2)(t−s)
∫ s
0
hu(ǫk2)hb(ǫk2)hb(ǫk1)
2
4|k1|2|k2|2f(ǫk1)f(ǫk2)
ki312g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
× e−|k12|
2f(ǫk12)(s−σ)−|k1|
2f(ǫk1)(s−σ)−|k2|
2f(ǫk2)(t−σ)dσds
+
∫ t
0
e−|k2|
2(t−s)
∫ s
0
hu(ǫk2)hb(ǫk2)hb(ǫk1)
2
4|k1|2|k2|2
ki312ik
j1
2 i
× e−|k12|
2(s−σ)−|k1|
2(s−σ)−|k2|
2(t−σ)dσds]
×
3∑
i4,i5=1
Pˆj1i4(k1)Pˆ
j0i5(k2)Pˆ
i1i2(k12)Pˆ
i0i1(k2)
× [Pˆ i2i4(k1)Pˆ
i3i5(k2)− Pˆ
i3i4(k1)Pˆ
i2i5(k2)].
We observe [Pˆ i2i4(k1)Pˆ
i3i5(k2) − Pˆ
i3i4(k1)Pˆ
i2i5(k2)] in (283) instead of [Pˆ
i2i4(k1)
Pˆ i3i5(k2) + Pˆ i3i4(k1)Pˆ i2i5(k2)] in (282) due to the difference in signs that we men-
tioned. We define
L7t,i0j0 , L
7,⋆
t,i0j0
+ L7,⋆⋆t,i0j0 . (284)
Terms in the zeroth chaos: L7t,i0j0 = L
7,⋆
t,i0j0
+ L7,⋆⋆t,i0j0 from (282)-(283)
Within L7,⋆t,i0j0 , we compute∫ t
0
e−|k2|
2f(ǫk2)(t−s)
∫ s
0
hu(ǫk2)hb(ǫk2)hu(ǫk1)
2
4|k1|2|k2|2f(ǫk1)f(ǫk2)
ki312g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
× e−|k12|
2f(ǫk12)(s−σ)−|k1|
2f(ǫk1)(s−σ)−|k2|
2f(ǫk2)(t−σ)dσds
−
∫ t
0
e−|k2|
2(t−s)
∫ s
0
hu(ǫk2)hb(ǫk2)hu(ǫk1)
2
4|k1|2|k2|2
ki312ik
j1
2 i
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× e−|k12|
2(s−σ)−|k1|
2(s−σ)−|k2|
2(t−σ)dσds
−
∫ t
0
e−|k2|
2f(ǫk2)(t−s)
∫ s
0
hb(ǫk2)
2hb(ǫk1)hu(ǫk1)
4|k1|2|k2|2f(ǫk1)f(ǫk2)
ki312g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
× e−|k12|
2f(ǫk12)(s−σ)−|k1|
2f(ǫk1)(s−σ)−|k2|
2f(ǫk2)(t−σ)dσds
+
∫ t
0
e−|k2|
2(t−s)
∫ s
0
hb(ǫk2)
2hb(ǫk1)hu(ǫk1)
4|k1|2|k2|2
ki312ik
j1
2 i
× e−|k12|
2(s−σ)−|k1|
2(s−σ)−|k2|
2(t−σ)dσds
=
hu(ǫk2)hb(ǫk2)hu(ǫk1)
2
(
∏2
i=1 2|ki|
2f(ǫki))[|k12|2f(ǫk12) + |k1|2f(ǫk1) + |k2|2f(ǫk2)]
ki312g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
× [
1− e−2|k2|
2f(ǫk2)t
2|k2|2f(ǫk2)
−
∫ t
0
e−2|k2|
2f(ǫk2)(t−s)−(|k12|
2f(ǫk12)+
∑2
i=1|ki|
2f(ǫki))sds]
−
hu(ǫk2)hb(ǫk2)hu(ǫk1)
2
(
∏2
i=1 2|ki|
2)[|k12|2 + |k1|2 + |k2|2]
ki312ik
j1
2 i
× [
1− e−2|k2|
2t
2|k2|2
−
∫ t
0
e−2|k2|
2(t−s)−(|k12|
2+
∑2
i=1|ki|
2)sds]
−
hb(ǫk2)
2hb(ǫk1)hu(ǫk1)
(
∏2
i=1 2|ki|
2f(ǫki))[|k12|2f(ǫk12) + |k1|2f(ǫk1) + |k2|2f(ǫk2)]
ki312g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
× [
1− e−2|k2|
2f(ǫk2)t
2|k2|2f(ǫk2)
−
∫ t
0
e−2|k2|
2f(ǫk2)(t−s)−(|k12|
2f(ǫk12)+
∑2
i=1|ki|
2f(ǫki))sds]
+
hb(ǫk2)
2hb(ǫk1)hu(ǫk1)
(
∏2
i=1 2|ki|
2)[|k12|2 + |k1|2 + |k2|2]
ki312ik
j1
2 i
× [
1− e−2|k2|
2t
2|k2|2
−
∫ t
0
e−2|k2|
2(t−s)−(|k12|
2+
∑2
i=1|ki|
2)sds].
An identical computation gives an analogous result within L7,⋆⋆t,i0j0 as well. Thus,
(282)-(283) leads us to
L
7,⋆
t,i0j0
= L7,⋆,1t,i0j0 + L
7,⋆,2
t,i0j0
(285)
where
L
7,⋆,1
t,i0j0
, (2π)−6
∑
|i−j|≤1
∑
k1,k2 6=0
3∑
i1,i2,i3,j1=1
θ(2−ik2)θ(2
−jk2)Pˆ
i1i2(k12)Pˆ
i0i1(k2)
×
3∑
i4,i5=1
Pˆj1i4(k1)Pˆ
j0i5(k2)[Pˆ
i2i4(k1)Pˆ
i3i5(k2) + Pˆ
i3i4(k1)Pˆ
i2i5(k2)]
× [
hu(ǫk2)hb(ǫk2)hu(ǫk1)
2
(
∏2
i=1 2|ki|
2f(ǫki))[|k12|2f(ǫk12) +
∑2
i=1|ki|
2f(ǫki)]
ki312g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
× (
1− e−2|k2|
2f(ǫk2)t
2|k2|2f(ǫk2)
−
∫ t
0
e−2|k2|
2f(ǫk2)(t−s)−(|k12|
2f(ǫk12)+
∑2
i=1|ki|
2f(ǫki))sds)
−
hu(ǫk2)hb(ǫk2)hu(ǫk1)
2
(
∏2
i=1 2|ki|
2)[|k12|2 +
∑2
i=1|ki|
2]
ki312ik
j1
2 i
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× (
1− e−2|k2|
2t
2|k2|2
−
∫ t
0
e−2|k2|
2(t−s)−(|k12|
2+
∑2
i=1|ki|
2)sds)], (286a)
L
7,⋆,2
t,i0j0
, (2π)−6
∑
|i−j|≤1
∑
k1,k2 6=0
3∑
i1,i2,i3,j1=1
θ(2−ik2)θ(2
−jk2)Pˆ
i1i2(k12)Pˆ
i0i1(k2)
×
3∑
i4,i5=1
Pˆj1i4(k1)Pˆ
j0i5(k2)[Pˆ
i2i4(k1)Pˆ
i3i5(k2) + Pˆ
i3i4(k1)Pˆ
i2i5(k2)]
× [−
hb(ǫk2)
2hb(ǫk1)hu(ǫk1)
(
∏2
i=1 2|ki|
2f(ǫki))[|k12|2f(ǫk12) +
∑2
i=1|ki|
2f(ǫki)]
ki312g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
× (
1− e−2|k2|
2f(ǫk2)t
2|k2|2f(ǫk2)
−
∫ t
0
e−2|k2|
2f(ǫk2)(t−s)−(|k12|
2f(ǫk12)+
∑2
i=1|ki|
2f(ǫki))sds)
+
hb(ǫk2)
2hb(ǫk1)hu(ǫk1)
(
∏2
i=1 2|ki|
2)[|k12|2 +
∑2
i=1|ki|
2]
ki312ik
j1
2 i
× (
1− e−2|k2|
2t
2|k2|2
−
∫ t
0
e−2|k2|
2(t−s)−(|k12|
2+
∑2
i=1|ki|
2)sds)], (286b)
while
L
7,⋆⋆
t,i0j0
= L7,⋆⋆,1t,i0j0 + L
7,⋆⋆,2
t,i0j0
(287)
where
L
7,⋆⋆,1
t,i0j0
, (2π)−6
∑
|i−j|≤1
∑
k1,k2 6=0
3∑
i1,i2,i3,j1=1
θ(2−ik2)θ(2
−jk2)Pˆ
i1i2(k12)Pˆ
i0i1(k2)
×
3∑
i4,i5=1
Pˆj1i4(k1)Pˆ
j0i5(k2)[Pˆ
i2i4(k1)Pˆ
i3i5(k2)− Pˆ
i3i4(k1)Pˆ
i2i5(k2)]
× [
hb(ǫk2)
2hu(ǫk1)hb(ǫk1)
(
∏2
i=1 2|ki|
2f(ǫki))[|k12|2f(ǫk12) +
∑2
i=1|ki|
2f(ǫki)]
ki312g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
× (
1− e−2|k2|
2f(ǫk2)t
2|k2|2f(ǫk2)
−
∫ t
0
e−2|k2|
2f(ǫk2)(t−s)−(|k12|
2f(ǫk12)+
∑2
i=1|ki|
2f(ǫki))sds)
−
hb(ǫk2)
2hu(ǫk1)hb(ǫk1)
(
∏2
i=1 2|ki|
2)[|k12|2 +
∑2
i=1|ki|
2]
ki312ik
j1
2 i
× (
1− e−2|k2|
2t
2|k2|2
−
∫ t
0
e−2|k2|
2(t−s)−(|k12|
2+
∑2
i=1|ki|
2)sds)], (288a)
L
7,⋆⋆,2
t,i0j0
, (2π)−6
∑
|i−j|≤1
∑
k1,k2 6=0
3∑
i1,i2,i3,j1=1
θ(2−ik2)θ(2
−jk2)Pˆ
i1i2(k12)Pˆ
i0i1(k2)
×
3∑
i4,i5=1
Pˆj1i4(k1)Pˆ
j0i5(k2)[Pˆ
i2i4(k1)Pˆ
i3i5(k2)− Pˆ
i3i4(k1)Pˆ
i2i5(k2)]
× [−
hu(ǫk2)hb(ǫk2)hb(ǫk1)
2
(
∏2
i=1 2|ki|
2f(ǫki))[|k12|2f(ǫk12) +
∑2
i=1|ki|
2f(ǫki)]
ki312g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
× (
1− e−2|k2|
2f(ǫk2)t
2|k2|2f(ǫk2)
−
∫ t
0
e−2|k2|
2f(ǫk2)(t−s)−(|k12|
2f(ǫk12)+
∑2
i=1|ki|
2f(ǫki))sds)
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+
hu(ǫk2)hb(ǫk2)hb(ǫk1)
2
(
∏2
i=1 2|ki|
2)[|k12|2 +
∑2
i=1|ki|
2]
ki312ik
j1
2 i
× (
1− e−2|k2|
2t
2|k2|2
−
∫ t
0
e−2|k2|
2(t−s)−(|k12|
2+
∑2
i=1|ki|
2)sds)]. (288b)
For L7,⋆,1t,i0j0 we define
C
ǫ,i0j0
131 (t) ,(2π)
−6
∑
|i−j|≤1
∑
k1,k2 6=0
3∑
i1,i2,i3,j1=1
θ(2−ik2)θ(2
−jk2)Pˆ
i1i2(k12)Pˆ
i0i1(k2)
×
3∑
i4,i5=1
Pˆj1i4(k1)Pˆ
j0i5(k2)[Pˆ
i2i4(k1)Pˆ
i3i5(k2) + Pˆ
i3i4(k1)Pˆ
i2i5(k2)]
×
hu(ǫk2)hb(ǫk2)hu(ǫk1)
2
(
∏2
i=1 2|ki|
2f(ǫki))[|k12|2f(ǫk12) +
∑2
i=1|ki|
2f(ǫki)]
× ki312g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )(
1 − e−2|k2|
2f(ǫk2)t
2|k2|2f(ǫk2)
), (289a)
C¯
ǫ,i0j0
131 (t) ,(2π)
−6
∑
|i−j|≤1
∑
k1,k2 6=0
3∑
i1,i2,i3,j1=1
θ(2−ik2)θ(2
−jk2)Pˆ
i1i2(k12)Pˆ
i0i1(k2)
×
3∑
i4,i5=1
Pˆj1i4(k1)Pˆ
j0i5(k2)[Pˆ
i2i4(k1)Pˆ
i3i5(k2) + Pˆ
i3i4(k1)Pˆ
i2i5(k2)]
×
hu(ǫk2)hb(ǫk2)hu(ǫk1)
2
(
∏2
i=1 2|ki|
2)[|k12|2 +
∑2
i=1|ki|
2]
ki312ik
j1
2 i(
1− e−2|k2|
2t
2|k2|2
), (289b)
φ
ǫ,i0j0
131 (t) ,(2π)
−6
∑
|i−j|≤1
∑
k1,k2 6=0
3∑
i1,i2,i3,j1=1
θ(2−ik2)θ(2
−jk2)Pˆ
i1i2(k12)Pˆ
i0i1(k2)
×
3∑
i4,i5=1
Pˆj1i4(k1)Pˆ
j0i5 (k2)[Pˆ
i2i4(k1)Pˆ
i3i5(k2) + Pˆ
i3i4(k1)Pˆ
i2i5(k2)]
× [−
hu(ǫk2)hb(ǫk2)hu(ǫk1)
2ki312g(ǫk
i3
12)k
j1
2 g(ǫk
j1
2 )
(
∏2
i=1 2|ki|
2f(ǫki))[|k12|2f(ǫk12) +
∑2
i=1|ki|
2f(ǫki)]
×
∫ t
0
e−2|k2|
2f(ǫk2)(t−s)−(|k12|
2f(ǫk12)+
∑2
i=1|ki|
2f(ǫki))sds], (290a)
φ¯
ǫ,i0j0
131 (t) ,(2π)
−6
∑
|i−j|≤1
∑
k1,k2 6=0
3∑
i1,i2,i3,j1=1
θ(2−ik2)θ(2
−jk2)Pˆ
i1i2(k12)Pˆ
i0i1(k2)
×
3∑
i4,i5=1
Pˆj1i4(k1)Pˆ
j0i5 (k2)[Pˆ
i2i4(k1)Pˆ
i3i5(k2) + Pˆ
i3i4(k1)Pˆ
i2i5(k2)]
× [−
hu(ǫk2)hb(ǫk2)hu(ǫk1)
2ki312ik
j1
2 i
(
∏2
i=1 2|ki|
2)[|k12|2 +
∑2
i=1|ki|
2]
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×
∫ t
0
e−2|k2|
2(t−s)−(|k12|
2+
∑2
i=1|ki|
2)sds], (290b)
so that
L
7,⋆,1
t,i0j0
− φǫ,i0j0131 + φ¯
ǫ,i0j0
131 − C
ǫ,i0j0
131 + C¯
ǫ,i0j0
131 = 0. (291)
We now estimate
|φǫ,i0j0131 (t)− φ¯
ǫ,i0j0
131 (t)| (292)
.
∑
k1,k2 6=0
3∑
i3,j1=1
|k12||k2|
|k1|2|k2|2
|
∫ t
0
g(ǫki312)g(ǫk
j1
2 )∏2
i=1 f(ǫki)[|k12|
2f(ǫk12) +
∑2
i=1|ki|
2f(ǫki)]
× e−2|k2|
2f(ǫk2)(t−s)−(|k12|
2f(ǫk12)+
∑2
i=1|ki|
2f(ǫki))s
−
ii
[|k12|2 +
∑2
i=1|ki|
2]
e−2|k2|
2(t−s)−(|k12|
2+
∑2
i=1|ki|
2)sds|
by (290) where
|
g(ǫki312)g(ǫk
j1
2 )∏2
i=1 f(ǫki)[|k12|
2f(ǫk12) +
∑2
i=1|ki|
2f(ǫki)]
× e−2|k2|
2f(ǫk2)(t−s)−(|k12|
2f(ǫk12)+
∑2
i=1|ki|
2f(ǫki))s
−
ii
[|k12|2 +
∑2
i=1|ki|
2]
e−2|k2|
2(t−s)−(|k12|
2+
∑2
i=1|ki|
2)s|
.
(
|ǫk1|η + |ǫk2|η + |ǫk12|η
|k1|2 + |k2|2 + |k12|2
)
e−|k2|
2c¯f (t−s)−(|k12|
2+
∑2
i=1|ki|
2)c¯fs (293)
by (444a), (444b) and an inequality of
|
1∏2
i=1 f(ǫki)[|k12|
2f(ǫk12) +
∑2
i=1|ki|
2f(ǫki)]
−
1
|k12|2 +
∑2
i=1|ki|
2
|
.
(
|ǫk1|η + |ǫk2|η + |ǫk12|η
|k1|2 + |k2|2 + |k12|2
)
for any η ∈ [0, 1] which is due to mean value theorem. Applying (293) to (292) leads
to for any ǫ0 ∈ (0, 2ρ) for ρ ∈ (0,
1
2 ) sufficiently small so that 1− 2ρ− η + ǫ0 > 0
|φǫ,i0j0131 (t)− φ¯
ǫ,i0j0
131 (t)| .. ǫ
ηt−ρ−
η
2 (294)
where we used (443). In summary, we worked on π0,⋄(u
ǫ,i0
3,2 , b
ǫ,j0
1 )− π0,⋄(u¯
ǫ,i0
3,2 , b¯
ǫ,j0
1 )
and defined L7t,i0j0 = L
7,⋆
t,i0j0
+ L7,⋆⋆t,i0j0 where L
7,⋆
t,i0j0
= L7,⋆,1t,i0j0 + L
7,⋆,2
t,i0j0
, L7,⋆⋆t,i0j0 =
L
7,⋆⋆,1
t,i0j0
+L7,⋆⋆,2t,i0j0 and found such C
ǫ,i0j0
131 (t), C¯
ǫ,i0j0
131 (t), φ
ǫ,i0j0
131 , φ¯
ǫ,i0j0
131 for L
7,⋆,1
t,i0j0
. We can
similarly define Cǫ,i0j0132 (t), C¯
ǫ,i0j0
132 (t), φ
ǫ,i0j0
132 , φ¯
ǫ,i0j0
132 for L
7,⋆,2
t,i0j0
, Cǫ,i0j0133 (t), C¯
ǫ,i0j0
133 (t),
φ
ǫ,i0j0
133 , φ¯
ǫ,i0j0
133 for L
7,⋆⋆,1
t,i0j0
, and Cǫ,i0j0134 (t), C¯
ǫ,i0j0
134 (t), φ
ǫ,i0j0
134 , φ¯
ǫ,i0j0
134 for L
7,⋆⋆,2
t,i0j0
. Upon
working on π0,⋄(u
ǫ,i0
31 , b
ǫ,j0
1 )−π0,⋄(u¯
ǫ,i0
31 , b¯
ǫ,j0
1 ), we similarly obtain C
ǫ,i0j0
13k (t), C¯
ǫ,i0j0
13k (t),
φ
ǫ,i0j0
13k , φ¯
ǫ,i0j0
13k for k ∈ {5, 6, 7, 8}, and then define
C
ǫ,i0j0
13 ,
8∑
k=1
C
ǫ,i0j0
13k , C¯
ǫ,i0j0
13 ,
8∑
k=1
C¯
8,i0j0
13k , (295a)
φ
ǫ,i0j0
13 ,
8∑
k=1
φ
ǫ,i0j0
13k , φ¯
ǫ,i0j0
13 ,
8∑
k=1
φ¯
ǫ,i0j0
13k , (295b)
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which was needed in (252). Finally, upon working on π0,⋄(u
ǫ,i0
3 , u
ǫ,j0
1 )−π0,⋄(u¯
ǫ,i0
3 , u¯
ǫ,j0
1 ),
π0,⋄(b
ǫ,i0
3 , b
ǫ,j0
1 )−π0,⋄(b¯
ǫ,i0
3 , b¯
ǫ,j0
1 ) and π0,⋄(b
ǫ,i0
3 , u
ǫ,j0
1 )−π0,⋄(b¯
ǫ,i0
3 , u¯
ǫ,j0
1 ), we define sim-
ilarly the quadruples of (Cǫ,i0j01l , C¯
ǫ,i0j0
1l , φ
ǫ,i0j0
1l , φ¯
ǫ,i0j0
1l ) for l ∈ {1, 2, 4}.
Terms in the second chaos: Lkt,i0j0 for k ∈ {2, 3, 4, 5, 6} in (275)-(279)
W.l.o.g. we work on L2t,i0j0 , within which there are eight components. We define
L2kt,i0j0 for k ∈ {1, 2, 3, 4} to be respectively the first two, second two, third two and
then fourth two components; i.e., L2t,i0j0 =
∑4
i=1 L
2i
t,i0j0
where
L21t,i0j0 ,(2π)
− 92
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k
∑
k1,k2,k3 6=0:k23=k
θ(2−ik123)θ(2
−jk1) (296a)
× [
∫ t
0
e−|k123|
2f(ǫk123)(t−s)
∫ s
0
:Xˆǫ,i3σ,u (k2)Xˆ
ǫ,j1
s,u (k3):k
i3
12g(ǫk
i3
12)k
j1
123g(ǫk
j1
123)
×
e−|k1|
2f(ǫk1)(t−σ)hu(ǫk1)hb(ǫk1)
2|k1|2f(ǫk1)
e−|k12|
2f(ǫk12)(s−σ)dσds
−
∫ t
0
e−|k123|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i3σ,u (k2)
ˆ¯Xǫ,j1s,u (k3):k
i3
12ik
j1
123i
×
e−|k1|
2(t−σ)hu(ǫk1)hb(ǫk1)
2|k1|2
e−|k12|
2(s−σ)dσds]
×
3∑
i4=1
Pˆ i2i4(k1)Pˆ
j0i4(k1)Pˆ
i1i2(k12)Pˆ
i0i1(k123)ek,
L22t,i0j0 ,(2π)
− 92
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k
∑
k1,k2,k3 6=0:k23=k
θ(2−ik123)θ(2
−jk1) (296b)
× [−
∫ t
0
e−|k123|
2f(ǫk123)(t−s)
∫ s
0
:Xˆǫ,i3σ,b (k2)Xˆ
ǫ,j1
s,u (k3):k
i3
12g(ǫk
i3
12)k
j1
123g(ǫk
j1
123)
×
e−|k1|
2f(ǫk1)(t−σ)hb(ǫk1)
2
2|k1|2f(ǫk1)
e−|k12|
2f(ǫk12)(s−σ)dσds
+
∫ t
0
e−|k123|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,u (k3):k
i3
12ik
j1
123i
×
e−|k1|
2(t−σ)hb(ǫk1)
2
2|k1|2
e−|k12|
2(s−σ)dσds]
×
3∑
i4=1
Pˆ i2i4(k1)Pˆ
j0i4(k1)Pˆ
i1i2(k12)Pˆ
i0i1(k123)ek,
L23t,i0j0 ,(2π)
− 92
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k
∑
k1,k2,k3 6=0:k23=k
θ(2−ik123)θ(2
−jk1) (296c)
× [−
∫ t
0
e−|k123|
2f(ǫk123)(t−s)
∫ s
0
:Xˆǫ,i3σ,u (k2)Xˆ
ǫ,j1
s,b (k3):k
i3
12g(ǫk
i3
12)k
j1
123g(ǫk
j1
123)
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×
e−|k1|
2f(ǫk1)(t−σ)hb(ǫk1)
2
2|k1|2f(ǫk1)
e−|k12|
2f(ǫk12)(s−σ)dσds
+
∫ t
0
e−|k123|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i3σ,u (k2)
ˆ¯Xǫ,j1s,b (k3):k
i3
12ik
j1
123i
×
e−|k1|
2(t−σ)hb(ǫk1)
2
2|k1|2
e−|k12|
2(s−σ)dσds]
×
3∑
i4=1
Pˆ i2i4(k1)Pˆ
j0i4(k1)Pˆ
i1i2(k12)Pˆ
i0i1(k123)ek,
L24t,i0j0 ,(2π)
− 92
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k
∑
k1,k2,k3 6=0:k23=k
θ(2−ik123)θ(2
−jk1) (296d)
× [
∫ t
0
e−|k123|
2f(ǫk123)(t−s)
∫ s
0
:Xˆǫ,i3σ,b (k2)Xˆ
ǫ,j1
s,b (k3):k
i3
12g(ǫk
i3
12)k
j1
123g(ǫk
j1
123)
×
e−|k1|
2f(ǫk1)(t−σ)hu(ǫk1)hb(ǫk1)
2|k1|2f(ǫk1)
e−|k12|
2f(ǫk12)(s−σ)dσds
−
∫ t
0
e−|k123|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,b (k3):k
i3
12ik
j1
123i
×
e−|k1|
2(t−σ)hu(ǫk1)hb(ǫk1)
2|k1|2
e−|k12|
2(s−σ)dσds]
×
3∑
i4=1
Pˆ i2i4(k1)Pˆ
j0i4(k1)Pˆ
i1i2(k12)Pˆ
i0i1(k123)ek.
W.l.o.g. we show the estimate on L24t,i0j0 in (296d) as other cases are similar. We
write
E[|∆qL
24
t,i0j0
|2]
.E[|
∑
k
θ(2−qk)2
∑
|i−j|≤1
∑
k1,k2,k3 6=0:k23=k
3∑
i3,j1=1
θ(2−ik123)θ(2
−jk1)
×
∫ t
0
(e−|k123|
2f(ǫk123)(t−s)k
j1
123g(ǫk
j1
123)− e
−|k123|
2(t−s)k
j1
123i)
×
∫ s
0
:Xˆǫ,i3σ,b (k2)Xˆ
ǫ,j1
s,b (k3):
e−|k1|
2f(ǫk1)(t−σ)hu(ǫk1)hb(ǫk1)
2|k1|2f(ǫk1)
× ki312g(ǫk
i3
12)e
−|k12|
2f(ǫk12)(s−σ)dσdsek|
2]
+ E[|
∑
k
θ(2−qk)2
∑
|i−j|≤1
∑
k1,k2,k3 6=0:k23=k
3∑
i3,j1=1
θ(2−ik123)θ(2
−jk1)
×
∫ t
0
e−|k123|
2(t−s)k
j1
123i
∫ s
0
[:Xˆǫ,i3σ,b (k2)Xˆ
ǫ,j1
s,b (k3):− :
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,b (k3):]
×
e−|k1|
2f(ǫk1)(t−σ)hu(ǫk1)hb(ǫk1)
2|k1|2f(ǫk1)
ki312g(ǫk
i3
12)e
−|k12|
2f(ǫk12)(s−σ)dσdsek|
2]
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+ E[|
∑
k
θ(2−qk)2
∑
|i−j|≤1
∑
k1,k2,k3 6=0:k23=k
3∑
i3,j1=1
θ(2−ik123)θ(2
−jk1)
×
∫ t
0
e−|k123|
2(t−s)k
j1
123i
∫ s
0
: ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,b (k3):[
e−|k1|
2f(ǫk1)(t−σ)
2|k1|2f(ǫk1)
−
e−|k1|
2(t−σ)
2|k1|2
]
× hu(ǫk1)hb(ǫk1)k
i3
12g(ǫk
i3
12)e
−|k12|
2f(ǫk12)(s−σ)dσdsek|
2]
+ E[|
∑
k
θ(2−qk)2
∑
|i−j|≤1
∑
k1,k2,k3 6=0:k23=k
3∑
i3,j1=1
θ(2−ik123)θ(2
−jk1)
×
∫ t
0
e−|k123|
2(t−s)k
j1
123i
∫ s
0
: ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,b (k3):
e−|k1|
2(t−σ)
2|k1|2
hu(ǫk1)hb(ǫk1)
× [e−|k12|
2f(ǫk12)(s−σ)ki312g(ǫk
i3
12)− e
−|k12|
2(s−σ)ki312i]dσdsek|
2].
We can rely on (160) and continue to bound by
E[|∆qL
24
t,i0j0
|2] .
4∑
i=1
L24it,q (297)
where
L241t,q ,
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k
′
1,k
′
2,k
′
3 6=0:k23=k
′
23=k
3∑
j1,j
′
1=1
(298a)
× (1k2=k′2,k3=k′3 + 1k2=k′3,k3=k′2)θ(2
−qk)2θ(2−ik123)θ(2
−i′k′123)θ(2
−jk1)θ(2
−j′k′1)
×
∫
[0,t]2
(e−|k123|
2f(ǫk123)(t−s)k
j1
123g(ǫk
j1
123)− e
−|k123|
2(t−s)k
j1
123i)
× (e−|k
′
123|
2f(ǫk′123)(t−s¯)(k′123)
j′1g(ǫ(k′123)
j′1)− e−|k
′
123|
2(t−s¯)(k′123)
j′1 i)
×
∫ s
0
∫ s¯
0
3∏
i=2
1
|ki|2
e−|k1|
2f(ǫk1)(t−σ)−|k
′
1|
2f(ǫk′1)(t−σ¯)
|k1|2f(ǫk1)|k′1|
2f(ǫk′1)
|k12||k
′
12|
× e−|k12|
2f(ǫk12)(s−σ)−|k
′
12|
2f(ǫk′12)(s¯−σ¯)dσ¯dσdsds¯,
L242t,q ,
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k
′
1,k
′
2,k
′
3 6=0:k23=k
′
23=k
3∑
i3,j1,i
′
3,j
′
1=1
(298b)
× (1k2=k′2,k3=k′3 + 1k2=k′3,k3=k′2)θ(2
−qk)2θ(2−ik123)θ(2
−i′k′123)θ(2
−jk1)θ(2
−j′k′1)
×
∫
[0,t]2
e−|k123|
2(t−s)e−|k
′
123|
2(t−s¯)|k123||k
′
123||k12||k
′
12|
×
∫ s
0
∫ s¯
0
e−|k1|
2f(ǫk1)(t−σ)−|k
′
1|
2f(ǫk′1)(t−σ¯)
|k1|2|k′1|
2f(ǫk1)f(ǫk′1)
e−|k12|
2f(ǫk12)(s−σ)−|k
′
12|
2f(ǫk′12)(s¯−σ¯)
× E[(:Xˆǫ,i3σ,b (k2)Xˆ
ǫ,j1
s,b (k3):− :
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,b (k3):)
× (:Xˆ
ǫ,i′3
σ¯,b (k
′
2)Xˆ
ǫ,j′1
s¯,b (k
′
3):− :
ˆ¯X
ǫ,i′3
σ¯,b (k
′
2)
ˆ¯X
ǫ,j′1
s¯,b (k
′
3):)]dσ¯dσdsds¯,
L243t,q ,
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k
′
1,k
′
2,k
′
3 6=0:k23=k
′
23=k
(298c)
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× (1k2=k′2,k3=k′3 + 1k2=k′3,k3=k′2)θ(2
−qk)2θ(2−ik123)θ(2
−i′k′123)θ(2
−jk1)θ(2
−j′k′1)
×
∫
[0,t]2
e−|k123|
2(t−s)|k123|e
−|k′123|
2(t−s¯)|k′123|
∫ s
0
∫ s¯
0
1
|k2|2|k3|2
× |
e−|k1|
2f(ǫk1)(t−σ)
|k1|2f(ǫk1)
−
e−|k1|
2(t−σ)
|k1|2
||
e−|k
′
1|
2f(ǫk′1)(t−σ¯)
|k′1|
2f(ǫk′1)
−
e−|k
′
1|
2(t−σ¯)
|k′1|
2
|
× e−|k12|
2f(ǫk12)(s−σ)−|k
′
12|
2f(ǫk′12)(s¯−σ¯)|k12||k
′
12|dσ¯dσdsds¯,
L244t,q ,
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k
′
1,k
′
2,k
′
3 6=0:k23=k
′
23=k
3∑
i3,i
′
3=1
(298d)
× (1k2=k′2,k3=k′3 + 1k2=k′3,k3=k′2)θ(2
−qk)2θ(2−ik123)θ(2
−i′k′123)θ(2
−jk1)θ(2
−j′k′1)
×
∫
[0,t]2
e−|k123|
2(t−s)|k123|e
−|k′123|
2(t−s¯)|k′123|
|k2|2|k3|2
∫ s
0
∫ s¯
0
e−|k1|
2(t−σ)
|k1|2
e−|k
′
1|
2(t−σ¯)
|k′1|
2
× |e−|k12|
2f(ǫk12)(s−σ)ki312g(ǫk
i3
12)− e
−|k12|
2(s−σ)ki312i|
× |e−|k
′
12|
2f(ǫk′12)(s¯−σ¯)(k′12)
i′3g(ǫ(k′12)
i′3 )− e−|k
′
12|
2(s¯−σ¯)(k′12)
i′3 i|dσ¯dσdsds¯.
First, we compute from (298a) for any η ∈ [0, 1],
L241t,q .ǫ
η
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k23=k
θ(2−qk)2θ(2−ik123)θ(2
−i′k234)
× θ(2−jk1)θ(2
−j′k4)
4∏
i=1
1
|ki|2
|k123|
1+ η2 |k234|
1+ η2
× e−|k123|
2 c¯f t−|k234|
2c¯f t−|k1|
2f(ǫk1)t−|k4|
2f(ǫk4)t
|k12|
|k1|2 + |k12|2
×
∫
[0,t]2
e|k123|
2 c¯fs+|k234|
2c¯f s¯+|k1|
2f(ǫk1)s+|k4|
2f(ǫk4)s¯
× [
|k24|
|k4|2 + |k24|2
+
|k34|
|k4|2 + |k34|2
]dsds¯
.ǫηtη
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k23=k
θ(2−qk)2θ(2−ik123)θ(2
−i′k234)
× θ(2−jk1)θ(2
−j′k4)(
4∏
i=1
1
|ki|2
)
1
|k1|2−
3η
2 |k4|2−
3η
2
(299)
by (444a)-(444b) and mean value theorem. Next, in order to work on L242t,q in (298b),
we first compute
E[|:Xˆǫ,i3σ,b (k2)Xˆ
ǫ,j1
s,b (k3):− :
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,b (k3):|
2] (300)
.
1
|k2|2|k3|2
|
1
4f(ǫk2)f(ǫk3)
−
2
(f(ǫk2) + 1)(f(ǫk3) + 1)
+
1
4
|
+
1
|k2|4
|
e−2|k2|
2f(ǫk2)(s−σ)
4f(ǫk2)2
−
2e−|k2|
2(f(ǫk2)+1)(s−σ)
(f(ǫk2) + 1)2
+
e−2|k2|
2(s−σ)
4
|1k2=k3
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by Example 3.1 and (160) - (164) where for any η ∈ [0, 1],
|
1
4f(ǫk2)f(ǫk3)
−
2
(f(ǫk2) + 1)(f(ǫk3) + 1)
+
1
4
| . |ǫk2|
η + |ǫk3|
η (301)
by mean value theorem and
|
e−2|k2|
2f(ǫk2)(s−σ)
4f(ǫk2)2
−
2e−|k2|
2(f(ǫk2)+1)(s−σ)
(f(ǫk2) + 1)2
+
e−2|k2|
2(s−σ)
4
| . |ǫk2|
η (302)
by (444a). Applying Ho¨lder’s inequality and (301)-(302) to (300) shows that
E[(:Xˆǫ,i3σ,b (k2)Xˆ
ǫ,j1
s,b (k3):− :
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,b (k3):)
× (:Xˆ
ǫ,i′3
σ¯,b (k
′
2)Xˆ
ǫ,j′1
s¯,b (k
′
3):− :
ˆ¯X
ǫ,i′3
σ¯,b (k
′
2)
ˆ¯X
ǫ,j′1
s¯,b (k
′
3):)
.
(|ǫk2|
η
2 + |ǫk3|
η
2 )
|k2||k3|
(|ǫk′2|
η
2 + |ǫk′3|
η
2 )
|k′2||k
′
3|
. (303)
Applying (303) to (298b) gives us
L242t,q .ǫ
η
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k23=k
× θ(2−qk)2θ(2−ik123)θ(2
−i′k234)θ(2
−jk1)θ(2
−j′k4)
×
4∏
i=1
1
|ki|2
(|k2|
η + |k3|
η)|k123||k234|
1
(|k1|+ |k12|)
[
1
|k4|+ |k24|
+
1
|k4|+ |k34|
]
×
∫
[0,t]2
e−|k123|
2(t−s)−|k234|
2(t−s¯)−|k1|
2f(ǫk1)(t−s)−|k4|
2f(ǫk4)(t−s¯)dsds¯
.ǫηtη
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k23=k
× θ(2−qk)2θ(2−ik123)θ(2
−i′k234)θ(2
−jk1)θ(2
−j′k4)
× [
1
|k1|4−η
1
|k2|2−η
1
|k3|2
1
|k4|4−η
+
1
|k1|4−η
1
|k2|2
1
|k3|2−η
1
|k4|4−η
(304)
by (443). Next, we estimate from (298c)
L243t,q .
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k
′
1,k
′
2,k
′
3 6=0:k23=k
′
23=k
(1k2=k′2,k3=k′3 + 1k2=k′3,k3=k′2)
× θ(2−qk)2θ(2−ik123)θ(2
−i′k′123)θ(2
−jk1)θ(2
−j′k′1)
×
∫
[0,t]2
e−|k123|
2(t−s)|k123|e
−|k′123|
2(t−s¯)|k′123|
∫ s
0
∫ s¯
0
1
|k2|2|k3|2
1
|k1|2
1
|k′1|
2
× [e−|k1|
2c¯f (t−σ)|ǫk1|
η
2 e−|k
′
1|
2c¯f (t−σ¯)|ǫk′1|
η
2 ]
× e−|k12|
2f(ǫk12)(s−σ)−|k
′
12|
2f(ǫk′12)(s¯−σ¯)|k12||k
′
12|dσ¯dσdsds¯
.ǫηtη
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k23=k
θ(2−qk)2θ(2−ik123)θ(2
−i′k234)
× θ(2−jk1)θ(2
−j′k4)(
4∏
i=1
1
|ki|2
)
1
|k1|2−
3η
2
1
|k4|2−
3η
2
(305)
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by (444a) and mean value theorem. Finally, we estimate from (298d) for any
η ∈ [0, 1],
L244t,q .ǫ
η
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k
′
1,k
′
2,k
′
3 6=0:k23=k
′
23=k
(1k2=k′2,k3=k′3 + 1k2=k′3,k3=k′2)
× θ(2−qk)2θ(2−ik123)θ(2
−i′k′123)θ(2
−jk1)θ(2
−j′k′1)
× |k123||k
′
123|
|k12|
η
2 |k′12|
η
2
|k2|2|k3|2|k1|2|k′1|
2
1
|k1|+ |k12|
1
|k′1|+ |k
′
12|
×
∫
[0,t]2
e−(|k123|
2+|k1|
2)(t−s)e−(|k
′
123|
2+|k′1|
2)(t−s¯)dsds¯
.ǫηtη
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k23=k
θ(2−qk)2θ(2−ik123)θ(2
−i′k234)
× θ(2−jk1)θ(2
−j′k4)(
4∏
i=1
1
|ki|2
)
1
|k1|2−
3η
2
1
|k4|2−
3η
2
(306)
by (444a)-(444b) and mean value theorem. Therefore, we can now conclude by
applying (299), (304)-(306) to (297), using the observation that 2q . 2j so that
q . j and similarly q . j′, that for any η ∈ [0, 23 ),
E[|∆1L
24
t,i0j0
|2] (307)
.ǫηtη
∑
k
∑
k2,k3 6=0:k23=k
θ(2−qk)2
×[
1
|k2|2|k3|2
1
22q(1−
3η
2 )
+
1
|k2|2−η|k3|2
1
22q(1−η)
+
1
|k2|2|k3|2−η
1
22q(1−η)
] . ǫηtη2q3η.
The estimate of L3t,i0j0 in (276) is very similar to that of L
2
t,i0j0
. Next, we look
at L4t,i0j0 in (277), which has eight terms. We label the first four terms as L
41
t,i0j0
and the last four terms as L42t,i0j0 due to necessity (see the coupled renormalization
explained in [63, Remark 3.4]); i.e.,
L41t,i0j0 ,(2π)
− 92
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k
∑
k1,k2,k3 6=0:k12=k
θ(2−ik123)θ(2
−jk3) (308a)
× [
∫ t
0
e−|k123|
2f(ǫk123)(t−s)
∫ s
0
× (:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):− :Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2):)k
i3
12g(ǫk
i3
12)k
j1
123g(ǫk
j1
123)
×
e−|k3|
2f(ǫk3)(t−s)hu(ǫk3)hb(ǫk3)
2|k3|2f(ǫk3)
e−|k12|
2f(ǫk12)(s−σ)dσds
−
∫ t
0
e−|k123|
2(t−s)
∫ s
0
× (: ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,u (k2):− :
ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,b (k2):)k
i3
12ik
j1
123i
×
e−|k3|
2(t−s)hu(ǫk3)hb(ǫk3)
2|k3|2
e−|k12|
2(s−σ)dσds]
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×
3∑
i4=1
Pˆj1i4(k3)Pˆ
j0i4(k3)Pˆ
i1i2(k12)Pˆ
i0i1(k123)ek,
L42t,i0j0 ,(2π)
− 92
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k
∑
k1,k2,k3 6=0:k12=k
θ(2−ik123)θ(2
−jk3) (308b)
× [−
∫ t
0
e−|k123|
2f(ǫk123)(t−s)
∫ s
0
× (:Xˆǫ,i2σ,b (k1)Xˆ
ǫ,i3
σ,u (k2):− :Xˆ
ǫ,i2
σ,u (k1)Xˆ
ǫ,i3
σ,b (k2):)k
i3
12g(ǫk
i3
12)k
j1
123g(ǫk
j1
123)
×
e−|k3|
2f(ǫk3)(t−s)hb(ǫk3)
2
2|k3|2f(ǫk3)
e−|k12|
2f(ǫk12)(s−σ)dσds
+
∫ t
0
e−|k123|
2(t−s)
∫ s
0
× (: ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,u (k2):− :
ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,b (k2):)k
i3
12ik
j1
123i
×
e−|k3|
2(t−s)hb(ǫk3)
2
2|k3|2
e−|k12|
2(s−σ)dσds]
×
3∑
i4=1
Pˆj1i4(k3)Pˆ
j0i4(k3)Pˆ
i1i2(k12)Pˆ
i0i1(k123)ek.
Due to similarity, we show estimate s for only L41t,i0j0 of (308). We define
L˜41t,i0j0 ,(2π)
− 92
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k
∑
k1,k2,k3 6=0:k12=k
θ(2−ik123)θ(2
−jk3) (309)
× [
∫ t
0
e−|k123|
2f(ǫk123)(t−s)
∫ t
0
× (:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):− :Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2):)k
i3
12g(ǫk
i3
12)k
j1
123g(ǫk
j1
123)
×
e−|k3|
2f(ǫk3)(t−s)hu(ǫk3)hb(ǫk3)
2|k3|2f(ǫk3)
e−|k12|
2f(ǫk12)(t−σ)dσds
−
∫ t
0
e−|k123|
2(t−s)
∫ t
0
× (: ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,u (k2):− :
ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,b (k2):)k
i3
12ik
j1
123i
×
e−|k3|
2(t−s)hu(ǫk3)hb(ǫk3)
2|k3|2
e−|k12|
2(t−σ)dσds]
×
3∑
i4=1
Pˆj1i4(k3)Pˆ
j0i4(k3)Pˆ
i1i2(k12)Pˆ
i0i1(k123)ek,
while we rely on (220), (189) and the fact that
∑
|i−j|≤1 θ(2
−ik3)θ(2
−jk3) = 1 to
write
C
ǫ,i0i1j0
3,u =
(2π)−3
2
∑
|i−j|≤1
∑
k3 6=0
3∑
j1=1
θ(2−ik3)θ(2
−jk3)k
j1
3 g(ǫk
j1
3 ) (310)
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×
∫ t
0
e−2|k3|
2f(ǫk3)(t−s)hu(ǫk3)hb(ǫk3)
2|k3|2f(ǫk3)
3∑
i4=1
Pˆj1i4(k3)Pˆ
j0i4(k3)Pˆ
i0i1(k3)ds.
Similarly, identically from (191b) because C¯ǫ,ii1j3,u (t) = C¯
ǫ,ii1j
2,b (t) as mentioned after
(220), we may write
C¯
ǫ,i0i1j0
3,u (t) ,
(2π)−3
2
3∑
j1,i4=1
∑
|i−j|≤1
∑
k3 6=0
θ(2−ik3)θ(2
−jk3)
∫ t
0
e−2|k3|
2(t−s)ds
× kj13 i
hu(ǫk3)hb(ǫk3)
2|k3|2
Pˆ i0i1(k3)Pˆ
j1i4(k3)Pˆ
j0i4(k3), (311)
which has already been explained to vanish after (191b) so that we may write
L41t,i0j0 + 4
3∑
i1=1
u
ǫ,i1
2 (t)C
ǫ,i0i1j0
3,u (t) (312)
=L41t,i0j0 − L˜
41
t,i0j0
+ L˜41t,i0j0 + 4
3∑
i1=1
u
ǫ,i1
2 (t)C
ǫ,i0i1j0
3,u (t)− 4
3∑
i1=1
u¯
ǫ,i1
2 (t)C¯
ǫ,i0i1j0
3,u (t),
where the multiplication by 4 is due to the multiplication by 14 in (273). We will see
in (334) - (335) that our choice of Cǫ,i0i1j03,u and C¯
ǫ,i0i1j0
3,u in (310)- (311) which were
originally derived from (220), (189) and (191a) by necessity for the convergence of
bǫ1 ⋄ b
ǫ
2 − b¯
ǫ
1 ⋄ b¯
ǫ
2 makes perfect cancellations with L˜
41
t,i0j0
defined in (309). Now we
define
lk123k3,t−s,i0j1 ,
3∑
i1=1
e−|k123|
2f(ǫk123)(t−s)
e−|k3|
2f(ǫk3)(t−s)hu(ǫk3)hb(ǫk3)
|k3|2f(ǫk3)
× kj1123g(ǫk
j1
123)Pˆ
i0i1(k123), (313a)
l¯k123k3,t−s,i0j1 ,
3∑
i1=1
e−|k123|
2(t−s) e
−|k3|
2(t−s)hu(ǫk3)hb(ǫk3)
|k3|2
× kj1123iPˆ
i0i1(k123), (313b)
and compute from (308) and (309)
E[|∆q(L
41
t,i0j0
− L˜41t,i0j0)|
2] (314)
. E[|
∑
k
θ(2−qk)
∑
|i−j|≤1
∑
k1,k2,k3 6=0:k12=k
3∑
i2,i3,i4,j1=1
θ(2−ik123)θ(2
−jk3)
× Pˆj1i4(k3)Pˆ
j0i4(k3)ek
× [
∫ t
0
(lk123k3,t−s,i0j1 − l¯k123k3,t−s,i0j1)
∫ s
0
[:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):
− :Xˆǫ,i2σ,b (k1)Xˆ
ǫ,i3
σ,b (k2):][e
−|k12|
2f(ǫk12)(s−σ) − e−|k12|
2f(ǫk12)(t−σ)]dσki312g(ǫk
i3
12)ds
+
∫ t
0
l¯k123k3,t−s,i0j1
∫ s
0
[:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):− :Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2):]
× [e−|k12|
2f(ǫk12)(s−σ) − e−|k12|
2f(ǫk12)(t−σ)]dσki312g(ǫk
i3
12)ds
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−
∫ t
0
(lk123k3,t−s,i0j1 − l¯k123k3,t−s,i0j1)
∫ t
s
[:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):
− :Xˆǫ,i2σ,b (k1)Xˆ
ǫ,i3
σ,b (k2):]e
−|k12|
2f(ǫk12)(t−σ)dσki312g(ǫk
i3
12)ds
−
∫ t
0
l¯k123k3,t−s,i0j1
∫ t
s
[:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):− :Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2):]
× e−|k12|
2f(ǫk12)(t−σ)dσki312g(ǫk
i3
12)ds
−
∫ t
0
l¯k123k3,t−s,i0j1
∫ s
0
[: ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,u (k2):− :
ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,b (k2):]
× [e−|k12|
2(s−σ) − e−|k12|
2(t−σ)]dσki312ids
+
∫ t
0
l¯k123k3,t−s,i0j1
∫ t
s
[: ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,u (k2):
− : ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,b (k2):]e
−|k12|
2(t−σ)dσki312ids]|
2]
by (313a) and (313b). Finally, we take the difference between the second and fifth
terms and then fourth and sixth terms to obtain
E[|∆q(L
41
t,i0j0
− L˜41t,i0j0)|
2] .
6∑
i=1
M iq,t,i0 (315)
where
M1q,t,i0 , E[|
∑
k
θ(2−qk)
∑
|i−j|≤1
∑
k1,k2,k3 6=0:k12=k
3∑
i2,i3,j1=1
θ(2−ik123)θ(2
−jk3) (316a)
× ek
∫ t
0
(lk123k3,t−s,i0j1 − l¯k123k3,t−s,i0j1)
×
∫ s
0
[:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):− :Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2):]
× [e−|k12|
2f(ǫk12)(s−σ) − e−|k12|
2f(ǫk12)(t−σ)]dσki312g(ǫk
i3
12)ds|
2],
M2q,t,i0 , E[|
∑
k
θ(2−qk)
∑
|i−j|≤1
∑
k1,k2,k3 6=0:k12=k
3∑
i2,i3,j1=1
θ(2−ik123)θ(2
−jk3) (316b)
× ek
∫ t
0
(lk123k3,t−s,i0j1 − l¯k123k3,t−s,i0j1)
×
∫ t
s
[:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):− :Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2):]
× e−|k12|
2f(ǫk12)(t−σ)dσki312g(ǫk
i3
12)ds|
2],
M3q,t,i0 , E[|
∑
k
θ(2−qk)
∑
|i−j|≤1
∑
k1,k2,k3 6=0:k12=k
3∑
i2,i3,j1=1
θ(2−ik123)θ(2
−jk3) (316c)
× ek
∫ t
0
l¯k123k3,t−s,i0j1
∫ s
0
[:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):− :Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2):]
× [e−|k12|
2f(ǫk12)(s−σ)ki312g(ǫk
i3
12)− e
−|k12|
2f(ǫk12)(t−σ)ki312g(ǫk
i3
12)
− e−|k12|
2(s−σ)ki312i+ e
−|k12|
2(t−σ)ki312i]dσds|
2],
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M4q,t,i0 , E[|
∑
k
θ(2−qk)
∑
|i−j|≤1
∑
k1,k2,k3 6=0:k12=k
3∑
i2,i3,j1=1
θ(2−ik123)θ(2
−jk3) (316d)
× ek
∫ t
0
l¯k123k3,t−s,i0j1
∫ s
0
[:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):− :Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2):
− : ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,u (k2): + :
ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,b (k2):]
× [e−|k12|
2(s−σ) − e−|k12|
2(t−σ)]dσki312ids|
2],
M5q,t,i0 , E[|
∑
k
θ(2−qk)
∑
|i−j|≤1
∑
k1,k2,k3 6=0:k12=k
3∑
i2,i3,j1=1
θ(2−ik123)θ(2
−jk3) (316e)
× ek
∫ t
0
l¯k123k3,t−s,i0j1
∫ t
s
[:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):− :Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2):]
× [e−|k12|
2f(ǫk12)(t−σ)g(ǫki312)− e
−|k12|
2(t−σ)i]ki312dσds|
2],
M6q,t,i0 , E[|
∑
k
θ(2−qk)
∑
|i−j|≤1
∑
k1,k2,k3 6=0:k12=k
3∑
i2,i3,j1=1
θ(2−ik123)θ(2
−jk3) (316f)
× ek
∫ t
0
l¯k123k3,t−s,i0j1
∫ t
s
[:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):− :Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2):
− : ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,u (k2): + :
ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,b (k2):]e
−|k12|
2(t−σ)dσki312ids|
2].
In order to compute M1q,t,i0 of (316), we estimate
E[(:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):− :Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2):)
× (:Xˆ
ǫ,i′2
σ¯,u (k
′
1)Xˆ
ǫ,i′3
σ¯,u (k
′
2):− :Xˆ
ǫ,i′2
σ¯,b (k
′
1)Xˆ
ǫ,i′3
σ¯,b (k
′
2):)]
. (1k1=k′1,k2=k′2 + 1k1=k′2,k2=k′1)
1∏2
i=1|ki|
2
(317)
by Example 3.1 and (160). Applying (317) to (316) gives
M1q,t,i0 .
∑
k
θ(2−qk)2
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k12=k
3∑
j1,j
′
1=1
(318)
× θ(2−ik123)θ(2
−i′k124)θ(2
−jk3)θ(2
−j′k4)
×
∫
[0,t]2
|lk123k3,t−s,i0j1 − l¯k123k3,t−s,i0j1 ||lk124k4,t−s¯,i0j′1 − l¯k124k4,t−s¯,i0j′1 |
×
∫ s
0
∫ s¯
0
|e−|k12|
2f(ǫk12)(s−σ) − e−|k12|
2f(ǫk12)(t−σ)|
× |e−|k12|
2f(ǫk12)(s¯−σ¯) − e−|k12|
2f(ǫk12)(t−σ¯)|
|k12|
2
|k1|2|k2|2
dσ¯dσdsds¯.
Similarly, we obtain from (316)
M2q,t,i0 .
∑
k
θ(2−qk)2
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k12=k
3∑
j1,j
′
1=1
(319)
× θ(2−ik123)θ(2
−i′k124)θ(2
−jk3)θ(2
−j′k4)
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×
∫
[0,t]2
|lk123k3,t−s,i0j1 − l¯k123k3,t−s,i0j1 ||lk124k4,t−s¯,i0j′1 − l¯k124k4,t−s¯,i0j′1 |
×
∫ t
s
∫ t
s¯
e−|k12|
2f(ǫk12)(t−σ)e−|k12|
2f(ǫk12)(t−σ¯)dσ¯dσ
|k12|
2
|k1|2|k2|2
dsds¯,
M3q,t,i0 .
∑
k
θ(2−qk)2
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k12=k
3∑
i3,j1,i
′
3,j
′
1=1
(320)
× θ(2−ik123)θ(2
−i′k124)θ(2
−jk3)θ(2
−j′k4)
∫
[0,t]2
l¯k123k3,t−s,i0j1 l¯k124k4,t−s¯,i0j′1
×
∫ s
0
∫ s¯
0
1
|k1|2|k2|2
|e−|k12|
2f(ǫk12)(s−σ)ki312g(ǫk
i3
12)− e
−|k12|
2f(ǫk12)(t−σ)ki312g(ǫk
i3
12)
− e−|k12|
2(s−σ)ki312i+ e
−|k12|
2(t−σ)ki312i|
× |e−|k12|
2f(ǫk12)(s¯−σ¯)k
i′3
12g(ǫk
i′3
12)− e
−|k12|
2f(ǫk12)(t−σ¯)k
i′3
12g(ǫk
i′3
12)
− e−|k12|
2(s¯−σ¯)k
i′3
12i+ e
−|k12|
2(t−σ¯)k
i′3
12i|dσ¯dσdsds¯.
In order to estimate M4q,t,i0 , we observe that for any η ∈ [0, 1],
E[(:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):− :Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2):
− : ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,u (k2): + :
ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,b (k2):)
× (:Xˆ
ǫ,i′2
σ¯,u (k
′
1)Xˆ
ǫ,i′3
σ¯,u (k
′
2):− :Xˆ
ǫ,i′2
σ¯,b (k
′
1)Xˆ
ǫ,i′3
σ¯,b (k
′
2):
−: ˆ¯X
ǫ,i′2
σ¯,u (k
′
1)
ˆ¯X
ǫ,i′3
σ¯,u (k
′
2): + :
ˆ¯X
ǫ,i′2
σ¯,b (k
′
1)
ˆ¯X
ǫ,i′3
σ¯,b (k
′
2):)]
.(1k1=k′1,k2=k′2 + 1k1=k′2,k2=k′1)(
|ǫk1|η + |ǫk2|η
|k1|2|k2|2
) (321)
by Ho¨lder’s inequality, and the proof of (303). Applying (321) to (316) gives
M4q,t,i0 (322)
.
∑
k
θ(2−qk)2
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4:k12=k
3∑
j1,j
′
1=1
θ(2−ik123)θ(2
−i′k124)
× θ(2−jk3)θ(2
−j′k4)
∫
[0,t]2
l¯k123k3,t−s,i0j1 l¯k124k4,t−s¯,i0j′1
∫ s
0
∫ s¯
0
(
|ǫk1|η + |ǫk2|η
|k1|2|k2|2
)
× |e−|k12|
2(s−σ) − e−|k12|
2(t−σ)||e−|k12|
2(s¯−σ¯) − e−|k12|
2(t−σ¯)|dσ¯dσ|k12|
2dsds¯.
Due to (317) and (321), by replacing k′3 with k4, we obtain from (316)
M5q,t,i0 .
∑
k
θ(2−qk)2
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k12=k
3∑
i3,i
′
3,j1,j
′
1=1
× θ(2−ik123)θ(2
−i′k124)θ(2
−jk3)θ(2
−j′k4)
∫
[0,t]2
l¯k123k3,t−s,i0j1 l¯k124k4,t−s¯,i0j′1
×
∫ t
s
∫ t
s¯
|k12|2
|k1|2|k2|2
|e−|k12|
2f(ǫk12)(t−σ)g(ǫki312)− e
−|k12|
2(t−σ)i|
× |e−|k12|
2f(ǫk12)(t−σ¯)g(ǫk
i′3
12)− e
−|k12|
2(t−σ¯)i|dσ¯dσdsds¯, (323)
MAGNETOHYDRODYNAMICS SYSTEM 99
M6q,t,i0 .
∑
k
θ(2−qk)2
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k12=k
3∑
j1,j
′
1=1
θ(2−ik123)θ(2
−i′k124)
× θ(2−jk3)θ(2
−j′k4)
∫
[0,t]2
l¯k123k3,t−s,i0j1 l¯k124k4,t−s¯,i0j1
×
∫ t
s
∫ t
s¯
(
|ǫk1|η + |ǫk2|η
|k1|2|k2|2
)e−|k12|
2(t−σ)e−|k12|
2(t−σ¯)dσ¯dσ|k12|
2dsds¯. (324)
Next, we compute for λ ∈ {3, 4}, l ∈ {j1, j′1}, any η ∈ [0, 1], from (313a)-(313b)
|lk12λkλ,t−s,i0l − l¯k12λkλ,t−s,i0l|
.
|k12λ|
|kλ|2
e−(|k12λ|
2+|kλ|
2)c¯f (t−s)[|ǫk12λ|
η
2 + |ǫkλ|
η
2 ] (325)
by (444a)-(444b). Thus, applying (325) to (318) leads to
M1q,t,i0 .ǫ
η
∑
k
θ(2−qk)2
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k12=k
θ(2−ik123)θ(2
−i′k124)
× θ(2−jk3)θ(2
−j′k4)(
4∏
i=1
1
|ki|2
)
|k123||k124|
|k12|
[|k123|+ |k3|]
η
2 [|k124|+ |k4|]
η
2
×
∫
[0,t]2
e−(|k123|
2+|k3|
2)c¯f (t−s)e−(|k124|
2+|k4|
2)c¯f (t−s¯)|t− s|
1
4 |t− s¯|
1
4 dsds¯
.ǫηtǫ
∑
k
θ(2−qk)2
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k12=k
θ(2−ik123)θ(2
−i′k124)
× θ(2−jk3)θ(2
−j′k4)(
4∏
i=1
1
|ki|2
)
1
|k12|
1
|k3|
3
2−
η
2−ǫ
1
|k4|
3
2−
η
2−ǫ
(326)
by mean value theorem and (443). Next, continuing the bound on M2q,t,i0 from
(319)
M2q,t,i0 .ǫ
η
∑
k
θ(2−qk)2
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k12=k
θ(2−ik123)θ(2
−i′k124)
× θ(2−jk3)θ(2
−j′k4)
|k123||k124|
(
∏4
i=1|ki|
2)|k12|2
× [|k123|+ |k3|]
η
2 [|k124|+ |k4|]
η
2
∫
[0,t]2
e−(|k123|
2+|k3|
2)c¯f (t−s)
× e−(|k124|
2+|k4|
2)c¯f (t−s¯)||k12|
2(t− s)|
1
4 ||k12|
2(t− s¯)|
1
4 dsds¯
.ǫηtǫ
∑
k
θ(2−qk)2
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k12=k
θ(2−ik123)θ(2
−i′k124)
× θ(2−jk3)θ(2
−j′k4)(
4∏
i=1
1
|ki|2
)
1
|k12|
1
|k3|
3
2−
η
2−ǫ
1
|k4|
3
2−
η
2−ǫ
(327)
by (325), mean value theorem and (443). Next, in order to continue the bound on
M3q,t,i0 from (320), we first compute
|e−|k12|
2f(ǫk12)(s−σ)ki312g(ǫk
i3
12)− e
−|k12|
2f(ǫk12)(t−σ)ki312g(ǫk
i3
12) (328)
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− e−|k12|
2(s−σ)ki312i+ e
−|k12|
2(t−σ)ki312i|
. (e−|k12|
2c¯f (s−σ)|ǫk12|
η|k12|) ∧ (|k12|e
−|k12|
2c¯f (s−σ)|k12||t− s|
1
2 )
. e−|k12|
2c¯f (s−σ)ǫ
η
2 |k12|
3
2+
η
2 |t− s|
1
4
where the first estimate is due to (444a)-(444b) and that 0 < σ ≤ s ≤ t while the
second estimate due to mean value theorem. Now we can deduce from (320),
M3q,t,i0 .ǫ
η
∑
k
θ(2−qk)2
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k12=k
θ(2−ik123)θ(2
−i′k124)
× θ(2−jk3)θ(2
−j′k4)
∫
[0,t]2
e−|k123|
2(t−s) e
−|k3|
2(t−s)
|k3|2
|k123|
× e−|k124|
2(t−s¯) e
−|k4|
2(t−s¯)
|k4|2
|k124|
∫ s
0
∫ s¯
0
1
|k1|2|k2|2
× e−|k12|
2 c¯f (s−σ)|k12|
3
2+
η
2 |t− s|
1
4 e−|k12|
2c¯f (s¯−σ¯)|k12|
3
2+
η
2 |t− s¯|
1
4 dσ¯dσdsds¯
.ǫηtη
∑
k
θ(2−qk)2
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k12=k
θ(2−ik123)θ(2
−i′k124)
× θ(2−jk3)θ(2
−j′k4)[
1
|k1|2−η|k2|2|k3|
7
2−ǫ|k4|
7
2−ǫ|k12|
+
1
|k1|2|k2|2−η|k3|
7
2−ǫ|k4|
7
2−ǫ|k12|
] (329)
by (313a)-(313b), (328) and (443). Next, we compute from (322),
M4q,t,i0 (330)
.ǫη
∑
k
θ(2−qk)2
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k12=k
θ(2−ik123)θ(2
−i′k124)
× θ(2−jk3)θ(2
−j′k4)
1∏4
i=1|ki|
2
1
|k12|
(|k1|
η + |k2|
η)|k123||k124|
×
∫
[0,t]2
e−(|k123|
2+|k3|
2)(t−s)e−(|k124|
2+|k4|
2)(t−s¯)(t− s)
1
4 (t− s¯)
1
4 dsds¯
.ǫηtǫ
∑
k
θ(2−qk)2
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k12=k
θ(2−ik123)θ(2
−i′k124)θ(2
−jk3)
× θ(2−j
′
k4)[
1
|k1|2−η|k2|2|k3|
7
2−ǫ|k4|
7
2−ǫ|k12|
+
1
|k1|2|k2|2−η|k3|
7
2−ǫ|k4|
7
2−ǫ|k12|
]
by (313b), mean value theorem and (443). Next, we continue from (323) for any
η ∈ [0, 1],
M5q,t,i0 .
∑
k
θ(2−qk)2
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k12=k
(331)
× θ(2−ik123)θ(2
−i′k124)θ(2
−jk3)θ(2
−j′k4)
∫
[0,t]2
(
4∏
i=1
1
|ki|2
)|k123||k124||k12|
2
× e−[|k123|
2+|k3|
2](t−s)e−[|k124|
2+|k4|
2(t−s¯)
∫ t
s
∫ t
s¯
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× e−|k12|
2c¯f (t−σ)|ǫk12|
η
2 e−|k12|
2c¯f (t−σ¯)|ǫk12|
η
2 dσ¯dσdsds¯
.ǫηtǫ
∑
k
θ(2−qk)2
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k12=k
× θ(2−ik123)θ(2
−i′k124)θ(2
−jk3)θ(2
−j′k4)
× (
1
|k1|2−η|k2|2|k3|
7
2−ǫ|k4|
7
2−ǫ|k12|
+
1
|k1|2|k2|2−η|k3|
7
2−ǫ|k4|
7
2−ǫ|k12|
)
by (313b), (444a), (444b) and (443). Finally continuing our estimate on M6q,t,i0
from (324),
M6q,t,i0 .ǫ
ηtǫ
∑
k
θ(2−qk)2
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k12=k
θ(2−ik123)θ(2
−i′k124)
× θ(2−jk3)θ(2
−j′k4)[
1
|k1|2−η|k2|2|k3|
7
2−ǫ|k4|
7
2−ǫ|k12|
+
1
|k1|2|k2|2−η|k3|
7
2−ǫ|k4|
7
2−ǫ|k12|
] (332)
by (313b) and (443). Applying (326), (327),(329)-(332) to (315) leads to
E[|∆q(L
41
t,i0j0
− L˜41t,i0j0)|
2]
.ǫηtǫ
∑
k
θ(2−qk)2
∑
q.j,q.j′
∑
k1,k2 6=0:k12=k
1
|k|
× [
1
|k1|2|k2|2
1
2j[
1
2−
η
2−ǫ]
1
2j
′[ 12−
η
2−ǫ]
+
1
|k1|2−η|k2|2
1
2j[
1
2−ǫ]
1
2j
′[ 12−ǫ]
+
1
|k1|2|k2|2−η
1
2j[
1
2−ǫ]
1
2j
′[ 12−ǫ]
] . ǫηtǫ2q(η+2ǫ) (333)
where we used that 2q . 2j so that q . j and similarly q . j′ and Lemma 3.13.
Next, considering (312), we rely on (145), (37), (148), (28), (309)- (311) to compute
E[|∆q(L˜
41
t,i0j0
+ 4
3∑
i1=1
u
ǫ,i1
2 (t)C
ǫ,i0i1j0
3,u (t)− 4
3∑
i1=1
u¯
ǫ,i1
2 (t)C¯
ǫ,i0i1j0
3,u (t))|
2] (334)
=E[|
∑
k
θ(2−qk)(2π)−
9
2
∑
k1,k2,k3 6=0:k12=k
3∑
i1,i2,i3,i4,j1=1
∑
|i−j|≤1
× Pˆj1i4(k3)Pˆ
j0i4(k3)Pˆ
i1i2(k12)
× [θ(2−jk3)
∫ t
0
[:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):− :Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2):]
× e−|k12|
2f(ǫk12)(t−σ)ki312g(ǫk
i3
12)dσ
×
∫ t
0
e−|k3|
2f(ǫk3)(t−s)hu(ǫk3)hb(ǫk3)
2|k3|2f(ǫk3)
× [θ(2−ik123)e
−|k123|
2f(ǫk123)(t−s)k
j1
123g(ǫk
j1
123)Pˆ
i0i1(k123)
− θ(2−ik3)e
−|k3|
2f(ǫk3)(t−s)k
j1
3 g(ǫk
j1
3 )Pˆ
i0i1 (k3)]ds
+ θ(2−jk3)
∫ t
0
[:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):− :Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2):
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− Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2) + Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2)]
× e−|k12|
2f(ǫk12)(t−σ)ki312g(ǫk
i3
12)dσ
×
∫ t
0
θ(2−ik3)
e−2|k3|
2f(ǫk3)(t−s)hu(ǫk2)hb(ǫk3)
2|k3|2f(ǫk3)
k
j1
3 g(ǫk
j1
3 )Pˆ
i0i1(k3)ds
− θ(2−jk3)
∫ t
0
[: ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,u (k2):− :
ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,b (k2):]e
−|k12|
2(t−σ)ki312idσ
×
∫ t
0
e−|k3|
2(t−s)hu(ǫk3)hb(ǫk3)
2|k3|2
[θ(2−ik123)e
−|k123|
2(t−s)k
j1
123iPˆ
i0i1(k123)
− θ(2−ik3)e
−|k3|
2(t−s)k
j1
3 iPˆ
i0i1(k3)]ds
− θ(2−jk3)
∫ t
0
[: ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,u (k2):− :
ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,b (k2):
− ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,u (k2) +
ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,b (k2)]
× e−|k12|
2(t−σ)ki312idσ
∫ t
0
θ(2−ik3)
e−2|k3|
2(t−s)hu(ǫk2)hb(ǫk3)
2|k3|2
k
j1
3 iPˆ
i0i1(k3)ds]ek|
2].
Now the second and fourth terms in (334) vanish because e.g.,
:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):− :Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2):− Xˆ
ǫ,i2
σ,u (k1)Xˆ
ǫ,i3
σ,u (k2) + Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2)
=− E[Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2)] + E[Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2)]
by Example 3.1 in which both mathematical expectations give 1k12=0 due to (160).
Thus, we deduce
E[|∆q(L˜
41
t,i0j0
+ 4
3∑
i1=1
u
ǫ,i1
2 (t)C
ǫ,i0i1j0
3,u (t)
− 4
3∑
i1=1
u¯
ǫ,i1
2 (t)C¯
ǫ,i0i1j0
3,u (t))|
2] .
3∑
i=1
N iq,t,i0j0 (335)
where
N1q,t,i0j0 ≈ E[|
∑
k
θ(2−qk)
∑
k1,k2,k3 6=0:k12=k
3∑
i1,i2,i3,j1=1
∑
|i−j|≤1
θ(2−jk3)
×
∫ t
0
[:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):− :Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2):]
× e−|k12|
2f(ǫk12)(t−σ)ki312g(ǫk
i3
12)dσ
× [
∫ t
0
e−|k3|
2f(ǫk3)(t−s)hu(ǫk3)hb(ǫk3)
2|k3|2f(ǫk3)
× [θ(2−ik123)e
−|k123|
2f(ǫk123)(t−s)k
j1
123g(ǫk
j1
123)Pˆ
i0i1(k123)
− θ(2−ik3)e
−|k3|
2f(ǫk3)(t−s)k
j1
3 g(ǫk
j1
3 )Pˆ
i0i1(k3)]ds
−
∫ t
0
e−|k3|
2(t−s)hu(ǫk3)hb(ǫk3)
2|k3|2
[θ(2−ik123)e
−|k123|
2(t−s)k
j1
123iPˆ
i0i1(k123)
− θ(2−ik3)e
−|k3|
2(t−s)k
j1
3 iPˆ
i0i1(k3)]ds]ek|
2], (336a)
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N2q,t,i0j0 ≈ E[|
∑
k
θ(2−qk)
∑
k1,k2,k3 6=0:k12=k
3∑
i1,i2,i3,j1=1
∑
|i−j|≤1
θ(2−jk3)
×
∫ t
0
[:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):− :Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2):]
× [e−|k12|
2f(ǫk12)(t−σ)ki312g(ǫk
i3
12)− e
−|k12|
2(t−σ)ki312i]dσ
×
∫ t
0
e−|k3|
2(t−s)hu(ǫk3)hb(ǫk3)
2|k3|2
[θ(2−ik123)e
−|k123|
2(t−s)k
j1
123iPˆ
i0i1(k123)
− θ(2−ik3)e
−|k3|
2(t−s)k
j1
3 iPˆ
i0i1(k3)]dsek|
2], (336b)
N3q,t,i0j0 ≈ E[|
∑
k
θ(2−qk)
∑
k1,k2,k3 6=0:k12=k
3∑
i1,i2,i3,j1=1
∑
|i−j|≤1
θ(2−jk3)
×
∫ t
0
[:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):− :Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2):
− : ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,u (k2): +
ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,b (k2):]e
−|k12|
2(t−σ)ki312idσ
×
∫ t
0
e−|k3|
2(t−s)hu(ǫk3)hb(ǫk3)
2|k3|2
[θ(2−ik123)e
−|k123|
2(t−s)k
j1
123iPˆ
i0i1(k123)
− θ(2−ik3)e
−|k3|
2(t−s)k
j1
3 iPˆ
i0i1(k3)]dsek|
2]. (336c)
Now in order to compute N1q,t,i0j0 , we see that∫
[0,t]2
E[[:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):− :Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2):]
× [:Xˆ
ǫ,i′2
σ¯,u (k
′
1)Xˆ
ǫ,i′3
σ¯,u (k
′
2):− :Xˆ
ǫ,i′2
σ¯,b (k
′
1)Xˆ
ǫ,i′3
σ¯,b (k
′
2):]]
× e−|k12|
2f(ǫk12)(t−σ)e−|k
′
12|
2f(ǫk′12)(t−σ¯)ki312(k
′
12)
i′3g(ǫki312)g(ǫ(k
′
12)
i′3)dσdσ¯
.(1k1=k′1,k2=k′2 + 1k1=k′2,k2=k′1)
1
|k1|2|k2|2|k12|2
(337)
by Example 3.1 and (160). Thus, we obtain from applying (337) to (336)
N1q,t,i0j0 .
∑
k
θ(2−qk)2
∑
k1,k2 6=0:k12=k
1
|k1|2|k2|2|k12|2
|
3∑
i1,j1=1
∑
|i−j|≤1
∑
k3 6=0
θ(2−jk3)
× [
∫ t
0
e−|k3|
2f(ǫk3)(t−s)hu(ǫk3)hb(ǫk3)
|k3|2f(ǫk3)
[θ(2−ik123)e
−|k123|
2f(ǫk123)(t−s)k
j1
123g(ǫk
j1
123)Pˆ
i0i1(k123)
− θ(2−ik3)e
−|k3|
2f(ǫk3)(t−s)k
j1
3 g(ǫk
j1
3 )Pˆ
i0i1 (k3)]ds
−
∫ t
0
e−|k3|
2(t−s)hu(ǫk3)hb(ǫk3)
|k3|2
[θ(2−ik123)e
−|k123|
2(t−s)k
j1
123iPˆ
i0i1(k123)
− θ(2−ik3)e
−|k3|
2(t−s)k
j1
3 iPˆ
i0i1(k3)]ds]|
2. (338)
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Next, in order to bound N2q,t,i0j0 , similarly to (337), we can estimate∫
[0,t]2
E[(:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):− :Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2):)
× (:Xˆ
ǫ,i′2
σ¯,u (k
′
1)Xˆ
ǫ,i′3
σ¯,u (k
′
2):− :Xˆ
ǫ,i′2
σ¯,b (k
′
1)Xˆ
ǫ,i′3
σ¯,b (k
′
2):)]
× |[e−|k12|
2f(ǫk12)(t−σ)ki312g(ǫk
i3
12)− e
−|k12|
2(t−σ)ki312i]
× [e−|k
′
12|
2f(ǫk′12)(t−σ¯)(k′12)
i′3g(ǫ(k′12)
i′3)− e−|k
′
12|
2(t−σ¯)(k′12)
i′3 i]|
.(1k1=k′1,k2=k′2 + 1k1=k′2,k2=k′1)
|ǫk12|η
|k1|2|k2|2|k12|2
. (339)
Thus, we obtain from applying (339) to (336)
N2q,t,i0j0 .
∑
k
∑
k1,k2 6=0:k12=k
|ǫk12|η
|k1|2|k2|2|k12|2
θ(2−qk)2
× |
∑
|i−j|≤1
3∑
i1,j1=1
∑
k3 6=0
θ(2−jk3)
∫ t
0
e−|k3|
2(t−s)hu(ǫk3)hb(ǫk3)
|k3|2
× [θ(2−ik123)e
−|k123|
2(t−s)k
j1
123iPˆ
i0i1(k123)
− θ(2−ik3)e
−|k3|
2(t−s)k
j1
3 iPˆ
i0i1(k3)]ds|
2. (340)
Next, in order to compute N3q,t,i0j0 , we see that
|
∫
[0,t]2
E[(:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2):− :Xˆ
ǫ,i2
σ,b (k1)Xˆ
ǫ,i3
σ,b (k2): (341)
− : ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,u (k2): +
ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,b (k2):)
× :Xˆ
ǫ,i′2
σ¯,u (k
′
1)Xˆ
ǫ,i′3
σ¯,u (k
′
2):− :Xˆ
ǫ,i′2
σ¯,b (k
′
1)Xˆ
ǫ,i′3
σ¯,b (k
′
2):
−: ˆ¯X
ǫ,i′2
σ¯,u (k
′
1)
ˆ¯X
ǫ,i′3
σ¯,u (k
′
2): +
ˆ¯X
ǫ,i′2
σ¯,b (k
′
1)
ˆ¯X
ǫ,i′3
σ¯,b (k
′
2):]e
−|k12|
2(t−σ)e−|k
′
12|
2(t−σ¯)
× ki312i(k
′
12)
i′3 idσdσ¯| . (1k1=k′1,k2=k′2 + 1k1=k′2,k2=k′1)
|ǫk1|η + |ǫk2|η
|k1|2|k2|2|k12|2
by Ho¨lder’s inequality and the proof of (303). Thus, applying (341) to (336) gives
N3q,t,i0j0 .
∑
k
∑
k1,k2 6=0:k12=k
|ǫk1|η + |ǫk2|η
|k1|2|k2|2|k12|2
θ(2−qk)2 (342)
× |
∑
|i−j|≤1
3∑
i1,j1=1
∑
k3 6=0
θ(2−jk3)
∫ t
0
e−|k3|
2(t−s)hu(ǫk3)hb(ǫk3)
|k3|2
× [θ(2−ik123)e
−|k123|
2(t−s)k
j1
123iPˆ
i0i1(k123)− θ(2
−ik3)e
−|k3|
2(t−s)k
j1
3 iPˆ
i0i1(k3)]ds|
2.
Next, within the bound on N1q,t,i0j0 in (338), we can bound for any η ∈ (0, 1),
|
3∑
i1,j1=1
[
e−|k3|
2f(ǫk3)(t−s)hu(ǫk3)hb(ǫk3)
|k3|2f(ǫk3)
× [θ(2−ik123)e
−|k123|
2f(ǫk123)(t−s)k
j1
123g(ǫk
j1
123)Pˆ
i0i1(k123)
− θ(2−ik3)e
−|k3|
2f(ǫk3)(t−s)k
j1
3 g(ǫk
j1
3 )Pˆ
i0i1(k3)]
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−
e−|k3|
2(t−s)hu(ǫk3)hb(ǫk3)
|k3|2
[θ(2−ik123)e
−|k123|
2(t−s)k
j1
123iPˆ
i0i1(k123)
− θ(2−ik3)e
−|k3|
2(t−s)k
j1
3 iPˆ
i0i1(k3)]]|
.
e−|k3|
2c¯f (t−s)
|k3|2
(|k12|
2η(t− s)
−1+2η
2 ∧ (t− s)−
1
2 [|ǫk3|
η + |ǫk123|
η] (343)
by Lemmas 3.8 and 3.9 for the first estimate, while (444a), (444b) and (443) for
the second estimate.
We will apply this to (338). Now we see that due to the lack of θ(2−ik123) in some
terms of (338), we cannot estimate 2q ≈ |k| = |k12| ≤ |k123| + |k3| ≈ 2i + 2j ≈ 2j
as |i − j| ≤ 1 and conclude that q . j. Nevertheless, we estimate from (338) for
ǫ ∈ (0, η2 ),
N1q,t,i0j0 .
∑
k
θ(2−qk)2
∑
k1,k2 6=0:k12=k
1
|k1|2|k2|2|k12|2
|
∑
|i−j|≤1
∑
k3 6=0
θ(2−jk3) (344)
×
∫ t
0
e−|k3|
2c¯f (t−s)
|k3|2
|k12|
η(t− s)−
1
2+
η
2 (|ǫk3|
η
2 + |ǫk123|
η
2 )ds|2 . ǫηtǫ2q2η
where we used (443) and Lemma 3.13. Next, again, due to the lack of θ(2−ik123)
in (340) and (342), we cannot estimate q . j and thus we estimate for ǫ ∈ (0, η2 )
from (340) and (342)
2∑
i=1
N iq,t,i0j0 . ǫ
η
∑
k
∑
k1,k2 6=0:k12=k
|k1|η + |k2|η
|k1|2|k2|2|k12|2
θ(2−qk)2 (345)
× |
∑
|i−j|≤1
∑
k3 6=0
θ(2−jk3)
∫ t
0
e−|k3|
2(t−s)
|k3|2
|k12|
η(t− s)
−1+η
2 ds|2 . ǫηtǫ2q3η
by (443) and Lemma 3.8. Applying (344)- (345) to (335) and applying the resulting
inequality together with (333) to (312) gives us
E[|∆q(L
41
t,i0j0
+ 4
3∑
i1=1
u
ǫ,i1
2 (t)C
ǫ,i0i1j0
3,u (t))|
2] . ǫηtǫ2q(3η+2ǫ). (346)
Next, we work on L5t,i0j0 and L¯
5
t,i0j0
respectively from (278) and (255a). Because
L¯5t,i0j0 has two parts, we split the first to be L¯
51
t,i0j0
and the second to be L¯52t,i0j0 ;
i.e., L¯5t,i0j0 =
∑2
l=1 L¯
5l
t,i0j0
where
L¯51t,i0j0 ,2π0(
3∑
i1,i2,j1=1
∫ t
0
e−(s−t)∆ǫ
× P i0i1Dǫj1(C
ǫ,i1i2j1
1,u u
ǫ,i2
1 + C
ǫ,i1i2j1
1,b b
ǫ,i2
1 )ds, b
ǫ,j0
1 (t)), (347a)
L¯52t,i0j0 ,− 2π0(
3∑
i1,i2,j1=1
∫ t
0
e−(s−t)∆ǫ
× P i0i1Dǫj1(C
ǫ,i1i2j1
2,u u
ǫ,i2
1 + C
ǫ,i1i2j1
2,b b
ǫ,i2
1 )ds, b
ǫ,j0
1 (t)), (347b)
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where we recall Cǫ,ii1j2,u (t) and C
ǫ,ii1j
2,b (t) respectively from (187), (189), and we also
split L5t,i0j0 between the first and second four terms: L
5
t,i0j0
=
∑2
l=1 L
5l
t,i0j0
where
L51t,i0j0 ,(2π)
− 92
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k
∑
k1,k2,k4 6=0:k14=k
θ(2−ik1)θ(2
−jk4) (348a)
× [
∫ t
0
e−|k1|
2f(ǫk1)(t−s)
∫ s
0
:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,j0
t,b (k4):k
i3
12g(ǫk
i3
12)k
j1
1 g(ǫk
j1
1 )
×
e−|k2|
2f(ǫk2)(s−σ)hu(ǫk2)
2
2|k2|2f(ǫk2)
e−|k12|
2f(ǫk12)(s−σ)dσds
−
∫ t
0
e−|k1|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,j0t,b (k4):k
i3
12ik
j1
1 i
×
e−|k2|
2(s−σ)hu(ǫk2)
2
2|k2|2
e−|k12|
2(s−σ)dσds
−
∫ t
0
e−|k1|
2f(ǫk1)(t−s)
∫ s
0
:Xˆǫ,i2σ,b (k1)Xˆ
ǫ,j0
t,b (k4):k
i3
12g(ǫk
i3
12)k
j1
1 g(ǫk
j1
1 )
×
e−|k2|
2f(ǫk2)(s−σ)hb(ǫk2)hu(ǫk2)
2|k2|2f(ǫk2)
e−|k12|
2f(ǫk12)(s−σ)dσds
+
∫ t
0
e−|k1|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,j0t,b (k4):k
i3
12ik
j1
1 i
×
e−|k2|
2(s−σ)hb(ǫk2)hu(ǫk2)
2|k2|2
e−|k12|
2(s−σ)dσds]
×
3∑
i4=1
Pˆ i3i4(k2)Pˆ
j1i4(k2)Pˆ
i1i2(k12)Pˆ
i0i1(k1)ek,
L52t,i0j0 ,(2π)
− 92
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k
∑
k1,k2,k4 6=0:k14=k
θ(2−ik1)θ(2
−jk4) (348b)
× [−
∫ t
0
e−|k1|
2f(ǫk1)(t−s)
∫ s
0
:Xˆǫ,i2σ,b (k1)Xˆ
ǫ,j0
t,b (k4):k
i3
12g(ǫk
i3
12)k
j1
1 g(ǫk
j1
1 )
×
e−|k2|
2f(ǫk2)(s−σ)hu(ǫk2)hb(ǫk2)
2|k2|2f(ǫk2)
e−|k12|
2f(ǫk12)(s−σ)dσds
+
∫ t
0
e−|k1|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,j0t,b (k4):k
i3
12ik
j1
1 i
×
e−|k2|
2(s−σ)hu(ǫk2)hb(ǫk2)
2|k2|2
e−|k12|
2(s−σ)dσds
+
∫ t
0
e−|k1|
2f(ǫk1)(t−s)
∫ s
0
:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,j0
t,b (k4):k
i3
12g(ǫk
i3
12)k
j1
1 g(ǫk
j1
1 )
×
e−|k2|
2f(ǫk2)(s−σ)hb(ǫk2)
2
2|k2|2f(ǫk2)
e−|k12|
2f(ǫk12)(s−σ)dσds
−
∫ t
0
e−|k1|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,j0t,b (k4):k
i3
12ik
j1
1 i
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×
e−|k2|
2(s−σ)hb(ǫk2)
2
2|k2|2
e−|k12|
2(s−σ)dσds]
×
3∑
i4=1
Pˆ i3i4(k2)Pˆ
j1i4(k2)Pˆ
i1i2(k12)Pˆ
i0i1(k1)ek.
W.l.o.g. we work on L52t,i0j0 which we rewrite it as L
52
t,i0j0
= L52t,i0j0−L˜
52
t,i0j0
+L˜52t,i0j0+
L¯52t,i0j0 where
L˜52t,i0j0 ,(2π)
− 92
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k
∑
k1,k2,k4 6=0:k14=k
θ(2−ik1)θ(2
−jk4)
× [−
∫ t
0
e−|k1|
2f(ǫk1)(t−s)
∫ s
0
:Xˆǫ,i2s,b (k1)Xˆ
ǫ,j0
t,b (k4):k
i3
12g(ǫk
i3
12)k
j1
1 g(ǫk
j1
1 )
×
e−|k2|
2f(ǫk2)(s−σ)hu(ǫk2)hb(ǫk2)
2|k2|2f(ǫk2)
e−|k12|
2f(ǫk12)(s−σ)dσds
+
∫ t
0
e−|k1|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2s,b (k1)
ˆ¯Xǫ,j0t,b (k4):k
i3
12ik
j1
1 i
×
e−|k2|
2(s−σ)hu(ǫk2)hb(ǫk2)
2|k2|2
e−|k12|
2(s−σ)dσds
+
∫ t
0
e−|k1|
2f(ǫk1)(t−s)
∫ s
0
:Xˆǫ,i2s,u (k1)Xˆ
ǫ,j0
t,b (k4):k
i3
12g(ǫk
i3
12)k
j1
1 g(ǫk
j1
1 )
×
e−|k2|
2f(ǫk2)(s−σ)hb(ǫk2)
2
2|k2|2f(ǫk2)
e−|k12|
2f(ǫk12)(s−σ)dσds
−
∫ t
0
e−|k1|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2s,u (k1)
ˆ¯Xǫ,j0t,b (k4):k
i3
12ik
j1
1 i
×
e−|k2|
2(s−σ)hb(ǫk2)
2
2|k2|2
e−|k12|
2(s−σ)dσds]
×
3∑
i4=1
Pˆ i3i4(k2)Pˆ
j1i4(k2)Pˆ
i1i2(k12)Pˆ
i0i1(k1)ek. (349)
Now using C¯ǫ,i1i2j12,u (t) and C¯
ǫ,i1i2j1
2,b (t) respectively from (191a), (191b) which are
both zeroes, we can rewrite L¯52t,i0j0 of (347) as
L¯52t,i0j0 = (2π)
− 92
∑
k 6=0
∑
|i−j|≤1
∑
k1,k2,k4 6=0:k14=k
3∑
i1,i2,i3,j1=1
θ(2−ik1)θ(2
−jk4)
× [
∫ t
0
:Xˆǫ,i2s,u (k1)Xˆ
ǫ,j0
t,b (k4):e
−|k1|
2f(ǫk1)(t−s)k
j1
1 g(ǫk
j1
1 )
×
∫ s
0
e−|k2|
2f(ǫk2)(s−σ)
e−|k2|
2f(ǫk2)(s−σ)hb(ǫk2)
2
2|k2|2f(ǫk2)
ki32 g(ǫk
i3
2 )dσds
−
∫ t
0
: ˆ¯Xǫ,i2s,u (k1)
ˆ¯Xǫ,j0t,b (k4):e
−|k1|
2(t−s)k
j1
1 i
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×
∫ s
0
e−|k2|
2(s−σ) e
−|k2|
2(s−σ)hb(ǫk2)
2
2|k2|2
ki32 idσds
−
∫ t
0
:Xˆǫ,i2s,b (k1)Xˆ
ǫ,j0
t,b (k4):e
−|k1|
2f(ǫk1)(t−s)k
j1
1 g(ǫk
j1
1 )
×
∫ s
0
e−|k2|
2f(ǫk2)(s−σ)
e−|k2|
2f(ǫk2)(s−σ)hu(ǫk2)hb(ǫk2)
2|k2|2f(ǫk2)
ki32 g(ǫk
i3
2 )dσds
+
∫ t
0
: ˆ¯Xǫ,i2s,b (k1)
ˆ¯Xǫ,j0t,b (k4):e
−|k1|
2(t−s)k
j1
1 i
×
∫ s
0
e−|k2|
2(s−σ) e
−|k2|
2(s−σ)hu(ǫk2)hb(ǫk2)
2|k2|2
ki32 idσds]
× Pˆ i1i2(k2)
3∑
i4=1
Pˆ i3i4(k2)Pˆ
j1i4(k2)Pˆ
i0i1(k1)ek. (350)
Such L¯52t,i0j0 works perfectly well with L˜
52
t,i0j0
from (349), as we will see in (362).
Now
E[|∆q(L
52
t,i0j0
− L˜52t,i0j0)|
2] .
2∑
l=1
Olq,t,i0j0 (351)
where
O1q,t,i0j0 , E[|
∑
k
θ(2−qk)
∑
|i−j|≤1
∑
k1,k2,k4 6=0:k14=k
3∑
i1,i2,i3,j1=1
θ(2−ik1)θ(2
−jk4)
× [−
∫ t
0
e−|k1|
2f(ǫk1)(t−s)
∫ s
0
[:Xˆǫ,i2σ,b (k1)Xˆ
ǫ,j0
t,b (k4):− :Xˆ
ǫ,i2
s,b (k1)Xˆ
ǫ,j0
t,b (k4):]
×
e−|k2|
2f(ǫk2)(s−σ)hu(ǫk2)hb(ǫk2)
2|k2|2f(ǫk2)
× e−|k12|
2f(ǫk12)(s−σ)ki312g(ǫk
i3
12)k
j1
1 g(ǫk
j1
1 )dσds
+
∫ t
0
e−|k1|
2(t−s)
∫ s
0
[: ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,j0t,b (k4):− :
ˆ¯Xǫ,i2s,b (k1)
ˆ¯Xǫ,j0t,b (k4):]
×
e−|k2|
2(s−σ)hu(ǫk2)hb(ǫk2)
2|k2|2
e−|k12|
2(s−σ)ki312ik
j1
1 idσds]
×
3∑
i4=1
Pˆ i3i4(k2)Pˆ
j1i4(k2)Pˆ
i1i2(k12)Pˆ
i0i1(k1)ek|
2], (352a)
O2q,t,i0j0 , E[|
∑
k
θ(2−qk)
∑
|i−j|≤1
∑
k1,k2,k4 6=0:k14=k
3∑
i1,i2,i3,j1=1
θ(2−ik1)θ(2
−jk4)
× [
∫ t
0
e−|k1|
2f(ǫk1)(t−s)
∫ s
0
[:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,j0
t,b (k4):− :Xˆ
ǫ,i2
s,u (k1)Xˆ
ǫ,j0
t,b (k4):]
×
e−|k2|
2f(ǫk2)(s−σ)hb(ǫk2)
2
2|k2|2f(ǫk2)
e−|k12|
2f(ǫk12)(s−σ)ki312g(ǫk
i3
12)k
j1
1 g(ǫk
j1
1 )dσds
−
∫ t
0
e−|k1|
2(t−s)
∫ s
0
[: ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,j0t,b (k4):− :
ˆ¯Xǫ,i2s,u (k1)
ˆ¯Xǫ,j0t,b (k4):]
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×
e−|k2|
2(s−σ)hb(ǫk2)
2
2|k2|2
e−|k12|
2(s−σ)ki312ik
j1
1 idσds]
×
3∑
i4=1
Pˆ i3i4(k2)Pˆ
j1i4(k2)Pˆ
i1i2(k12)Pˆ
i0i1(k1)ek|
2]. (352b)
W.l.o.g. we show the estimates on O1q,t,i0j0 as those on O
2
q,t,i0j0
are similar. We
estimate
O1q,t,i0j0 .
3∑
l=1
O1lq,t,i0j0 (353)
where
O11q,t,i0j0 ,
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k4,k
′
1,k
′
2,k
′
4 6=0:k14=k
′
14=k
3∑
i1,i2,i3,j1,i
′
1,i
′
2,i
′
3,j
′
1=1
(354a)
× θ(2−qk)2θ(2−ik1)θ(2
−i′k′1)θ(2
−jk4)θ(2
−j′k′4)
∫
[0,t]2
∫ s
0
∫ s¯
0
× |e−|k1|
2f(ǫk1)(t−s)k
j1
1 g(ǫk
j1
1 )− e
−|k1|
2(t−s)k
j1
1 i|
× |e−|k
′
1|
2f(ǫk′1)(t−s¯)(k′1)
j′1g(ǫ(k′1)
j′1 )− e−|k
′
1|(t−s¯)(k′1)
j′1 i|
× E[(:Xˆǫ,i2σ,b (k1)Xˆ
ǫ,j0
t,b (k4):− :Xˆ
ǫ,i2
s,b (k1)Xˆ
ǫ,j0
t,b (k4):)
× (:Xˆ
ǫ,i′2
σ¯,b (k
′
1)Xˆ
ǫ,j0
t,b (k
′
4):− :Xˆ
ǫ,i′2
s¯,b (k
′
1)Xˆ
ǫ,j0
t,b (k
′
4):)]
× [e−|k12|
2f(ǫk12)(s−σ)
e−|k2|
2f(ǫk2)(s−σ)hu(ǫk2)hb(ǫk2)
|k2|2f(ǫk2)
ki312g(ǫk
i3
12)Pˆ
i1i2(k12)]
× [e−|k
′
12|
2f(ǫk′12)(s¯−σ¯)
e−|k
′
2|
2f(ǫk′2)(s¯−σ¯)hu(ǫk
′
2)hb(ǫk
′
2)
|k′2|
2f(ǫk′2)
× (k′12)
i′3g(ǫ(k′12)
i′3 )Pˆ i
′
1i
′
2(k′12)]dσ¯dσdsds¯,
O12q,t,i0j0 ,
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k4,k
′
1,k
′
2,k
′
4 6=0:k14=k
′
14=k
3∑
i1,i2,i3,i
′
1,i
′
2,i
′
3=1
(354b)
× θ(2−qk)2θ(2−ik1)θ(2
−i′k′1)θ(2
−jk4)θ(2
−j′k′4)
∫
[0,t]2
∫ s
0
∫ s¯
0
× e−|k1|
2(t−s)−|k′1|
2(t−s¯)|k1||k
′
1|
× E[(:Xˆǫ,i2σ,b (k1)Xˆ
ǫ,j0
t,b (k4):− :Xˆ
ǫ,i2
s,b (k1)Xˆ
ǫ,j0
t,b (k4):
− : ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,j0t,b (k4): + :
ˆ¯Xǫ,i2s,b (k1)
ˆ¯Xǫ,j0t,b (k4):)
× (:Xˆ
ǫ,i′2
σ¯,b (k
′
1)Xˆ
ǫ,j0
t,b (k
′
4):− :Xˆ
ǫ,i′2
s¯,b (k
′
1)Xˆ
ǫ,j0
t,b (k
′
4):
−: ˆ¯X
ǫ,i′2
σ¯,b (k
′
1)
ˆ¯Xǫ,j0t,b (k
′
4): + :
ˆ¯X
ǫ,i′2
s¯,b (k
′
1)
ˆ¯Xǫ,j0t,b (k
′
4):)]
× e−|k12|
2f(ǫk12)(s−σ)
e−|k2|
2f(ǫk2)(s−σ)hu(ǫk2)hb(ǫk2)
|k2|2f(ǫk2)
ki312g(ǫk
i3
12)Pˆ
i1i2(k12)
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× e−|k
′
12|
2f(ǫk′12)(s¯−σ¯)
e−|k
′
2|
2f(ǫk′2)(s¯−σ¯)hu(ǫk
′
2)hb(ǫk
′
2)
|k′2|
2f(ǫk′2)
× (k′12)
i′3g(ǫ(k′12)
i′3)Pˆ i
′
1i
′
2(k′12)dσ¯dσdsds¯,
O13q,t,i0j0 ,
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k4,k
′
1,k
′
2,k
′
4 6=0:k14=k
′
14=k
3∑
i1,i2,i3,i
′
1,i
′
2,i
′
3=1
(354c)
× θ(2−qk)2θ(2−ik1)θ(2
−i′k′1)θ(2
−jk4)θ(2
−j′k′4)
∫
[0,t]2
∫ s
0
∫ s¯
0
|k1||k
′
1|
× e−|k1|
2(t−s)−|k′1|
2(t−s¯)
E[(: ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,j0t,b (k4):− :
ˆ¯Xǫ,i2s,b (k1)
ˆ¯Xǫ,j0t,b (k4):)
× (: ˆ¯X
ǫ,i′2
σ¯,b (k
′
1)
ˆ¯Xǫ,j0t,b (k
′
4):− :
ˆ¯X
ǫ,i′2
s¯,b (k
′
1)
ˆ¯Xǫ,j0t,b (k
′
4):)]
× |e−|k12|
2f(ǫk12)(s−σ)
e−|k2|
2f(ǫk2)(s−σ)hu(ǫk2)hb(ǫk2)
|k2|2f(ǫk2)
ki312g(ǫk
i3
12)Pˆ
i1i2(k12)
− e−|k12|
2(s−σ) e
−|k2|
2(s−σ)hu(ǫk2)hb(ǫk2)
|k2|2
ki312iPˆ
i1i2(k12)|
× |e−|k
′
12|
2f(ǫk′12)(s¯−σ¯)
e−|k
′
2|
2f(ǫk′2)(s¯−σ¯)hu(ǫk
′
2)hb(ǫk
′
2)
|k′2|
2f(ǫk′2)
× (k′12)
i′3g(ǫ(k′12)
i′3)Pˆ i
′
1i
′
2(k′12)
− e−|k
′
12|
2(s¯−σ¯) e
−|k′2|
2(s¯−σ¯)hu(ǫk
′
2)hb(ǫk
′
2)
|k′2|
2
(k′12)
i′3 iPˆ i
′
1i
′
2(k′12)|dσ¯dσdsds¯.
First, we estimate
E[(:Xˆǫ,i2σ,b (k1)Xˆ
ǫ,j0
t,b (k4):− :Xˆ
ǫ,i2
s,b (k1)Xˆ
ǫ,j0
t,b (k4):)
× (:Xˆ
ǫ,i′2
σ¯,b (k
′
1)Xˆ
ǫ,j0
t,b (k
′
4):− :Xˆ
ǫ,i′2
s¯,b (k
′
1)Xˆ
ǫ,j0
t,b (k
′
4):)]
≤(1k1=k′1,k4=k′4 + 1k1=k′4,k4=k′1)
×(
3∑
i3,i4=1
hb(ǫk1)
2
2|k1|2f(ǫk1)
Pˆ i2i3(k1)
2 hb(ǫk4)
2
2|k4|2f(ǫk4)
Pˆj0i4(k4)
2
+ 1k1=k4
e−|k1|
2f(ǫk1)(t−σ)hb(ǫk1)
2
2|k1|2f(ǫk1)
Pˆ i2i3(k1)Pˆ
j0i3(k1)
×
e−|k1|
2f(ǫk1)(t−σ)hb(ǫk1)
2
2|k1|2f(ǫk1)
Pˆj0i4(k1)Pˆ
i2i4(k1)
−
e−|k1|
2f(ǫk1)(s−σ)hb(ǫk1)
2
2|k1|2f(ǫk1)
Pˆ i2i3 (k1)
2 hb(ǫk4)
2
2|k4|2f(ǫk4)
Pˆj0i4(k4)
2
− 1k1=k4
e−|k1|
2f(ǫk1)(t−σ)hb(ǫk1)
2
2|k1|2f(ǫk1)
Pˆ i2i3(k1)Pˆ
j0i3(k1)
×
e−|k1|
2f(ǫk1)(t−s)hb(ǫk1)
2
2|k1|2f(ǫk1)
Pˆj0i4(k1)Pˆ
i2i4(k1)
−
e−|k1|
2f(ǫk1)(s−σ)hb(ǫk1)
2
2|k1|2f(ǫk1)
Pˆ i2i3 (k1)
2 hb(ǫk4)
2
2|k4|2f(ǫk4)
Pˆj0i4(k4)
2
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− 1k1=k4
e−|k1|
2f(ǫk1)(t−s)hb(ǫk1)
2
2|k1|2f(ǫk1)
Pˆ i2i3(k1)Pˆ
j0i3(k1)
×
e−|k1|
2f(ǫk1)(t−σ)hb(ǫk1)
2
2|k1|2f(ǫk1)
Pˆj0i4(k1)Pˆ
i2i4(k1)
+
hb(ǫk1)
2
2|k1|2f(ǫk1)
Pˆ i2i3(k1)
2 hb(ǫk4)
2
2|k4|2f(ǫk4)
Pˆj0i4(k4)
2
+ 1k1=k4
e−|k1|
2f(ǫk1)(t−s)hb(ǫk1)
2
2|k1|2f(ǫk1)
Pˆ i2i3(k1)Pˆ
j0i3(k1)
×
e−|k1|
2f(ǫk1)(t−s)hb(ǫk1)
2
2|k1|2f(ǫk1)
Pˆj0i4(k1)Pˆ
i2i4(k1))
1
2
×(
3∑
i3,i4=1
hb(ǫk
′
1)
2
2|k′1|
2f(ǫk′1)
Pˆ i
′
2i3(k′1)
2 hb(ǫk
′
4)
2
2|k′4|
2f(ǫk′4)
Pˆj0i4(k′4)
2
+ 1k′1=k′4
e−|k
′
1|
2f(ǫk′1)(t−σ¯)hb(ǫk
′
1)
2
2|k′1|
2f(ǫk′1)
Pˆ i2i3(k′1)Pˆ
j0i3(k′1)
e−|k
′
1|
2f(ǫk′1)(t−σ¯)hb(ǫk
′
1)
2
2|k′1|
2f(ǫk′1)
Pˆj0i4(k′1)Pˆ
i′2i4(k′1)
−
e−|k
′
1|
2f(ǫk′1)(s¯−σ¯)hb(ǫk
′
1)
2
2|k′1|
2f(ǫk′1)
Pˆ i
′
2i3 (k′1)
2 hb(ǫk
′
4)
2
2|k′4|
2f(ǫk′4)
Pˆj0i4(k′4)
2
− 1k′1=k′4
e−|k
′
1|
2f(ǫk′1)(t−σ¯)hb(ǫk
′
1)
2
2|k′1|
2f(ǫk′1)
Pˆ i
′
2i3(k′1)Pˆ
j0i3(k′1)
×
e−|k
′
1|
2f(ǫk′1)(t−s¯)hb(ǫk
′
1)
2
2|k′1|
2f(ǫk′1)
Pˆj0i4(k′1)Pˆ
i′2i4(k′1)
−
e−|k
′
1|
2f(ǫk′1)(s¯−σ¯)hb(ǫk
′
1)
2
2|k′1|
2f(ǫk′1)
Pˆ i
′
2i3 (k′1)
2 hb(ǫk
′
4)
2
2|k′4|
2f(ǫk′4)
Pˆj0i4(k′4)
2
− 1k′1=k′4
e−|k
′
1|
2f(ǫk′1)(t−s¯)hb(ǫk
′
1)
2
2|k′1|
2f(ǫk′1)
Pˆ i
′
2i
′
3(k′1)Pˆ
j0i3(k′1)
×
e−|k
′
1|
2f(ǫk′1)(t−σ¯)hb(ǫk
′
1)
2
2|k′1|
2f(ǫk′1)
Pˆj0i4(k′1)Pˆ
i′2i4(k′1)
+
hb(ǫk
′
1)
2
2|k′1|
2f(ǫk′1)
Pˆ i
′
2i3(k′1)
2 hb(ǫk
′
4)
2
2|k′4|
2f(ǫk′4)
Pˆj0i4(k′4)
2
+ 1k′1=k′4
e−|k
′
1|
2f(ǫk′1)(t−s¯)hb(ǫk
′
1)
2
2|k′1|
2f(ǫk′1)
Pˆ i
′
2i3(k′1)Pˆ
j0i3(k′1)
×
e−|k
′
1|
2f(ǫk′1)(t−s¯)hb(ǫk
′
1)
2
2|k′1|
2f(ǫk′1)
Pˆj0i4(k′1)Pˆ
i2′ i4(k′1))
1
2
by Ho¨lder’s inequality, Example 3.1 and (160c). Within each square root, there are
eight terms. We match first with third, second with fourth, fifth with seventh, and
sixth with eighth to bound for ay η ∈ [0, 1] by
E[(:Xˆǫ,i2σ,b (k1)Xˆ
ǫ,j0
t,b (k4):− :Xˆ
ǫ,i2
s,b (k1)Xˆ
ǫ,j0
t,b (k4):)
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× (:Xˆ
ǫ,i′2
σ¯,b (k
′
1)Xˆ
ǫ,j0
t,b (k
′
4):− :Xˆ
ǫ,i′2
s¯,b (k
′
1)Xˆ
ǫ,j0
t,b (k
′
4):)]
≤(1k1=k1,k4=k′4 + 1k1=k′4,k4=k′1)
× (
1 − e−|k1|
2f(ǫk1)(s−σ)
|k1|2|k4|2
+
|e−|k1|
2f(ǫk1)(t−σ) − e−|k1|
2f(ǫk1)(t−s)
|k1|2|k4|2
)
1
2
× (
|1 − e−|k
′
1|
2f(ǫk′1)(s¯−σ¯)|
|k′1|
2|k′4|
2
+
|e−|k
′
1|
2f(ǫk′1)(t−σ¯) − e−|k
′
1|
2f(ǫk′1)(t−s¯)|
|k′1|
2|k′4|
2
)
1
2
.(1k1=k1,k4=k′4 + 1k1=k′4,k4=k′1)(
(|k1|2|s− σ|)η
|k1|2|k4|2
)
1
2 (
(|k′1|
2|s¯− σ¯|)η
|k′1|
2|k′4|
2
)
1
2 (355)
by mean value theorem. Moreover, we can now bound from (354) for ǫ ∈ (0, 2η) by
O11q,t,i0j0 .ǫ
η
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k4,k
′
1,k
′
2,k
′
4 6=0:k14=k
′
14=k
θ(2−qk)2θ(2−ik1)
× θ(2−i
′
k′1)θ(2
−jk4)θ(2
−j′k′4)
∫
[0,t]2
(1k1=k′1,k4=k′4 + 1k1=k′4,k4=k′1)s
ǫ
4 s¯
ǫ
4
×
|k1|
3η
2 |k′1|
3η
2
|k4||k′4|
|k12|
|k2|2
|k′12|
|k′2|
2
e−|k1|
2c¯f (t−s)
[|k12|2 + |k2|2]1+
η
2−
ǫ
4
e−|k
′
1|
2c¯f (t−s¯)
[|k′12|
2 + |k′2|
2]1+
η
2−
ǫ
4
dsds¯
.ǫηtǫ
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k4,k
′
1,k
′
4 6=0:k14=k
′
14=k
θ(2−qk)2θ(2−ik1)θ(2
−i′k′1)
× θ(2−jk4)θ(2
−j′k′4)(1k1=k′1,k4=k′4 + 1k1=k′4,k4=k′1)
×
1
|k4||k′4|
1
|k1|2−
3η
2 −
ǫ
2
1
|k′1|
2− 3η2 −
ǫ
2
(356)
by (444a), (444b) and (443). Next, in order to estimate O12q,t,i0j0 from (354), we
first see that we may bound for any η ∈ [0, 12 ],
E[(:Xˆǫ,i2σ,b (k1)Xˆ
ǫ,j0
t,b (k4):− :Xˆ
ǫ,i2
s,b (k1)Xˆ
ǫ,j0
t,b (k4): (357)
− : ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,j0t,b (k4): + :
ˆ¯Xǫ,i2s,b (k1)
ˆ¯Xǫ,j0t,b (k4):)
× (:Xˆ
ǫ,i′2
σ¯,b (k
′
1)Xˆ
ǫ,j0
t,b (k
′
4):− :Xˆ
ǫ,i′2
s¯,b (k
′
1)Xˆ
ǫ,j0
t,b (k
′
4):
−: ˆ¯X
ǫ,i′2
σ¯,b (k
′
1)
ˆ¯Xǫ,j0t,b (k
′
4): + :
ˆ¯X
ǫ,i′2
s¯,b (k
′
1)
ˆ¯Xǫ,j0t,b (k
′
4):)]
.[
(|ǫk1|η + |ǫk4|η)
|k1||k4|
(|ǫk′1|
η + |ǫk′4|
η)
|k′1||k
′
4|
∧
(
(|k1|2|s− σ|)η
|k1|2|k4|2
) 1
2
(
(|k′1|
2|s¯− σ¯|)η
|k′1|
2|k′4|
2
) 1
2
]
× (1k1=k′1,k4=k′4 + 1k1=k′4,k4=k′1)
.
ǫη(|k1|
η + |k4|
η)|k1|
η
2 |k′1|
η
2 |s− σ|
η
4 |s¯− σ¯|
η
4
|k1||k4||k′1||k
′
4|
(1k1=k′1,k4=k′4 + 1k1=k′4,k4=k′1)
where the first estimate is due to Ho¨lder’s inequality and (303) while the second due
to an estimate similar to (355). We apply (357) to (354) to deduce for ǫ ∈ (0, η),
O12q,t,i0j0 .ǫ
ηtǫ
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k4,k
′
1,k
′
4 6=0:k14=k
′
14=k
× θ(2−qk)2θ(2−ik1)θ(2
−i′k′1)θ(2
−jk4)θ(2
−j′k′4)
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× (1k1=k′1,k4=k′4 + 1k1=k′4,k4=k′1)
(|k1|η + |k4|η)
|k1|2−
ǫ
2−
η
2 |k′1|
2− ǫ2−
η
2 |k4||k′4|
(358)
by (443). Finally, applying (355) to (354) leads to for ǫ ∈ (0, η),
O13q,t,i0j0 .
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k4,k
′
1,k
′
2,k
′
4 6=0:k14=k
′
14=k
θ(2−qk)2θ(2−ik1)θ(2
−i′k′1)
× θ(2−jk4)θ(2
−j′k′4)
∫
[0,t]2
∫ s
0
∫ s¯
0
(1k1=k′1,k4=k′4 + 1k1=k′4,k4=k′1)
×
1
|k1|2−
ǫ
2−η
1
|k′1|
2− ǫ2−η
1
(t− s)1−
ǫ
4 (t− s¯)1−
ǫ
4
1
|k4||k′4|
|s− σ|
η
2 |s¯− σ¯|
η
2
×
|k12|
|k2|2
|k′12|
|k′2|
2
e−|k12|
2 c¯f (s−σ)e−|k2|
2 c¯f (s−σ)(|ǫk12|
η
2 + |ǫk2|
η
2 )
× e−|k
′
12|
2 c¯f (s¯−σ¯)e−|k
′
2|
2 c¯f (s¯−σ¯)(|ǫk′12|
η
2 + |ǫk′2|
η
2 )dσ¯dσdsds¯
.ǫηtǫ
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k4,k
′
1,k
′
4 6=0:k14=k
′
14=k
θ(2−qk)2θ(2−ik1)θ(2
−i′k′1)
× θ(2−jk4)θ(2
−j′k′4)(1k1=k′1,k4=k′4 + 1k1=k′4,k4=k′1)
×
1
|k1|2−
ǫ
2−η
1
|k′1|
2− ǫ2−η
1
|k4||k′4|
(359)
by (443), (444a) and (444b). Applying (356), (358) and (359) to (353) leads to
O1q,t,i0j0 . ǫ
ηtǫ
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k4 6=0:k14=k
θ(2−qk)2θ(2−ik1)θ(2
−jk4)
× [θ(2−i
′
k1)θ(2
−j′k4)[
1
|k1|4−3η−ǫ|k4|2
+
1
|k1|4−ǫ−2η|k4|2
+
1
|k1|4−ǫ−η|k4|2−η
]
+ θ(2−i
′
k4)θ(2
−j′k1)[
1
|k1|3−
3η
2 −
ǫ
2 |k4|3−
3η
2 −
ǫ
2
+
1
|k1|3−
ǫ
2−
3η
2 |k4|3−
ǫ
2−
η
2
+
1
|k1|3−
ǫ
2−
η
2 |k4|3−
ǫ
2−
3η
2
+
1
|k1|3−
ǫ
2−η|k4|3−
ǫ
2−η
]] . ǫηtǫ2q(3η+ǫ) (360)
by relying on Lemma 3.13. Applying (360) to (351) gives us
E[|∆q(L
52
t,i0j0
− L˜52t,i0j0)|
2] . ǫηtǫ2q(3η+ǫ). (361)
Next, we compute from (349) and (350) that
E[|∆q(L˜
52
t,i0j0
− L¯52t,i0j0)|
2] .
2∑
l=1
Qlq,t,j0 (362)
where
Q1q,t,j0 , E[|
∑
k 6=0
∑
|i−j|≤1
∑
k1,k2,k4 6=0:k14=k
3∑
i1,i2,i3,j1=1
θ(2−qk)θ(2−ik1)θ(2
−jk4)ek
(363a)
× [−
∫ t
0
:Xˆǫ,i2s,b (k1)Xˆ
ǫ,j0
t,b (k4):e
−|k1|
2f(ǫk1)(t−s)k
j1
1 g(ǫk
j1
1 )
×
∫ s
0
e−|k2|
2f(ǫk2)(s−σ)hu(ǫk2)hb(ǫk2)
|k2|2f(ǫk2)
[e−|k12|
2f(ǫk12)(s−σ)ki312g(ǫk
i3
12)Pˆ
i1i2(k12)
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− e−|k2|
2f(ǫk2)(s−σ)ki32 g(ǫk
i3
2 )Pˆ
i1i2(k2)]dσds
+
∫ t
0
: ˆ¯Xǫ,i2s,b (k1)
ˆ¯Xǫ,j0t,b (k4):e
−|k1|
2(t−s)k
j1
1 i
∫ s
0
e−|k2|
2(s−σ)hu(ǫk2)hb(ǫk2)
|k2|2
× [e−|k12|
2(s−σ)ki312iPˆ
i1i2(k12)− e
−|k2|
2(s−σ)ki32 iPˆ
i1i2(k2)]dσds]|
2],
Q2q,t,j0 , E[|
∑
k 6=0
∑
|i−j|≤1
∑
k1,k2,k4 6=0:k14=k
3∑
i1,i2,i3,j1=1
θ(2−qk)θ(2−ik1)θ(2
−jk4)ek
(363b)
× [
∫ t
0
:Xˆǫ,i2s,u (k1)Xˆ
ǫ,j0
t,b (k4):e
−|k1|
2f(ǫk1)(t−s)k
j1
1 g(ǫk
j1
1 )
×
∫ s
0
e−|k2|
2f(ǫk2)(s−σ)hb(ǫk2)
2
|k2|2f(ǫk2)
[e−|k12|
2f(ǫk12)(s−σ)ki312g(ǫk
i3
12)Pˆ
i1i2(k12)
− e−|k2|
2f(ǫk2)(s−σ)ki32 g(ǫk
i3
2 )Pˆ
i1i2(k2)]dσds
−
∫ t
0
: ˆ¯Xǫ,i2s,u (k1)
ˆ¯Xǫ,j0t,b (k4):e
−|k1|
2(t−s)k
j1
1 i
∫ s
0
e−|k2|
2(s−σ)hb(ǫk2)
2
|k2|2
× [e−|k12|
2(s−σ)ki312iPˆ
i1i2(k12)− e
−|k2|
2(s−σ)ki32 iPˆ
i1i2(k2)]dσds]|
2].
W.l.o.g. we work on Q2q,t,j0 . We further bound it by
Q2q,t,j0 .
3∑
l=1
Q2lq,t,j0 (364)
where
Q21q,t,j0 ≈
∑
k 6=0
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k4,k
′
1,k
′
2,k
′
4 6=0:k14=k
′
14=k
3∑
i1,i2,i3,j1,i
′
1,i
′
2,i
′
3,j
′
1=1
(365a)
× θ(2−qk)2θ(2−ik1)θ(2
−i′k′1)θ(2
−jk4)θ(2
−j′k′4)
×
∫
[0,t]2
E[:Xˆǫ,i2s,u (k1)Xˆ
ǫ,j0
t,b (k4)::Xˆ
ǫ,i′2
s¯,u (k
′
1)Xˆ
ǫ,j0
t,b (k
′
4):]
× e−|k1|
2f(ǫk1)(t−s)k
j1
1 g(ǫk
j1
1 )e
−|k′1|
2f(ǫk′1)(t−s¯)(k′1)
j′1g(ǫ(k′1)
j′1)
×
∫ s
0
∫ s¯
0
|
e−|k2|
2f(ǫk2)(s−σ)hb(ǫk2)
2
|k2|2f(ǫk2)
[e−|k12|
2f(ǫk12)(s−σ)ki312g(ǫk
i3
12)Pˆ
i1i2(k12)
− e−|k2|
2f(ǫk2)(s−σ)ki32 g(ǫk
i3
2 )Pˆ
i1i2(k2)]
−
e−|k2|
2(s−σ)hb(ǫk2)
2
|k2|2
× [e−|k12|
2(s−σ)ki312iPˆ
i1i2(k12)− e
−|k2|
2(s−σ)ki32 iPˆ
i1i2(k2)]|
× |
e−|k
′
2|
2f(ǫk′2)(s¯−σ¯)hb(ǫk
′
2)
2
|k′2|
2f(ǫk′2)
[e−|k
′
12|
2f(ǫk′12)(s¯−σ¯)(k′12)
i′3g(ǫ(k′12)
i′3)Pˆ i
′
1i
′
2(k′12)
− e−|k
′
2|
2f(ǫk′2)(s¯−σ¯)(k′2)
i′3g(ǫ(k′2)
i′3 )Pˆ i
′
1i
′
2(k′2)]
−
e−|k
′
2|
2(s¯−σ¯)hb(ǫk
′
2)
2
|k′2|
2
[e−|k
′
12|
2(s¯−σ¯)(k′12)
i′3 iPˆ i
′
1i
′
2(k′12)
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− e−|k
′
2|
2(s¯−σ¯)(k′2)
i′3 iPˆ i
′
1i
′
2(k′2)]|dσ¯dσdsds¯,
Q22q,t,j0 ≈
∑
k 6=0
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k4,k
′
1,k
′
2,k
′
4 6=0:k14=k
′
14=k
3∑
i1,i2,i3,j1,i
′
1,i
′
2,i
′
3,j
′
1=1
(365b)
× θ(2−qk)2θ(2−ik1)θ(2
−i′k′1)θ(2
−jk4)θ(2
−j′k′4)
×
∫
[0,t]2
E[:Xˆǫ,i2s,u (k1)Xˆ
ǫ,j0
t,b (k4)::Xˆ
ǫ,i′2
s¯,u (k
′
1)Xˆ
ǫ,j0
t,b (k
′
4):]
× |e−|k1|
2f(ǫk1)(t−s)k
j1
1 g(ǫk
j1
1 )− e
−|k1|
2(t−s)k
j1
1 i|
× |e−|k
′
1|
2f(ǫk′1)(t−s¯)(k′1)
j′1g(ǫ(k′1)
j′1)− e−|k
′
1|
2(t−s¯)(k′1)
j′1 i|
×
∫ s
0
∫ s¯
0
e−|k2|
2(s−σ)hb(ǫk2)
2
|k2|2
e−|k
′
2|
2(s¯−σ¯)hb(ǫk
′
2)
2
|k′2|
2
× |e−|k12|
2(s−σ)ki312iPˆ
i1i2(k12)− e
−|k2|
2(s−σ)ki32 iPˆ
i1i2(k2)|
× |e−|k
′
12|
2(s¯−σ¯)(k′12)
i′3 iPˆ i
′
1i
′
2(k′12)− e
−|k′2|
2(s¯−σ¯)(k′2)
i′3 iPˆ i
′
1i
′
2(k′2)|dσ¯dσdsds¯,
Q23q,t,j0 ≈
∑
k 6=0
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k4,k
′
1,k
′
2,k
′
4 6=0:k14=k
′
14=k
3∑
i1,i2,i3,i
′
1,i
′
2,i
′
3=1
(365c)
× θ(2−qk)2θ(2−ik1)θ(2
−i′k′1)θ(2
−jk4)θ(2
−j′k′4)
×
∫
[0,t]2
E[(:Xˆǫ,i2s,u (k1)Xˆ
ǫ,j0
t,b (k4):− :
ˆ¯Xǫ,i2s,u (k1)
ˆ¯Xǫ,j0t,b (k4):)
× (:Xˆ
ǫ,i′2
s¯,u (k
′
1)Xˆ
ǫ,j0
t,b (k
′
4):− :
ˆ¯X
ǫ,i′2
s¯,u (k
′
1)
ˆ¯Xǫ,j0t,b (k
′
4):)]
× e−|k1|
2(t−s)|k1|e
−|k′1|
2(t−s¯)|k′1|
×
∫ s
0
∫ s¯
0
e−|k2|
2(s−σ)hb(ǫk2)
2
|k2|2
|e−|k12|
2(s−σ)ki312Pˆ
i1i2(k12)
− e−|k2|
2(s−σ)ki32 Pˆ
i1i2(k2)|
×
e−|k
′
2|
2(s¯−σ¯)hb(ǫk
′
2)
2
|k′2|
2
|e−|k
′
12|
2(s¯−σ¯)(k′12)
i′3 Pˆ i
′
1i
′
2(k′12)
− e−|k
′
2|
2(s¯−σ¯)(k′2)
i′3 Pˆ i
′
1i
′
2(k′2)|dσ¯dσdsds¯.
We compute
E[:Xˆǫ,i2s,u (k1)Xˆ
ǫ,j0
t,b (k4)::Xˆ
ǫ,i′2
s¯,u (k
′
1)Xˆ
ǫ,j0
t,b (k
′
4):] .
(1k1=k′1,k4=k′4 + 1k1=k′4,k4=k′1)
|k1||k′1||k4||k
′
4|
(366)
by Example 3.1 and (160) while for any η ∈ [0, 1],
E[(:Xˆǫ,i2s,u (k1)Xˆ
ǫ,j0
t,b (k4):− :
ˆ¯Xǫ,i2s,u (k1)
ˆ¯Xǫ,j0t,b (k4):)
× (:Xˆ
ǫ,i′2
s¯,u (k
′
1)Xˆ
ǫ,j0
t,b (k
′
4):− :
ˆ¯X
ǫ,i′2
s¯,u (k
′
1)
ˆ¯Xǫ,j0t,b (k
′
4):)]
.
(
|ǫk1|
η
2 + |ǫk4|
η
2
|k1||k4|
)(
|ǫk′1|
η
2 + |ǫk′4|
η
2
|k′1||k
′
4|
)
(367)
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by Ho¨lder’s inequality and (303). Moreover, to estimate Q21q,t,j0 , we can estimate
for η ∈ (0, 12 ),
|
e−|k2|
2f(ǫk2)(s−σ)hb(ǫk2)
2
|k2|2f(ǫk2)
[e−|k12|
2f(ǫk12)(s−σ)ki312g(ǫk
i3
12)Pˆ
i1i2(k12) (368)
− e−|k2|
2f(ǫk2)(s−σ)ki32 g(ǫk
i3
2 )Pˆ
i1i2 (k2)]
−
e−|k2|
2(s−σ)hb(ǫk2)
2
|k2|2
[e−|k12|
2(s−σ)ki312iPˆ
i1i2(k12)
− e−|k2|
2(s−σ)ki32 iPˆ
i1i2(k2)]|
.
e−|k2|
2 c¯f (s−σ)
|k2|2
(|k1|
2η|s− σ|−
1
2+η ∧ (|ǫk2|
η + |ǫk12|
ηe−
1
2 |k12|
2c¯f (s−σ))|s− σ|−
1
2 )
where the first estimate is by Lemma 3.9 and the second estimate is by rely-
ing on (443), (444a) and (444b); we note that the extra exponential decay term
e−
1
2 |k12|
2c¯f (s−σ) will be actually crucial in this estimate of Q21q,t,j0 . Thus, we con-
tinue our estimates on Q21q,t,j0 for any ǫ ∈ (0, η) from (365a) by
Q21q,t,j0 .ǫ
η
∑
k 6=0
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k4,k
′
1,k
′
4 6=0:k14=k
′
14=k
θ(2−qk)2θ(2−ik1)θ(2
−i′k′1)
× θ(2−jk4)θ(2
−j′k′4)(1k1=k′1,k4=k′4 + 1k1=k′4,k4=k′1)
|k1|η|k′1|
η
|k4||k′4|
×
∫
[0,t]2
1
[|k1|2(t− s)]1−
ǫ
4
1
[|k′1|
2(t− s¯)]1−
ǫ
4
s
ǫ
4 s¯
ǫ
4 dsds¯ . ǫηtǫ2q(2η+ǫ) (369)
where we used (366), (368), (443), that 2q . 2i so that q . i and Lemma 3.13.
Next, continuing our estimate on Q22q,t,j0 from (365b), for η ∈ (0, 1), ǫ ∈ (0, 2η),
Q22q,t,j0 .ǫ
ηtǫ
∑
k 6=0
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k4,k
′
1,k
′
4 6=0:k14=k
′
14=k
θ(2−qk)2
× θ(2−ik1)θ(2
−i′k′1)θ(2
−jk4)θ(2
−j′k′4)(1k1=k′1,k4=k′4 + 1k1=k′4,k4=k′1)
×
|k1|
3η
2 |k′1|
3η
2
|k4||k′4||k1|
2− ǫ2 |k′1|
2− ǫ2
. ǫηtǫ2q(3η+ǫ) (370)
by (366), (444a), (444b), (443), Lemmas 3.8 and 3.13, that 2q . 2i so that q . i.
Finally, continuing the estimate on Q23q,t,j0 from (365c), we compute for η ∈ (0, 1),
Q23q,t,j0 .ǫ
ηtǫ
∑
k 6=0
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k4,k
′
1,k
′
4 6=0:k14=k
′
14=k
θ(2−qk)2θ(2−ik1)θ(2
−i′k′1)
× θ(2−jk4)θ(2
−j′k′4)(1k1=k′1,k4=k′4 + 1k1=k′4,k4=k′1)
×
(|k1|
η
2 + |k4|
η
2 )(|k′1|
η
2 + |k′4|
η
2 )
|k4||k′4||k1|
2− ǫ2−η|k′1|
2− ǫ2−η
. ǫηtǫ2q(3η+ǫ) (371)
by (367), Lemmas 3.8 and 3.13, (443), that 2q . 2i so that q . i. Applying (369)-
(371) to (364) and then (362), and considering the resulting inequality together
with (361), along with (347) and (348), we obtain
E[|∆q(L
5
t,i0j0
− L¯5t,i0j0)|
2] . ǫηtǫ2q(3η+ǫ). (372)
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The estimate on L6t,i0j0 − L¯
6
t,i0j0
can be obtained similarly.
Terms in the fourth chaos: L1t,i0j0 in (274)
We strategically split the eight terms within L1t,i0j0 on (274) to four so that
L1t,i0j0 =
∑4
i=1 L
1i
t,i0j0
where
L11t,i0j0 ,(2π)
− 92
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k
∑
k1,k2,k3,k4 6=0:k1234=k
θ(2−ik123)θ(2
−jk4)
×
∫ t
0
[e−|k123|
2f(ǫk123)(t−s)
∫ s
0
:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,u (k2)Xˆ
ǫ,j1
s,u (k3)Xˆ
ǫ,j0
t,b (k4):
× e−|k12|
2f(ǫk12)(s−σ)dσk
j1
123g(ǫk
j1
123)k
i3
12g(ǫk
i3
12)
− e−|k123|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,u (k2)
ˆ¯Xǫ,j1s,u (k3)
ˆ¯Xǫ,j0t,b (k4):
× e−|k12|
2(s−σ)dσk
j1
123ik
i3
12i]dsPˆ
i0i1(k123)Pˆ
i1i2(k12)ek, (373a)
L12t,i0j0 ,(2π)
− 92
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k
∑
k1,k2,k3,k4 6=0:k1234=k
θ(2−ik123)θ(2
−jk4)
×
∫ t
0
[−e−|k123|
2f(ǫk123)(t−s)
∫ s
0
:Xˆǫ,i2σ,b (k1)Xˆ
ǫ,i3
σ,b (k2)Xˆ
ǫ,j1
s,u (k3)Xˆ
ǫ,j0
t,b (k4):
× e−|k12|
2f(ǫk12)(s−σ)dσk
j1
123g(ǫk
j1
123)k
i3
12g(ǫk
i3
12)
+ e−|k123|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,u (k3)
ˆ¯Xǫ,j0t,b (k4):
× e−|k12|
2(s−σ)dσk
j1
123ik
i3
12i]dsPˆ
i0i1(k123)Pˆ
i1i2(k12)ek, (373b)
L13t,i0j0 ,(2π)
− 92
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k
∑
k1,k2,k3,k4 6=0:k1234=k
θ(2−ik123)θ(2
−jk4)
×
∫ t
0
[−e−|k123|
2f(ǫk123)(t−s)
∫ s
0
:Xˆǫ,i2σ,b (k1)Xˆ
ǫ,i3
σ,u (k2)Xˆ
ǫ,j1
s,b (k3)Xˆ
ǫ,j0
t,b (k4):
× e−|k12|
2f(ǫk12)(s−σ)dσk
j1
123g(ǫk
j1
123)k
i3
12g(ǫk
i3
12)
+ e−|k123|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2σ,b (k1)
ˆ¯Xǫ,i3σ,u (k2)
ˆ¯Xǫ,j1s,b (k3)
ˆ¯Xǫ,j0t,b (k4):
× e−|k12|
2(s−σ)dσk
j1
123ik
i3
12i]dsPˆ
i0i1(k123)Pˆ
i1i2(k12)ek, (373c)
L14t,i0j0 ,(2π)
− 92
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k
∑
k1,k2,k3,k4 6=0:k1234=k
θ(2−ik123)θ(2
−jk4)
×
∫ t
0
[e−|k123|
2f(ǫk123)(t−s)
∫ s
0
:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,b (k2)Xˆ
ǫ,j1
s,b (k3)Xˆ
ǫ,j0
t,b (k4):
× e−|k12|
2f(ǫk12)(s−σ)dσk
j1
123g(ǫk
j1
123)k
i3
12g(ǫk
i3
12)
− e−|k123|
2(t−s)
∫ s
0
: ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,b (k3)
ˆ¯Xǫ,j0t,b (k4):
× e−|k12|
2(s−σ)dσk
j1
123ik
i3
12i]dsPˆ
i0i1(k123)Pˆ
i1i2(k12)ek. (373d)
118 KAZUO YAMAZAKI
W.l.o.g. we show the necessary estimate on L14t,i0j0 as those of others are similar.
We compute
E[|∆qL
14
t,i0j0
|2]
.E[|
∑
k
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k1,k2,k3,k4 6=0:k1234=k
θ(2−qk)θ(2−ik123)θ(2
−jk4)
×
∫ t
0
[e−|k123|
2f(ǫk123)(t−s)k
j1
123g(ǫk
j1
123)− e
−|k123|
2(t−s)k
j1
123i]
×
∫ s
0
:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,b (k2)Xˆ
ǫ,j1
s,b (k3)Xˆ
ǫ,j0
t,b (k4):
× e−|k12|
2f(ǫk12)(s−σ)ki312g(ǫk
i3
12)dσdsPˆ
i0i1(k123)Pˆ
i1i2(k12)ek|
2]
+ E[|
∑
k
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k1,k2,k3,k4 6=0:k1234=k
θ(2−qk)θ(2−ik123)θ(2
−jk4)
×
∫ t
0
e−|k123|
2(t−s)k
j1
123i
∫ s
0
[:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,b (k2)Xˆ
ǫ,j1
s,b (k3)Xˆ
ǫ,j0
t,b (k4):
− : ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,b (k3)
ˆ¯Xǫ,j0t,b (k4):]
× e−|k12|
2f(ǫk12)(s−σ)ki312g(ǫk
i3
12)dσdsPˆ
i0i1(k123)Pˆ
i1i2(k12)ek|
2]
+ E[|
∑
k 6=0
∑
|i−j|≤1
3∑
i1,i2,i3,j1=1
∑
k1,k2,k3,k4 6=0:k1234=k
θ(2−qk)θ(2−ik123)θ(2
−jk4)
×
∫ t
0
e−|k123|
2(t−s)k
j1
123i
∫ s
0
: ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,b (k3)
ˆ¯Xǫ,j0t,b (k4):
× [e−|k12|
2f(ǫk12)(s−σ)ki312g(ǫk
i3
12)− e
−|k12|
2(s−σ)ki312i]
× dσdsPˆ i0i1(k123)Pˆ
i1i2(k12)ek|
2]
in which
E[:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,b (k2)Xˆ
ǫ,j1
s,b (k3)Xˆ
ǫ,j0
t,b (k4):
× :Xˆ
ǫ,i′2
σ¯,u (k
′
1)Xˆ
ǫ,i′3
σ¯,b (k
′
2)Xˆ
ǫ,j′1
s¯,b (k
′
3)Xˆ
ǫ,j0
t,b (k
′
4):] .
1∏4
i=1|ki|
2
24∑
i=1
Ri (374)
where Ri, i = 1, . . . , 24, are defined as
1k1=k′1,k2=k′2,k3=k′3,k4=k′4 , 1k1=k′1,k2=k′2,k3=k′4,k4=k′3 , 1k1=k′1,k2=k′3,k3=k′2,k4=k′4 , (375a)
1k1=k′1,k2=k′3,k3=k′4,k4=k′2 , 1k1=k′1,k2=k′4,k3=k′2,k4=k′3 , 1k1=k′1,k2=k′4,k3=k′3,k4=k′2 , (375b)
1k1=k′2,k2=k′1,k3=k′3,k4=k′4 , 1k1=k′2,k2=k′1,k3=k′4,k4=k′3 , 1k1=k′2,k2=k′3,k3=k′1,k4=k′4 (375c)
1k1=k′2,k2=k′3,k3=k′4,k4=k′1 , 1k1=k′2,k2=k′4,k3=k′1,k4=k′3 , 1k1=k′2,k2=k′4,k3=k′3,k4=k′1 (375d)
1k1=k′3,k2=k′1,k3=k′2,k4=k′4 , 1k1=k′3,k2=k′1,k3=k′4,k4=k′2 , 1k1=k′3,k2=k′2,k3=k′1,k4=k′4 (375e)
1k1=k′3,k2=k′2,k3=k′4,k4=k′1 , 1k1=k′3,k2=k′4,k3=k′1,k4=k′2 , 1k1=k′3,k2=k′4,k3=k′2,k4=k′1 , (375f)
1k1=k′4,k2=k′1,k3=k′2,k4=k′3 , 1k1=k′4,k2=k′1,k3=k′3,k4=k′2 , 1k1=k′4,k2=k′2,k3=k′1,k4=k′3 , (375g)
1k1=k′4,k2=k′2,k3=k′3,k4=k′1 , 1k1=k′4,k2=k′3,k3=k′1,k4=k′2 , 1k1=k′4,k2=k′3,k3=k′2,k4=k′1 , (375h)
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respectively. Similarly, we can deduce
E[: ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,b (k3)
ˆ¯Xǫ,j0t,b (k4)::
ˆ¯X
ǫ,i′2
σ¯,u (k
′
1)
ˆ¯X
ǫ,i′3
σ¯,b (k
′
2)
ˆ¯X
ǫ,j′1
s¯,b (k
′
3)
ˆ¯Xǫ,j0t,b (k
′
4):]
.
1∏4
i=1|ki|
2
24∑
i=1
Ri. (376)
We can compute
E[|∆qL
14
t,i0j0
|2] (377)
.
∑
k 6=0
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4,k
′
1,k
′
2,k
′
3,k
′
4 6=0:k1234=k
′
1234=k
3∑
i2,i3,j1,i
′
2,i
′
3,j
′
1=1
× θ(2−qk)2θ(2−ik123)θ(2
−i′k′123)θ(2
−jk4)θ(2
−j′k′4)
24∑
i=1
Ri
× [
∫
[0,t]2
|e−|k123|
2f(ǫk123)(t−s)g(ǫkj1123)− e
−|k123|
2(t−s)i||k123|
× |e−|k
′
123|
2f(ǫk′123)(t−s¯)g(ǫ(k′123)
j′1)− e−|k
′
123|
2(t−s¯)i||k′123|
×
∫ s
0
∫ s¯
0
1∏4
i=1|ki|
2
e−|k12|
2f(ǫk12)(s−σ)−|k
′
12|
2f(ǫk′12)(s¯−σ¯)|k12||k
′
12|dσ¯dσdsds¯
+
∫
[0,t]2
e−|k123|
2(t−s)−|k′123|
2(t−s¯)|k123||k
′
123|
×
∫ s
0
∫ s¯
0
e−|k12|
2f(ǫk12)(s−σ)−|k
′
12|
2f(ǫk′12)(s¯−σ¯)|k12||k
′
12|
× (E[|:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,b (k2)Xˆ
ǫ,j1
s,b (k3)Xˆ
ǫ,j0
t,b (k4):
− : ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,b (k3)
ˆ¯Xǫ,j0t,b (k4):|
2])
1
2
× (E[|:Xˆ
ǫ,i′2
σ¯,u (k
′
1)Xˆ
ǫ,i′3
σ¯,b (k
′
2)Xˆ
ǫ,j′1
s¯,b (k
′
3)Xˆ
ǫ,j0
t,b (k
′
4):
− : ˆ¯X
ǫ,i′2
σ¯,u (k
′
1)
ˆ¯X
ǫ,i′3
σ¯,b (k
′
2)
ˆ¯X
ǫ,j′1
s¯,b (k
′
3)
ˆ¯Xǫ,j0t,b (k
′
4):|
2])
1
2 dσ¯dσdsds¯
+
∫
[0,t]2
e−|k123|
2(t−s)|k123|e
−|k′123|
2(t−s¯)|k′123|
∫ s
0
∫ s¯
0
1∏4
i=1|ki|
2
|k12||k
′
12|
× |e−|k12|
2f(ǫk12)(s−σ)g(ǫki312)− e
−|k12|
2(s−σ)i|
× |e−|k
′
12|
2f(ǫk′12)(s¯−σ¯)g(ǫ(k′12)
i′3)− e−|k
′
12|
2(s¯−σ¯)i|dσ¯dσdsds¯]
by (374), (376) and Ho¨lder’s inequality. At this point, and only at this point,
we can take advantage of the symmetry, especially of k1 and k2 with k
′
1 and
k′2, to reduce the 24 terms corresponding to each characteristic functions down
to U1q,t,i0j0 , . . . , U
6
q,t,i0j0
corresponding to
1k1=k′1,k2=k′2,k3=k3,k4=k′4 , 1k1=k′1,k2=k′2,k3=k′4,k4=k′3 , 1k1=k′1,k2=k′3,k3=k′2,k4=k′4 , (378a)
1k1=k′3,k2=k′2,k3=k′4,k4=k′1 , 1k1=k′4,k2=k′2,k3=k′3,k4=k′1 , 1k1=k′3,k2=k′4,k3=k′1,k4=k′2 , (378b)
respectively. We note that our estimate is slightly simpler than [70, Equation (4.7s)
on pg. 63] which has seven cases instead of six. E.g., for R4 we swap k1 with k2 and
k′1 with k
′
2 to deduce 1k2=k′2,k1=k′3,k3=k′4,k4=k′1 which is the characteristic function of
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U4q,t,i0j0 ; other cases may be readily reduced to one of the six cases in (378a)-(378b),
and for brevity we refer readers to [63, Equation (250)] which is very similar. Now
let us estimate e.g.,
E[|:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,b (k2)Xˆ
ǫ,j1
s,b (k3)Xˆ
ǫ,j0
t,b (k4):
− : ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,b (k3)
ˆ¯Xǫ,j0t,b (k4):|
2] =
4∑
l=1
V lk1k2k3k4,σst,i2i3j0j1
where
V 1k1k2k3k4,σst,i2i3j0j1 ,E[:Xˆ
ǫ,i2
σ,u (k1)Xˆ
ǫ,i3
σ,b (k2)Xˆ
ǫ,j1
s,b (k3)Xˆ
ǫ,j0
t,b (k4):
× :Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,b (k2)Xˆ
ǫ,j1
s,b (k3)Xˆ
ǫ,j0
t,b (k4):],
V 2k1k2k3k4,σst,i2i3j0j1 ,− E[:Xˆ
ǫ,i2
σ,u (k1)Xˆ
ǫ,i3
σ,b (k2)Xˆ
ǫ,j1
s,b (k3)Xˆ
ǫ,j0
t,b (k4):
× : ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,b (k3)
ˆ¯Xǫ,j0t,b (k4):],
V 3k1k2k3k4,σst,i2i3j0j1 ,− E[:
ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,b (k3)
ˆ¯Xǫ,j0t,b (k4):
× :Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,b (k2)Xˆ
ǫ,j1
s,b (k3)Xˆ
ǫ,j0
t,b (k4):],
V 4k1k2k3k4,σst,i2i3j0j1 ,E[:
ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,b (k3)
ˆ¯Xǫ,j0t,b (k4):
× : ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,b (k3)
ˆ¯Xǫ,j0t,b (k4):],
where by Example 3.1, V lk1k2k3k4,σst,i2i3j0j1 for l ∈ {1, 2, 3, 4} have 24 terms, each
of which is a quadruple of terms such as
E[Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i2
σ,u (k1)] in V
1
k1k2k3k4,σst,i2i3j0j1
,
E[Xˆǫ,i2σ,u (k1)
ˆ¯Xǫ,i2σ,u (k1)] in V
2
k1k2k3k4,σst,i2i3j0j1
,
E[ ˆ¯Xǫ,i2σ,u (k1)Xˆ
ǫ,i2
σ,u (k1)] in V
3
k1k2k3k4,σst,i2i3j0j1
and E[ ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i2σ,u (k1)] in V
4
k1k2k3k4,σst,i2i3j0j1
.
Thus, a quadruple of 12|ki|2f(ǫki) in V
1
k1k2k3k4,σst,i2i3j0j1
gives 1
16
∏4
i=1|ki|
2f(ǫki)
, a
quadruple of 12|ki|2 in V
4
k1k2k3k4,σst,i2i3j0j1
gives 1
16
∏4
i=1|ki|
2 , and the quadruples of
1
|ki|2(f(ǫki)+1)
in V 2k1k2k3k4,σst,i2i3j0j1 and V
3
k1k2k3k4,σst,i2i3j0j1
give 2∏4
i=1|ki|
2(f(ǫki)+1)
together. Hence,
E[|:Xˆǫ,i2σ,u (k1)Xˆ
ǫ,i3
σ,b (k2)Xˆ
ǫ,j1
s,b (k3)Xˆ
ǫ,j0
t,b (k4): (379)
− : ˆ¯Xǫ,i2σ,u (k1)
ˆ¯Xǫ,i3σ,b (k2)
ˆ¯Xǫ,j1s,b (k3)
ˆ¯Xǫ,j0t,b (k4):|
2]
.|
1
16(
∏4
i=1|ki|
2f(ǫki))
−
2
(
∏4
i=1|ki|
2(f(ǫki) + 1))
+
1
16
∏4
i=1|ki|
2
| .
∑4
i=1|ǫki|
η∏4
i=1|ki|
2
by mean value theorem. For U1q,t,i0j0 corresponding to 1k1=k′1,k2=k′2,k3=k3,k4=k′4 from
(378a) in (377), we split to
U1q,t,i0j0 .
3∑
j=1
U
1j
q,t,i0j0
(380)
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where
U11q,t,i0j0 ,
∑
k 6=0
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k1234=k
3∑
j1,j
′
1=1
(381a)
× θ(2−qk)2θ(2−ik123)θ(2
−i′k123)θ(2
−jk4)θ(2
−j′k4)
×
∫
[0,t]2
|e−|k123|
2f(ǫk123)(t−s)g(ǫkj1123)− e
−|k123|
2(t−s)i|
× |e−|k123|
2f(ǫk123)(t−s¯)g(ǫk
j′1
123)− e
−|k123|
2(t−s¯)i||k123|
2
×
∫ s
0
∫ s¯
0
1∏4
i=1|ki|
2
e−|k12|
2f(ǫk12)(s−σ+s¯−σ¯)|k12|
2dσ¯dσdsds¯,
U12q,t,i0j0 ,
∑
k 6=0
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k1234=k
(381b)
× θ(2−qk)2θ(2−ik123)θ(2
−i′k123)θ(2
−jk4)θ(2
−j′k4)
×
∫
[0,t]2
e−|k123|
2(2t−s−s¯)|k123|
2
×
∫ s
0
∫ s¯
0
e−|k12|
2f(ǫk12)(s−σ+s¯−σ¯)|k12|
2(
∑4
i=1|ǫki|
η∏4
i=1|ki|
2
)dσ¯dσdsds¯,
U13q,t,i0j0 ,
∑
k 6=0
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k1234=k
3∑
i3,i
′
3=1
(381c)
× θ(2−qk)2θ(2−ik123)θ(2
−i′k123)θ(2
−jk4)θ(2
−j′k4)
×
∫
[0,t]2
e−|k123|
2(2t−s−s¯)|k123|
2
∫ s
0
∫ s¯
0
|k12|2∏4
i=1|ki|
2
× |e−|k12|
2f(ǫk12)(s−σ)g(ǫki312)− e
−|k12|
2(s−σ)i|
× |e−|k12|
2f(ǫk12)(s¯−σ¯)g(ǫk
i′3
12)− e
−|k12|
2(s¯−σ¯)i|dσ¯dσdsds¯
where we used (379) in (381b). We estimate from (381a) for any η ∈ [0, 1],
U11q,t,i0j0 .ǫ
η
∑
k 6=0
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k1234=k
θ(2−qk)2θ(2−ik123)θ(2
−i′k123)
× θ(2−jk4)θ(2
−j′k4)
(|k123|2t)η
|k123|2−η
1
(
∏4
i=1|ki|
2)|k12|2
. ǫηtη2q(3η+ǫ) (382)
where we used (444a), (444b), Lemma 3.13 and that 2q . 2i so that q . i. Next,
continuing our estimate on U12q,t,i0j0 from (381b), we compute
U12q,t,i0j0 .ǫ
η
∑
k 6=0
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k1234=k
θ(2−qk)2θ(2−ik123)θ(2
−i′k123)
× θ(2−jk4)θ(2
−j′k4)
∫
[0,t]2
1
[|k123|2(t− s)]1−
η
2
×
1
[|k123|2(t− s¯)]1−
η
2
|k123|2
|k12|2
∑4
i=1|ki|
η∏4
i=1|ki|
2
dsds¯ . ǫηtη2q(3η+ǫ) (383)
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where we used (443), Lemma 3.13 and that 2q . 2i so that q . i. Finally, consid-
ering U13q,t,i0j0 from (381c), for any η ∈ [0, 1],
U13q,t,i0j0 .
∑
k 6=0
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k3,k4 6=0:k1234=k
θ(2−qk)2θ(2−ik123)θ(2
−i′k123)
× θ(2−jk4)θ(2
−j′k4)
∫
[0,t]2
e−|k123|
2(2t−s−s¯)|k123|
2
∫ s
0
∫ s¯
0
|k12|
2∏4
i=1|ki|
2
× e−|k12|
2c¯f (s−σ)|ǫk12|
η
2 e−|k12|
2c¯f (s¯−σ¯)|ǫk12|
η
2 dσ¯dσdsds¯ . ǫηtη2q(3η+ǫ) (384)
by (444a), (444b), (443), Lemma 3.13 and that 2q . 2i so that q . i. Apply-
ing (382)-(384) to (380) gives us a bound on U1q,t,i0j0 by a constant multiples of
2q(3η+ǫ)tηǫη and because the computations of U lq,t,i0j0 for l ∈ {2, . . . , 6} are similar,
we conclude from (377), (378a), (378b), that
E[|∆qL
1
t,i0j0
|2] . 2q(3η+ǫ)tηǫη. (385)
Applying (385) on L1t,i0j0 , (307) on L
2
t,i0j0
and L3t,i0j0 , (346) on L
4
t,i0j0
, (372) on
L5t,i0j0 − L¯
5
t,i0j0
and L6t,i0j0 − L¯
6
t,i0j0
and (284), (285), (287), (291) on L7t,i0j0 to (273)
and (252) gives us the necessary estimates on π0,⋄(u
ǫ,i0
32 , b
ǫ,j0
1 )(t)−π0,⋄(u¯
ǫ,i0
32 , b¯
ǫ,j0
1 )(t).
Similarly, we can show that for every η, ǫ, γ > 0 sufficiently small and t1, t2 > 0,
3∑
i0,j0=1
E[|∆q(π0,⋄(u
ǫ,i0
32 , b
ǫ,j0
1 )(t1)− π0,⋄(u
ǫ,i0
32 , b
ǫ,j0
1 )(t2)
− π0,⋄(u¯
ǫ,i0
32 , b¯
ǫ,j0
1 )(t1) + π0,⋄(u¯
ǫ,i0
32 , b¯
ǫ,j0
1 )(t2))|
2] . ǫγ |t1 − t2|
η2qǫ.
This implies by applications of Gaussian hypercontractivity theorem and Besov
embedding Lemma 3.4, similarly to previous cases such as (172), that for all i0, j0 ∈
{1, 2, 3}, δ > 0 sufficiently small, and p > 1, π0,⋄(u
ǫ,i0
32 , b
ǫ,j0
1 ) − π0,⋄(u¯
ǫ,i0
32 , b¯
ǫ,j0
1 )→ 0
in Lp(Ω;C([0, T ]; C−δ)) as ǫց 0.
2.2.5. Convergence of (159f). W.l.o.g. let us show the necessary estimates for
π0,⋄(P i1i2Dǫj0K
ǫ,j0
b , b
ǫ,j1
1 ) − π0,⋄(P
i1i2Dj0K¯
ǫ,j0
b , b¯
ǫ,j1
1 ). Considering (47), (155), Ex-
ample 3.1 and (160), we see that we can define
C
ǫ,i1i2j0j1
34 ,(2π)
−3
∑
|i−j|≤1
∑
k1 6=0
θ(2−ik1)θ(2
−jk1)
∫ t
0
e−2|k1|
2f(ǫk1)(t−s)k
j0
1 g(ǫk
j0
1 )
×
hb(ǫk1)
2
2|k1|2f(ǫk1)
ds
3∑
j2=1
Pˆj0j2(k1)Pˆ
j1j2(k1)Pˆ
i1i2(k1) (386)
and write from (50) and (157) that
π0,⋄(P
i1i2Dǫj0K
ǫ,j0
b , b
ǫ,j1
1 )(t) − π0,⋄(P
i1i2Dj0K¯
ǫ,j0
b , b¯
ǫ,j1
1 )(t) (387)
=(2π)−
3
2
∑
k
∑
|i−j|≤1
∑
k1,k2:k12=k
θ(2−ik1)θ(2
−jk2)
× [kj01 g(ǫk
j0
1 )
∫ t
0
e−|k1|
2f(ǫk1)(t−s):Xˆǫ,j0s,b (k1)Xˆ
ǫ,j1
t,b (k2):ds
− kj01 i
∫ t
0
e−|k1|
2(t−s): ˆ¯Xǫ,j0s,b (k1)
ˆ¯Xǫ,j1t,b (k2):ds]Pˆ
i1i2(k1)ek.
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We compute
E[|∆q[π0,⋄(P
i1i2Dǫj0K
ǫ,j0
b , b
ǫ,j1
1 )(t)
− π0,⋄(P
i1i2Dj0K¯
ǫ,j0
b , b¯
ǫ,j1
1 )(t)]|
2] .
2∑
l=1
V I lq,t,j0j1j′1
(388)
where
V I1q,t,j0j1j′1
,
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k
′
1,k
′
2 6=0:k12=k
′
12=k
θ(2−qk)2θ(2−ik1)θ(2
−i′k′1)
× θ(2−jk2)θ(2
−j′k′2)|k1||k
′
1|
∫
[0,t]2
|e−|k1|
2f(ǫk1)(t−s)g(ǫkj01 )− e
−|k1|
2(t−s)i|
× |e−|k
′
1|
2f(ǫk′1)(t−s¯)g(ǫ(k′1)
j0 )− e−|k
′
1|
2(t−s¯)i|
× E[:Xˆǫ,j0s,b (k1)Xˆ
ǫ,j1
t,b (k2)::Xˆ
ǫ,j0
s¯,b (k
′
1)Xˆ
ǫ,j′1
t,b (k
′
2):]dsds¯, (389a)
V I2q,t,j0j1j′1
,
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2,k
′
1,k
′
2 6=0:k12=k
′
12=k
θ(2−qk)2θ(2−ik1)θ(2
−i′k′1)
× θ(2−jk2)θ(2
−j′k′2)
∫
[0,t]2
e−|k1|
2(t−s)−|k′1|
2(t−s¯)|k1||k
′
1|
× E[(:Xˆǫ,j0s,b (k1)Xˆ
ǫ,j1
t,b (k2):− :
ˆ¯Xǫ,j0s,b (k1)
ˆ¯Xǫ,j1t,b (k2):)
× (:Xˆǫ,j0s¯,b (k
′
1)Xˆ
ǫ,j′1
t,b (k
′
2):− :
ˆ¯Xǫ,j0s¯,b (k
′
1)
ˆ¯X
ǫ,j′1
t,b (k
′
2):)]dsds¯. (389b)
For V I1q,t,j0j1j′1
in (389), we rely on Example 3.1 and (160) so that for any η ∈ [0, 1]
V I1q,t,j0j1j′1
. ǫη
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2 6=0:k12=k
θ(2−qk)2θ(2−ik1)θ(2
−jk2)
× [θ(2−i
′
k1)θ(2
−j′k2)
|k1|η
|k2|2
∫
[0,t]2
1
[|k1|2(t− s)]1−
ǫ
2
1
[|k1|2(t− s¯)]1−
ǫ
2
dsds¯
+ θ(2−i
′
k2)θ(2
−j′k1)
1
|k1|1−
η
2 |k2|1−
η
2
∫
[0,t]2
1
[|k1|2(t− s)]1−
ǫ
2
×
1
[|k2|2(t− s¯)]1−
ǫ
2
dsds¯] . ǫηtǫ2q(2ǫ+η) (390)
where we used (444a), (444b), (443), that 2q . 2i so that q . i and Lemma 3.13.
Similarly, we deduce from (389),
V I2q,t,j0j1j′1
.ǫηtǫ
∑
k
∑
|i−j|≤1,|i′−j′|≤1
∑
k1,k2 6=0:k12=k
θ(2−qk)2θ(2−ik1)θ(2
−jk2) (391)
× [θ(2−i
′
k1)θ(2
−j′k2)
|k1|η + |k2|η
|k1|4−2ǫ|k2|2
+ θ(2−i
′
k2)θ(2
−j′k1)
|k1|η + |k2|η
|k1|3−ǫ|k2|3−ǫ
] . ǫηtǫ2q(2ǫ+η)
by (303), (443), Lemma 3.13 and that 2q . 2i ≈ 2j so that q . i, j. Applying (390)
and (391) to (388) gives us
E[|∆q [π0,⋄(P
i1i2Dǫj0K
ǫ,j0
b , b
ǫ,j1
1 )(t)− π0,⋄(P
i1i2Dj0K¯
ǫ,j0
b , b¯
ǫ,j1
1 )(t)]|
2] . ǫηtǫ2q(2ǫ+η).
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Similarly, we can show that for all ǫ > 0, γ > 0 sufficiently small,
E[|∆q [π0,⋄(P
i1i2Dǫj0K
ǫ,j0
b , b
ǫ,j1
1 )(t1)− π0,⋄(P
i1i2Dǫj0K
ǫ,j0
b , b
ǫ,j1
1 )(t2)
− π0,⋄(P
i1i2Dj0K¯
ǫ,j0
b , b¯
ǫ,j1
1 )(t1)
+ π0,⋄(P
i1i2Dj0K¯
ǫ,j0
b , b¯
ǫ,j1
1 )(t2)]|
2] . ǫη|t1 − t2|
η2q(ǫ+3η)
so that via applications of Gaussian hypercontractivity theorem and Besov embed-
ding Lemma 3.4, similarly to (172), we deduce that for all i1, i2, j0, j1 ∈ {1, 2, 3},
π0,⋄(P i1i2Dǫj0K
ǫ,j0
b , b
ǫ,j1
1 ) − π0,⋄(P
i1i2Dj0K¯
ǫ,j0
b , b¯
ǫ,j1
1 )→ 0 in C([0, T ]; C
−δ) as ǫց 0.
2.2.6. Convergence of (159d). W.l.o.g. we show the necessary estimates on bǫ,i2 ⋄
b
ǫ,j
2 − b¯
ǫ,i
2 ⋄ b¯
ǫ,j
2 as those on others are similar. We consider (42), (150), (37), (145),
(40) and (148) to write
(bǫ,i2 b
ǫ,j
2 − b¯
ǫ,i
2 b¯
ǫ,j
2 )(t)
=
(2π)−
9
2
4
∑
k
∑
k1,k2,k3,k4 6=0:k1234=k
3∑
i1,i2,j1,j2=1
∫
[0,t]2
× [e−|k12|
2f(ǫk12)(t−s)−|k34|
2f(ǫk34)(t−s¯)ki212k
j2
34g(ǫk
i2
12)g(ǫk
j2
34)
× [Xˆǫ,i1s,b (k1)Xˆ
ǫ,i2
s,u (k2)Xˆ
ǫ,j1
s¯,b (k3)Xˆ
ǫ,j2
s¯,u (k4)− Xˆ
ǫ,i1
s,b (k1)Xˆ
ǫ,i2
s,u (k2)Xˆ
ǫ,j1
s¯,u (k3)Xˆ
ǫ,j2
s¯,b (k4)
− Xˆǫ,i1s,u (k1)Xˆ
ǫ,i2
s,b (k2)Xˆ
ǫ,j1
s¯,b (k3)Xˆ
ǫ,j2
s¯,u (k4) + Xˆ
ǫ,i1
s,u (k1)Xˆ
ǫ,i2
s,b (k2)Xˆ
ǫ,j1
s¯,u (k3)Xˆ
ǫ,j2
s¯,b (k4)]
− e−|k12|
2(t−s)−|k34|
2(t−s¯)ki212k
j2
34ii
× [ ˆ¯Xǫ,i1s,b (k1)
ˆ¯Xǫ,i2s,u (k2)
ˆ¯Xǫ,j1s¯,b (k3)
ˆ¯Xǫ,j2s¯,u (k4)−
ˆ¯Xǫ,i1s,b (k1)
ˆ¯Xǫ,i2s,u (k2)
ˆ¯Xǫ,j1s¯,u (k3)
ˆ¯Xǫ,j2s¯,b (k4)
− ˆ¯Xǫ,i1s,u (k1)
ˆ¯Xǫ,i2s,b (k2)
ˆ¯Xǫ,j1s¯,b (k3)
ˆ¯Xǫ,j2s¯,u (k4) +
ˆ¯Xǫ,i1s,u (k1)
ˆ¯Xǫ,i2s,b (k2)
ˆ¯Xǫ,j1s¯,u (k3)
ˆ¯Xǫ,j2s¯,b (k4)]]
× Pˆ ii1(k12)Pˆ
jj1(k34)ekdsds¯ =
3∑
l=1
V II lt,ij (392)
where
ξ1ξ2ξ3ξ4 =:ξ1ξ2ξ3ξ4: + E[ξ1ξ2]:ξ3ξ4: + E[ξ1ξ3]:ξ2ξ4: + E[ξ1ξ4]:ξ2ξ3:
+ E[ξ2ξ3]:ξ1ξ4: + E[ξ2ξ3]E[ξ1ξ4] + E[ξ2ξ4]:ξ1ξ3:
+ E[ξ2ξ4]E[ξ1ξ3] + E[ξ3ξ4]:ξ1ξ2: + E[ξ3ξ4]E[ξ1ξ2] (393)
due to Example 3.1 so that V II1t,ij corresponds to :ξ1ξ2ξ3ξ4:, V II
2
t,ij to those prod-
ucts of an expectation and a Wick product, and V II3t,ij to the products of expec-
tations. That is, first,
V II1t,ij (394)
,
(2π)−
9
2
4
∑
k
∑
k1,k2,k3,k4 6=0:k1234=k
3∑
i1,i2,j1,j2=1
∫
[0,t]2
× [e−|k12|
2f(ǫk12)(t−s)−|k34|
2f(ǫk34)(t−s¯)ki212k
j2
34g(ǫk
i2
12)g(ǫk
j2
34)
× [:Xˆǫ,i1s,b (k1)Xˆ
ǫ,i2
s,u (k2)Xˆ
ǫ,j1
s¯,b (k3)Xˆ
ǫ,j2
s¯,u (k4):− :Xˆ
ǫ,i1
s,b (k1)Xˆ
ǫ,i2
s,u (k2)Xˆ
ǫ,j1
s¯,u (k3)Xˆ
ǫ,j2
s¯,b (k4):
− :Xˆǫ,i1s,u (k1)Xˆ
ǫ,i2
s,b (k2)Xˆ
ǫ,j1
s¯,b (k3)Xˆ
ǫ,j2
s¯,u (k4): + :Xˆ
ǫ,i1
s,u (k1)Xˆ
ǫ,i2
s,b (k2)Xˆ
ǫ,j1
s¯,u (k3)Xˆ
ǫ,j2
s¯,b (k4):]
− e−|k12|
2(t−s)−|k34|
2(t−s¯)ki212k
j2
34ii
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× [: ˆ¯Xǫ,i1s,b (k1)
ˆ¯Xǫ,i2s,u (k2)
ˆ¯Xǫ,j1s¯,b (k3)
ˆ¯Xǫ,j2s¯,u (k4):− :
ˆ¯Xǫ,i1s,b (k1)
ˆ¯Xǫ,i2s,u (k2)
ˆ¯Xǫ,j1s¯,u (k3)
ˆ¯Xǫ,j2s¯,b (k4):
− : ˆ¯Xǫ,i1s,u (k1)
ˆ¯Xǫ,i2s,b (k2)
ˆ¯Xǫ,j1s¯,b (k3)
ˆ¯Xǫ,j2s¯,u (k4): + :
ˆ¯Xǫ,i1s,u (k1)
ˆ¯Xǫ,i2s,b (k2)
ˆ¯Xǫ,j1s¯,u (k3)
ˆ¯Xǫ,j2s¯,b (k4):]]
× Pˆ ii1(k12)Pˆ
jj1 (k34)ekdsds¯.
Second, for V II2t,ij , among the terms corresponding to E[ξ1ξ2]:ξ3ξ4:, E[ξ1ξ3]:ξ2ξ4:,
E[ξ1ξ4]:ξ2ξ3:, E[ξ2ξ3]:ξ1ξ4:, E[ξ2ξ4]:ξ1ξ3: and E[ξ3ξ4]:ξ1ξ2: in (393), those with E[ξ1ξ2]
or E[ξ3ξ4] vanish due to k12 and k34 in (392), and hence
V II2t,ij ,
4∑
l=1
V II2lt,ij (395)
where corresponding to E[ξ1ξ3]:ξ2ξ4:, E[ξ1ξ4]:ξ2ξ3:, E[ξ2ξ3]:ξ1ξ4: and E[ξ2ξ4]:ξ1ξ3:,
we have
V II21t,ij ,
(2π)−
9
2
4
∑
k
∑
k1,k2,k4 6=0:k24=k
3∑
i1,i2,j1,j2=1
∫
[0,t]2
(396a)
× [e−|k12|
2f(ǫk12)(t−s)−|k4−k1|
2f(ǫ(k4−k1))(t−s¯)ki212(k
j2
4 − k
j2
1 )g(ǫk
i2
12)g(ǫ(k
j2
4 − k
j2
1 ))
× [:Xˆǫ,i2s,u (k2)Xˆ
ǫ,j2
s¯,u (k4):
3∑
j3=1
e−|k1|
2f(ǫk1)|s−s¯|hb(ǫk1)
2
2|k1|2f(ǫk1)
Pˆ i1j3(k1)Pˆ
j1j3(k1)
− :Xˆǫ,i2s,u (k2)Xˆ
ǫ,j2
s¯,b (k4):
3∑
j3=1
e−|k1|
2f(ǫk1)|s−s¯|hb(ǫk1)hu(ǫk1)
2|k1|2f(ǫk1)
Pˆ i1j3(k1)Pˆ
j1j3(k1)
− :Xˆǫ,i2s,b (k2)Xˆ
ǫ,j2
s¯,u (k4):
3∑
j3=1
e−|k1|
2f(ǫk1)|s−s¯|hu(ǫk1)hb(ǫk1)
2|k1|2f(ǫk1)
Pˆ i1j3(k1)Pˆ
j1j3(k1)
+ :Xˆǫ,i2s,b (k2)Xˆ
ǫ,j2
s¯,b (k4):
3∑
j3=1
e−|k1|
2f(ǫk1)|s−s¯|hu(ǫk1)
2
2|k1|2f(ǫk1)
Pˆ i1j3(k1)Pˆ
j1j3(k1)]
− e−|k12|
2(t−s)−|k4−k1|
2(t−s¯)ki212(k4 − k1)
j2 ii
× [: ˆ¯Xǫ,i2s,u (k2)
ˆ¯Xǫ,j2s¯,u (k4):
3∑
j3=1
e−|k1|
2|s−s¯|hb(ǫk1)
2
2|k1|2
Pˆ i1j3(k1)Pˆ
j1j3(k1)
− : ˆ¯Xǫ,i2s,u (k2)
ˆ¯Xǫ,j2s¯,b (k4):
3∑
j3=1
e−|k1|
2|s−s¯|hb(ǫk1)hu(ǫk1)
2|k1|2
Pˆ i1j3(k1)Pˆ
j1j3(k1)
− : ˆ¯Xǫ,i2s,b (k2)
ˆ¯Xǫ,j2s¯,u (k4):
3∑
j3=1
e−|k1|
2|s−s¯|hu(ǫk1)hb(ǫk1)
2|k1|2
Pˆ i1j3(k1)Pˆ
j1j3(k1)
+ : ˆ¯Xǫ,i2s,b (k2)
ˆ¯Xǫ,j2s¯,b (k4):
3∑
j3=1
e−|k1|
2|s−s¯|hu(ǫk1)
2
2|k1|2
Pˆ i1j3(k1)Pˆ
j1j3(k1)]]
× Pˆ ii1(k12)Pˆ
jj1 (k4 − k1)ekdsds¯,
V II22t,ij ,
(2π)−
9
2
4
∑
k
∑
k1,k2,k3 6=0:k23=k
3∑
i1,i2,j1,j2=1
∫
[0,t]2
(396b)
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× [e−|k12|
2f(ǫk12)(t−s)−|k3−k1|
2f(ǫ(k3−k1))(t−s¯)ki212(k
j2
3 − k
j2
1 )g(ǫk
i2
12)g(ǫ(k
j2
3 − k
j2
1 ))
× [:Xˆǫ,i2s,u (k2)Xˆ
ǫ,j1
s¯,b (k3):
3∑
j3=1
e−|k1|
2f(ǫk1)|s−s¯|hb(ǫk1)hu(ǫk1)
2|k1|2f(ǫk1)
Pˆ i1j3(k1)Pˆ
j2j3(k1)
− :Xˆǫ,i2s,u (k2)Xˆ
ǫ,j1
s¯,u (k3):
3∑
j3=1
e−|k1|
2f(ǫk1)|s−s¯|hb(ǫk1)
2
2|k1|2f(ǫk1)
Pˆ i1j3(k1)Pˆ
j2j3(k1)
− :Xˆǫ,i2s,b (k2)Xˆ
ǫ,j1
s¯,b (k3):
3∑
j3=1
e−|k1|
2f(ǫk1)|s−s¯|hu(ǫk1)
2
2|k1|2f(ǫk1)
Pˆ i1j3(k1)Pˆ
j2j3(k1)
+ :Xˆǫ,i2s,b (k2)Xˆ
ǫ,j1
s¯,u (k3):
3∑
j3=1
e−|k1|
2f(ǫk1)|s−s¯|hu(ǫk1)hb(ǫk1)
2|k1|2f(ǫk1)
Pˆ i1j3(k1)Pˆ
j2j3(k1)]
− e−|k12|
2(t−s)−|k3−k1|
2(t−s¯)ki212(k3 − k1)
j2 ii
× [: ˆ¯Xǫ,i2s,u (k2)
ˆ¯Xǫ,j1s¯,b (k3):
3∑
j3=1
e−|k1|
2|s−s¯|hb(ǫk1)hu(ǫk1)
2|k1|2
Pˆ i1j3(k1)Pˆ
j2j3(k1)
− : ˆ¯Xǫ,i2s,u (k2)
ˆ¯Xǫ,j1s¯,u (k3):
3∑
j3=1
e−|k1|
2|s−s¯|hb(ǫk1)
2
2|k1|2
Pˆ i1j3(k1)Pˆ
j2j3(k1)
− : ˆ¯Xǫ,i2s,b (k2)
ˆ¯Xǫ,j1s¯,b (k3):
3∑
j3=1
e−|k1|
2|s−s¯|hu(ǫk1)
2
2|k1|2
Pˆ i1j3(k1)Pˆ
j2j3(k1)
+ : ˆ¯Xǫ,i2s,b (k2)
ˆ¯Xǫ,j1s¯,u (k3):
3∑
j3=1
e−|k1|
2|s−s¯|hu(ǫk1)hb(ǫk1)
2|k1|2
Pˆ i1j3(k1)Pˆ
j2j3(k1)]]
× Pˆ ii1(k12)Pˆ
jj1 (k3 − k1)ekdsds¯,
V II23t,ij ,
(2π)−
9
2
4
∑
k
∑
k1,k2,k4 6=0:k14=k
3∑
i1,i2,j1,j2=1
∫
[0,t]2
(396c)
× [e−|k12|
2f(ǫk12)(t−s)−|k4−k2|
2f(ǫ(k4−k2))(t−s¯)ki212(k
j2
4 − k
j2
2 )g(ǫk
i2
12)g(ǫ(k
j2
4 − k
j2
2 ))
× [:Xˆǫ,i1s,b (k1)Xˆ
ǫ,j2
s¯,u (k4):
3∑
j3=1
e−|k2|
2f(ǫk2)|s−s¯|hu(ǫk2)hb(ǫk2)
2|k2|2f(ǫk2)
Pˆ i2j3(k2)Pˆ
j1j3(k2)
− :Xˆǫ,i1s,b (k1)Xˆ
ǫ,j2
s¯,b (k4):
3∑
j3=1
e−|k2|
2f(ǫk2)|s−s¯|hu(ǫk2)
2
2|k2|2f(ǫk2)
Pˆ i2j3(k2)Pˆ
j1j3(k2)
− :Xˆǫ,i1s,u (k1)Xˆ
ǫ,j2
s¯,u (k4):
3∑
j3=1
e−|k2|
2f(ǫk2)|s−s¯|hb(ǫk2)
2
2|k2|2f(ǫk2)
Pˆ i2j3(k2)Pˆ
j1j3(k2)
+ :Xˆǫ,i1s,u (k1)Xˆ
ǫ,j2
s¯,b (k4):
3∑
j3=1
e−|k2|
2f(ǫk2)|s−s¯|hb(ǫk2)hu(ǫk2)
2|k2|2f(ǫk2)
Pˆ i2j3(k2)Pˆ
j1j3(k2)]
− e−|k12|
2(t−s)−|k4−k2|
2(t−s¯)ki212(k4 − k2)
j2 ii
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× [: ˆ¯Xǫ,i1s,b (k1)
ˆ¯Xǫ,j2s¯,u (k4):
3∑
j3=1
e−|k2|
2|s−s¯|hu(ǫk2)hb(ǫk2)
2|k1|2
Pˆ i2j3(k2)Pˆ
j1j3(k2)
− : ˆ¯Xǫ,i1s,b (k1)
ˆ¯Xǫ,j2s¯,b (k4):
3∑
j3=1
e−|k2|
2|s−s¯|hu(ǫk2)
2
2|k2|2
Pˆ i2j3(k2)Pˆ
j1j3(k2)
− : ˆ¯Xǫ,i1s,u (k1)
ˆ¯Xǫ,j2s¯,u (k4):
3∑
j3=1
e−|k2|
2|s−s¯|hb(ǫk2)
2
2|k2|2
Pˆ i2j3(k2)Pˆ
j1j3(k2)
+ : ˆ¯Xǫ,i1s,u (k1)
ˆ¯Xǫ,j2s¯,b (k4):
3∑
j3=1
e−|k2|
2|s−s¯|hu(ǫk2)hb(ǫk2)
2|k2|2
Pˆ i2j3(k2)Pˆ
j1j3(k2)]]
× Pˆ ii1(k12)Pˆ
jj1 (k4 − k2)ekdsds¯,
V II24t,ij ,
(2π)−
9
2
4
∑
k
∑
k1,k2,k3:k13=k
3∑
i1,i2,j1,j2=1
∫
[0,t]2
(396d)
× [e−|k12|
2f(ǫk12)(t−s)−|k3−k2|
2f(ǫ(k3−k2))(t−s¯)ki212(k
j2
3 − k
j2
2 )g(ǫk
i2
12)g(ǫ(k
j2
3 − k
j2
2 ))
× [:Xˆǫ,i1s,b (k1)Xˆ
ǫ,j1
s¯,b (k3):
3∑
j3=1
e−|k2|
2f(ǫk2)|s−s¯|hu(ǫk2)
2
2|k2|2f(ǫk2)
Pˆ i2j3(k2)Pˆ
j2j3(k2)
− :Xˆǫ,i1s,b (k1)Xˆ
ǫ,j1
s¯,u (k3):
3∑
j3=1
e−|k2|
2f(ǫk2)|s−s¯|hu(ǫk2)hb(ǫk2)
2|k2|2f(ǫk2)
Pˆ i2j3(k2)Pˆ
j2j3(k2)
− :Xˆǫ,i1s,u (k1)Xˆ
ǫ,j1
s¯,b (k3):
3∑
j3=1
e−|k2|
2f(ǫk2)|s−s¯|hb(ǫk2)hu(ǫk2)
2|k2|2f(ǫk2)
Pˆ i2j3(k2)Pˆ
j2j3(k2)
+ :Xˆǫ,i1s,u (k1)Xˆ
ǫ,j1
s¯,u (k3):
3∑
j3=1
e−|k2|
2f(ǫk2)|s−s¯|hb(ǫk2)
2
2|k2|2f(ǫk2)
Pˆ i2j3(k2)Pˆ
j2j3(k2)]
− e−|k12|
2(t−s)−|k3−k2|
2(t−s¯)ki212(k3 − k2)
j2 ii
× [: ˆ¯Xǫ,i1s,b (k1)
ˆ¯Xǫ,j1s¯,b (k3):
3∑
j3=1
e−|k2|
2|s−s¯|hu(ǫk2)
2
2|k2|2
Pˆ i2j3(k2)Pˆ
j2j3(k2)
− : ˆ¯Xǫ,i1s,b (k1)
ˆ¯Xǫ,j1s¯,u (k3):
3∑
j3=1
e−|k2|
2|s−s¯|hu(ǫk2)hb(ǫk2)
2|k2|2
Pˆ i2j3(k2)Pˆ
j2j3(k2)
− : ˆ¯Xǫ,i1s,u (k1)
ˆ¯Xǫ,j1s¯,b (k3):
3∑
j3=1
e−|k2|
2|s−s¯|hu(ǫk2)hb(ǫk2)
2|k2|2
Pˆ i2j3(k2)Pˆ
j2j3(k2)
+ : ˆ¯Xǫ,i1s,u (k1)
ˆ¯Xǫ,j1s¯,u (k3):
3∑
j3=1
e−|k2|
2|s−s¯|hb(ǫk2)
2
2|k2|2
Pˆ i2j3(k2)Pˆ
j2j3(k2)]]
× Pˆ ii1(k12)Pˆ
jj1 (k3 − k2)ekdsds¯.
Finally, V II3t,ij consists of terms corresponding to E[ξ2ξ3]E[ξ1ξ4], E[ξ2ξ4]E[ξ1ξ3] and
E[ξ3ξ4]E[ξ1ξ2] in (393) of which the last term vanishes due to k12 and k34 in (392).
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In sum, we have
V II3t,ij ,
(2π)−6
4
∑
k1,k2 6=0
3∑
i1,i2,j1,j2=1
(397)
× [
∫
[0,t]2
e−|k12|
2f(ǫk12)(t−s)−|k12|
2f(ǫk12)(t−s¯)ki212(−k
j2
12)g(ǫk
i2
12)g(−k
j2
12)
×
e−|k2|
2f(ǫk2)|s−s¯|−|k1|
2f(ǫk1)|s−s¯|∏2
i=1(2|ki|
2f(ǫki))
dsds¯
−
∫
[0,t]2
e−|k12|
2(t−s)−|k12|
2(t−s¯)ki212(−k
j2
12)ii
e−|k2|
2|s−s¯|−|k1|
2|s−s¯|∏2
i=1(2|ki|
2)
dsds¯]
× Yk1k2 Pˆ
ii1(k12)Pˆ
jj1 (k12)
3∑
j3,j4=1
[Pˆ i2j4(k2)Pˆ
j1j4(k2)Pˆ
i1j3(k1)Pˆ
j2j3(k1)
− Pˆ i2j4(k2)Pˆ
j2j4(k2)Pˆ
i1j3(k1)Pˆ
j1j3(k1)]
where we defined
Yk1k2 ,2hu(ǫk1)hb(ǫk1)hu(ǫk2)hb(ǫk2)
− hu(ǫk2)
2hb(ǫk1)
2 − hu(ǫk1)
2hb(ǫk2)
2. (398)
In contrast to the case of the NS equations in [70], V II3t,ij is complicated due to
hu, hb and the opposite signs within the last summation over j3 and j4, specifically
[Pˆ i2j4(k2)Pˆj1j4(k2)Pˆ i1j3(k1)Pˆj2j3(k1) −Pˆ i2j4(k2)Pˆj2j4(k2)Pˆ i1j3(k1)Pˆj1j3(k1)].
Term in the zeroth chaos: V II3t,ij in (397)
Applying Fubini theorem, it can readily be verified that V II3t,ij satisfies
φ
ǫ,ij
22 − φ¯
ǫ,ij
22 = V II
3
t,ij − C
ǫ,ij
22 + C¯
ǫ,ij
22 , (399)
where
C
ǫ,ij
22 ,
(2π)−6
4
∑
k1,k2 6=0
3∑
i1,i2,j1,j2=1
Yk1k2 Pˆ
ii1(k12)Pˆ
jj1 (k12) (400a)
×
3∑
j3,j4=1
[Pˆ i2j4(k2)Pˆ
j1j4(k2)Pˆ
i1j3(k1)Pˆ
j2j3(k1)
− Pˆ i2j4(k2)Pˆ
j2j4(k2)Pˆ
i1j3(k1)Pˆ
j1j3(k1)](−k
i2
12k
j2
12)g(ǫk
i2
12)g(−ǫk
j2
12)
×
1
[
∏2
i=1(2|ki|
2f(ǫki))][|k12|2f(ǫk12) +
∑2
i=1|ki|
2f(ǫki)]
1
|k12|2f(ǫk12)
,
C¯
ǫ,ij
22 , −
(2π)−6
4
∑
k1,k2 6=0
3∑
i1,i2,j1,j2=1
Yk1k2 Pˆ
ii1(k12)Pˆ
jj1(k12) (400b)
×
3∑
j3,j4=1
[Pˆ i2j4(k2)Pˆ
j1j4(k2)Pˆ
i1j3(k1)Pˆ
j2j3(k1)
− Pˆ i2j4(k2)Pˆ
j2j4(k2)Pˆ
i1j3(k1)Pˆ
j1j3(k1)]k
i2
12k
j2
12ii
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×
1
[
∏2
i=1(2|ki|
2)][|k12|2 +
∑2
i=1|ki|
2]
1
|k12|2
,
φ
ǫ,ij
22 (t) ,
(2π)−6
4
∑
k1,k2 6=0
3∑
i1,i2,j1,j2=1
Yk1k2 Pˆ
ii1(k12)Pˆ
jj1 (k12) (400c)
×
3∑
j3,j4=1
[Pˆ i2j4(k2)Pˆ
j1j4(k2)Pˆ
i1j3(k1)Pˆ
j2j3(k1)
− Pˆ i2j4(k2)Pˆ
j2j4(k2)Pˆ
i1j3(k1)Pˆ
j1j3(k1)]k
i2
12k
j2
12
× g(ǫki212)g(−ǫk
j2
12)
1
[
∏2
i=1(2|ki|
2f(ǫki))][|k12|2f(ǫk12) +
∑2
i=1|ki|
2f(ǫki)]
× [
e−|k12|
2f(ǫk12)2t
|k12|2f(ǫk12)
+ 2
∫ t
0
e−|k12|
2f(ǫk12)2(t−s)−(|k12|
2f(ǫk12)+
∑2
i=1|ki|
2f(ǫki))sds],
φ¯
ǫ,ij
22 (t) ,
(2π)−6
4
∑
k1,k2 6=0
3∑
i1,i2,j1,j2=1
Yk1k2 Pˆ
ii1(k12)Pˆ
jj1 (k12) (400d)
×
3∑
j3,j4=1
[Pˆ i2j4(k2)Pˆ
j1j4(k2)Pˆ
i1j3(k1)Pˆ
j2j3(k1)
− Pˆ i2j4(k2)Pˆ
j2j4(k2)Pˆ
i1j3(k1)Pˆ
j1j3(k1)]k
i2
12k
j2
12ii
×
1
[
∏2
i=1(2|ki|
2)][|k12|2 +
∑2
i=1|ki|
2]
× [
e−|k12|
22t
|k12|2
+ 2
∫ t
0
e−|k12|
22(t−s)−(|k12|
2+
∑2
i=1|ki|
2)sds].
Then, for all ρ > 0, η ∈ (0, 2ρ) and i, j ∈ {1, 2, 3}, from (400c) and (400d)
|φǫ,ij22 − φ¯
ǫ,ij
22 | .
8∑
l=1
δφ
ǫ,ij,l
22 (401)
where
δφ
ǫ,ij,1
22 ,
∑
k1,k2 6=0
3∑
i2,j2=1
|k12|
2 (402a)
× |
[g(ǫki212)− i]g(−ǫk
j2
12)
[
∏2
i=1|ki|
2f(ǫki)][|k12|2f(ǫk12) +
∑2
i=1|ki|
2f(ǫki)]
e−|k12|
2f(ǫk12)2t
|k12|2f(ǫk12)
|,
δφ
ǫ,ij,2
22 ,
∑
k1,k2 6=0
3∑
j2=1
|k12|
2 (402b)
× |
i[g(−ǫkj212)− i]
[
∏2
i=1|ki|
2f(ǫki)][|k12|2f(ǫk12) +
∑2
i=1|ki|
2f(ǫki)]
e−|k12|
2f(ǫk12)2t
|k12|2f(ǫk12)
|,
δφ
ǫ,ij,3
22 ,
∑
k1,k2 6=0
|k12|
2|
1
[
∏2
i=1|ki|
2f(ǫki)][|k12|2f(ǫk12) +
∑2
i=1|ki|
2f(ǫki)]
(402c)
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−
1
[
∏2
i=1|ki|
2][|k12|2 +
∑2
i=1|ki|
2]
|
e−|k12|
2f(ǫk12)2t
|k12|2f(ǫk12)
,
δφ
ǫ,ij,4
22 ,
∑
k1,k2 6=0
|k12|2
[
∏2
i=1|ki|
2][|k12|2 +
∑2
i=1|ki|
2]
× |
e−2|k12|
2f(ǫk12)t
|k12|2f(ǫk12)
−
e−2|k12|
2t
|k12|2
|, (402d)
δφ
ǫ,ij,5
22 ,
∑
k1,k2 6=0
3∑
i2,j2=1
|k12|
2
× |
[g(ǫki212)− i]g(−ǫk
j2
12)
[
∏2
i=1|ki|
2f(ǫki)][|k12|2f(ǫk12) +
∑2
i=1|ki|
2f(ǫki)]
(402e)
×
∫ t
0
e−|k12|
2f(ǫk12)2(t−s)−(|k12|
2f(ǫk12)+
∑2
i=1|ki|
2f(ǫki))sds|,
δφ
ǫ,ij,6
22 ,
∑
k1,k2 6=0
3∑
j2=1
|k12|
2|
i[g(−ǫkj212)− i]
[
∏2
i=1|ki|
2f(ǫki)][|k12|2f(ǫk12) +
∑2
i=1|ki|
2f(ǫki)]
×
∫ t
0
e−|k12|
2f(ǫk12)2(t−s)−(|k12|
2f(ǫk12)+
∑2
i=1|ki|
2f(ǫki))sds|, (402f)
δφ
ǫ,ij,7
22 ,
∑
k1,k2 6=0
|k12|
2|
1
[
∏2
i=1|ki|
2f(ǫki)][|k12|2f(ǫk12) + |k1|2f(ǫk1) + |k2|2f(ǫk2)]
−
1
[
∏2
i=1|ki|
2][|k12|2 +
∑2
i=1|ki|
2]
|
×
∫ t
0
e−|k12|
2f(ǫk12)2(t−s)−(|k12|
2f(ǫk12)+
∑2
i=1|ki|
2f(ǫki))sds, (402g)
δφ
ǫ,ij,8
22 ,
∑
k1,k2 6=0
|k12|
2 1
[
∏2
i=1|ki|
2][|k12|2 +
∑2
i=1|ki|
2]
(402h)
×
∫ t
0
[e−|k12|
2f(ǫk12)(t−s)−
1
2 (|k12|
2f(ǫk12)+
∑2
i=1|ki|
2f(ǫki))s
− e−|k12|
2(t−s)− 12 (|k12|
2+
∑2
i=1|ki|
2)s]
× [e−|k12|
2f(ǫk12)(t−s)−
1
2 (|k12|
2f(ǫk12)+
∑2
i=1|ki|
2f(ǫki))s
+ e−|k12|
2(t−s)− 12 (|k12|
2+
∑2
i=1|ki|
2)s]ds.
We can estimate for any η ∈ (0, 1), ρ ∈ (η2 ,
1
2 ) and ǫ0 ∈ (0, 2ρ− η) from (402)
δφ
ǫ,ij,1
22 .
∑
k1,k2 6=0
|k12|2|ǫk12|η
[
∏2
i=1|ki|
2][|k12|2 +
∑2
i=1|ki|
2]
1
|k12|2[|k12|2t]ρ
. t−ρǫη (403)
by (444a), (443), and Young’s inequality. Identically we can deduce that δφǫ,ij,222 .
t−ρǫη. Next, from (402),
δφ
ǫ,ij,3
22 . ǫ
η
∑
k1,k2 6=0
1
[
∏2
i=1|ki|
2][|k12|+
∑2
i=1|ki|]
2−η
1
[|k12|2t]ρ
. ǫηt−ρ (404)
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by (443). Next, from (402)
δφ
ǫ,ij,4
22 .
∑
k1,k2 6=0
1
[
∏2
i=1|ki|
2][|k12|2 +
∑2
i=1|ki|
2]
e−2|k12|
2c¯f t|ǫk12|
η . ǫηt−ρ (405)
by (444a) and (443). Next, from (402)
δφ
ǫ,ij,5
22 .ǫ
ηt−ρ
∑
k1,k2 6=0
|k12|2+η−2ρ
[
∏2
i=1|ki|
2]|k1|1+ǫ0 |k2|1−ǫ0
× [
1− e−|k12|
2f(ǫk12)t
|k12|2f(ǫk12)
] . ǫηt−ρ (406)
by (444b) and (443). Similarly, we can deduce δφǫ,ij,622 . ǫ
ηt−ρ. Next, from (402),
δφ
ǫ,ij,7
22 .t
−ρ
∑
k1,k2 6=0
1
[
∏2
i=1|ki|
2]|k12|2ρ
1
[|k12|2 + |k1|2 + |k2|2]2
× [|k12|
2|ǫk12|
η + |k1|
2|ǫk1|
η + |k2|
2|ǫk2|
η] . ǫηt−ρ (407)
by (443). Finally, from (402) we carefully estimate as follows:
δφ
ǫ,ij,8
22 . ǫ
ηt−ρ
∑
k1,k2 6=0
|k12|2
[
∏2
i=1|ki|
2][|k12|2 +
∑2
i=1|ki|
2]
(408)
× [
|k12|η
|k12|2ρ
(1 − e−
1
2
∑2
i=1|ki|
2c¯f t)∑2
i=1|ki|
2
+
|k1|η
|k12|2ρ
(1− e−
1
2 (
∑2
i=1|ki|
2)c¯f t)∑2
i=1|ki|
2
+
|k2|η
|k12|2ρ
(1− e−
1
2 (
∑2
i=1|ki|
2)c¯f t)∑2
i=1|ki|
2
] . ǫηt−ρ
by (444a) and (443). Therefore, applying (403) to (408) to (401) allows us to con-
clude that φǫ,ij22 −φ¯
ǫ,ij
22 converges to zero with respect to the norm ‖·‖ , supt∈[0,T ] t
ρ|·(t)|.
Term in the second chaos: V II2t,ij in (395)
Among V II2t,ij =
∑4
l=1 V II
2l
t,ij , we show the necessary estimate only on V II
21
t,ij
as those on others are similar.
Remark 2.6. We strategically split V II21t,ij , which consists of eight terms, to four
terms matching the first with fifth, second with sixth, third with seventh and fourth
with eighth as follows:
V II21t,ij =
4∑
l=1
V II21lt,ij (409)
where
V II211t,ij ,
(2π)−
9
2
4
∑
k
∑
k1,k2,k4 6=0:k24=k
3∑
i1,i2,j1,j2=1
∫
[0,t]2
× [e−|k12|
2f(ǫk12)(t−s)−|k4−k1|
2f(ǫ(k4−k1))(t−s¯)ki212(k
j2
4 − k
j2
1 )g(ǫk
i2
12)g(ǫ(k
j2
4 − k
j2
1 ))
× :Xˆǫ,i2s,u (k2)Xˆ
ǫ,j2
s¯,u (k4):
3∑
j3=1
e−|k1|
2f(ǫk1)|s−s¯|hb(ǫk1)
2
2|k1|2f(ǫk1)
Pˆ i1j3(k1)Pˆ
j1j3(k1)
− e−|k12|
2(t−s)−|k4−k1|
2(t−s¯)ki212(k
j2
4 − k
j2
1 )ii
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× : ˆ¯Xǫ,i2s,u (k2)
ˆ¯Xǫ,j2s¯,u (k4):
3∑
j3=1
e−|k1|
2|s−s¯|hb(ǫk1)
2
2|k1|2
Pˆ i1j3(k1)Pˆ
j1j3(k1)]dsds¯
× Pˆ ii1 (k12)Pˆ
jj1 (k4 − k1)ek, (410a)
V II212t,ij ,
(2π)−
9
2
4
∑
k
∑
k1,k2,k4 6=0:k24=k
3∑
i1,i2,j1,j2=1
∫
[0,t]2
× [−e−|k12|
2f(ǫk12)(t−s)−|k4−k1|
2f(ǫ(k4−k1))(t−s¯)ki212(k
j2
4 − k
j2
1 )g(ǫk
i2
12)g(ǫ(k
j2
4 − k
j2
1 ))
× :Xˆǫ,i2s,u (k2)Xˆ
ǫ,j2
s¯,b (k4):
3∑
j3=1
e−|k1|
2f(ǫk1)|s−s¯|hb(ǫk1)hu(ǫk1)
2|k1|2f(ǫk1)
Pˆ i1j3(k1)Pˆ
j1j3(k1)
+ e−|k12|
2(t−s)−|k4−k1|
2(t−s¯)ki212(k
j2
4 − k
j2
1 )ii
× : ˆ¯Xǫ,i2s,u (k2)
ˆ¯Xǫ,j2s¯,b (k4):
3∑
j3=1
e−|k1|
2|s−s¯|hb(ǫk1)hu(ǫk1)
2|k1|2
Pˆ i1j3(k1)Pˆ
j1j3(k1)]dsds¯
× Pˆ ii1 (k12)Pˆ
jj1 (k4 − k1)ek, (410b)
V II213t,ij ,
(2π)−
9
2
4
∑
k
∑
k1,k2,k4 6=0:k24=k
3∑
i1,i2,j1,j2=1
∫
[0,t]2
× [−e−|k12|
2f(ǫk12)(t−s)−|k4−k1|
2f(ǫ(k4−k1))(t−s¯)ki212(k
j2
4 − k
j2
1 )g(ǫk
i2
12)g(ǫ(k
j2
4 − k
j2
1 ))
× :Xˆǫ,i2s,b (k2)Xˆ
ǫ,j2
s¯,u (k4):
3∑
j3=1
e−|k1|
2f(ǫk1)|s−s¯|hu(ǫk1)hb(ǫk1)
2|k1|2f(ǫk1)
Pˆ i1j3(k1)Pˆ
j1j3(k1)
+ e−|k12|
2(t−s)−|k4−k1|
2(t−s¯)ki212(k
j2
4 − k
j2
1 )ii
× : ˆ¯Xǫ,i2s,b (k2)
ˆ¯Xǫ,j2s¯,u (k4):
3∑
j3=1
e−|k1|
2|s−s¯|hu(ǫk1)hb(ǫk1)
2|k1|2
Pˆ i1j3(k1)Pˆ
j1j3(k1)]dsds¯
× Pˆ ii1 (k12)Pˆ
jj1 (k4 − k1)ek, (410c)
V II214t,ij ,
(2π)−
9
2
4
∑
k
∑
k1,k2,k4 6=0:k24=k
3∑
i1,i2,j1,j2=1
∫
[0,t]2
× [e−|k12|
2f(ǫk12)(t−s)−|k4−k1|
2f(ǫ(k4−k1))(t−s¯)ki212(k
j2
4 − k
j2
1 )g(ǫk
i2
12)g(ǫ(k
j2
4 − k
j2
1 ))
× :Xˆǫ,i2s,b (k2)Xˆ
ǫ,j2
s¯,b (k4):
3∑
j3=1
e−|k1|
2f(ǫk1)|s−s¯|hu(ǫk1)
2
2|k1|2f(ǫk1)
Pˆ i1j3(k1)Pˆ
j1j3(k1)
− e−|k12|
2(t−s)−|k4−k1|
2(t−s¯)ki212(k
j2
4 − k
j2
1 )ii
× : ˆ¯Xǫ,i2s,b (k2)
ˆ¯Xǫ,j2s¯,b (k4):
3∑
j3=1
e−|k1|
2|s−s¯|hu(ǫk1)
2
2|k1|2
Pˆ i1j3(k1)Pˆ
j1j3(k1)]dsds¯
× Pˆ ii1 (k12)Pˆ
jj1 (k4 − k1)ek. (410d)
We emphasize that this is a difficulty that does not exist for the NS equations. Such
a careful splitting will be crucial in (415) for V II1t,ij again.
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W.l.o.g. we show the necessary estimate only for V II214t,ij as those for others are
similar. First, we see that
E[:Xˆǫ,i2s,b (k2)Xˆ
ǫ,j2
s¯,b (k4)::Xˆ
ǫ,i′2
σ,b (k
′
2)Xˆ
ǫ,j′2
σ¯,b (k
′
4):] . (1k2=k′2,k4=k′4 + 1k2=k′4,k4=k′2)
1
|k2|2|k4|2
by Example 3.1 and (160) while for any η ∈ [0, 1],
E[(:Xˆǫ,i2s,b (k2)Xˆ
ǫ,j2
s¯,b (k4):− :
ˆ¯Xǫ,i2s,b (k2)
ˆ¯Xǫ,j2s¯,b (k4):)
× (:Xˆ
ǫ,i′2
σ,b (k
′
2)Xˆ
ǫ,j′2
σ¯,b (k
′
4):− :
ˆ¯X
ǫ,i′2
σ,b (k
′
2)
ˆ¯X
ǫ,j′2
σ¯,b (k
′
4):)]
.(1k2=k′2,k4=k′4 + 1k2=k′4,k4=k′2)
(|ǫk2|η + |ǫk4|η)
|k2|2|k4|2
by Ho¨lder’s inequality and (303). Applying these estimates to (410) leads to
E[|∆qV II
214
t,ij |
2] .
2∑
l=1
V II214lt,ij (411)
where
V II2141t,ij ,
∑
k
θ(2−qk)2
∑
k1,k2,k4,k
′
1,k
′
2,k
′
4 6=0:k24=k
′
24=k
3∑
i2,j2,i
′
2,j
′
2=1
× (1k2=k′2,k4=k′4 + 1k2=k′4,k4=k′2)
|k12||k′12||k4 − k1||k
′
4 − k
′
1|
|k1|2|k′1|
2|k2|2|k4|2
×
∫
[0,t]4
|e−|k12|
2f(ǫk12)(t−s)−|k4−k1|
2f(ǫ(k4−k1))(t−s¯)
× g(ǫki212)g(ǫ(k4 − k1)
j2 )
e−|k1|
2f(ǫk1)|s−s¯|
f(ǫk1)
− e−|k12|
2(t−s)−|k4−k1|
2(t−s¯)iie−|k1|
2|s−s¯||
× |e−|k
′
12|
2f(ǫk′12)(t−σ)−|k
′
4−k
′
1|
2f(ǫ(k′4−k
′
1))(t−σ¯)
× g(ǫ(k′12)
i′2)g(ǫ(k′4 − k
′
1)
j′2)
e−|k
′
1|
2f(ǫk′1)|σ−σ¯|
f(ǫk′1)
− e−|k
′
12|
2(t−σ)−|k′4−k
′
1|
2(t−σ¯)iie−|k
′
1|
2|σ−σ¯||dσdσ¯dsds¯, (412a)
V II2142t,ij ,ǫ
η
∑
k
θ(2−qk)2
∑
k1,k2,k4,k
′
1,k
′
2,k
′
4 6=0:k24=k
′
24=k
(1k2=k′2,k4=k′4 + 1k2=k′4,k4=k′2)
×
∫
[0,t]4
|k12||k′12||k4 − k1||k
′
4 − k
′
1|(|k2|
η + |k4|η)
|k1|2|k′1|
2|k2|2|k4|2
× e−|k12|
2(t−s)−|k4−k1|
2(t−s¯)e−|k
′
12|
2(t−σ)−|k′4−k
′
1|
2(t−σ¯)dσdσ¯dsds¯. (412b)
Within V II2141t,ij , we can estimate for any η ∈ [0, 1],
|e−|k12|
2f(ǫk12)(t−s)−|k4−k1|
2f(ǫ(k4−k1))(t−s¯)g(ǫki212)g(ǫ(k4 − k1)
j2)
e−|k1|
2f(ǫk1)|s−s¯|
f(ǫk1)
− e−|k12|
2(t−s)−|k4−k1|
2(t−s¯)iie−|k1|
2|s−s¯||
.ǫ
η
2
1
[|k12|2(t− s)]1−
ǫ
4
1
[|k4 − k1|2(t− s¯)]1−
ǫ
4
(|k12|
η
2 + |k4 − k1|
η
2 + |k1|
η
2 )
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by (444a), (444b) and (443) so that (412) leads to
V II2141t,ij . ǫ
ηtǫ
∑
k
θ(2−qk)2
∑
k1,k2,k3,k4 6=0:k24=k
1∏4
i=1|ki|
2
(413)
× [
(|k12|η + |k4 − k1|η + |k1|η + |k23|η + |k4 − k3|η + |k3|η
|k12|1−
ǫ
2 |k4 − k1|1−
ǫ
2 |k123|1−
ǫ
2 |k4 − k3|1−
ǫ
2
+
(|k12|η + |k4 − k1|η + |k1|η + |k34|η + |k2 − k3|η + |k3|η
|k12|1−
ǫ
2 |k4 − k1|1−
ǫ
2 |k34|1−
ǫ
2 |k2 − k3|1−
ǫ
2
] . ǫηtǫ2q(2ǫ+η)
by Ho¨lder’s inequality and Lemma 3.13. We also estimate V II2142t,ij from (412) as
follows:
V II2142t,ij (414)
. ǫηtǫ
∑
k
θ(2−qk)2
∑
k1,k2,k4,k
′
1,k
′
2,k
′
4 6=0:k24=k
′
24=k
(1k2=k′2,k4=k′4 + 1k2=k′4,k4=k′2)
×
|k′2|
η + |k4|η
|k1|2|k′1|
2|k2|2|k4|2
1
|k12|1−
ǫ
2 |k4 − k1|1−
ǫ
2 |k′12|
1− ǫ2 |k′4 − k
′
1|
1− ǫ2
. ǫηtǫ2q(η+2ǫ)
by (443), Ho¨lder’s inequality and Lemma 3.13. Applying (413) and (414) to (411)
gives us
E[|∆qV II
214
t,ij |
2] . ǫηtǫ2q(2ǫ+η).
Term in the fourth chaos: V II1t,ij in (394)
Similarly to (409), we strategically split V II11t,ij to four terms matching the first
with the fifth, the second with the sixth, the third with the seventh and the fourth
with the eighth so that V II1t,ij =
∑4
l=1 V II
1l
t,ij as follows:
V II11t,ij ,
(2π)−
9
2
4
∑
k
∑
k1,k2,k3,k4 6=0:k1234=k
3∑
i1,i2,j1,j2=1
∫
[0,t]2
(415a)
× [e−|k12|
2f(ǫk12)(t−s)−|k34|
2f(ǫk34)(t−s¯)ki212k
j2
34g(ǫk
i2
12)g(ǫk
j2
34)
× :Xˆǫ,i1s,b (k1)Xˆ
ǫ,i2
s,u (k2)Xˆ
ǫ,j1
s¯,b (k3)Xˆ
ǫ,j2
s¯,u (k4):
− e−|k12|
2(t−s)−|k34|
2(t−s¯)ki212k
j2
34ii
× : ˆ¯Xǫ,i1s,b (k1)
ˆ¯Xǫ,i2s,u (k2)
ˆ¯Xǫ,j1s¯,b (k3)
ˆ¯Xǫ,j2s¯,u (k4):]Pˆ
ii1(k12)Pˆ
jj1 (k34)ekdsds¯,
V II12t,ij ,
(2π)−
9
2
4
∑
k
∑
k1,k2,k3,k4 6=0:k1234=k
3∑
i1,i2,j1,j2=1
∫
[0,t]2
(415b)
× [−e−|k12|
2f(ǫk12)(t−s)−|k34|
2f(ǫk34)(t−s¯)ki212k
j2
34g(ǫk
i2
12)g(ǫk
j2
34)
× :Xˆǫ,i1s,b (k1)Xˆ
ǫ,i2
s,u (k2)Xˆ
ǫ,j1
s¯,u (k3)Xˆ
ǫ,j2
s¯,b (k4):
+ e−|k12|
2(t−s)−|k34|
2(t−s¯)ki212k
j2
34ii
× : ˆ¯Xǫ,i1s,b (k1)
ˆ¯Xǫ,i2s,u (k2)
ˆ¯Xǫ,j1s¯,u (k3)
ˆ¯Xǫ,j2s¯,b (k4):]Pˆ
ii1(k12)Pˆ
jj1 (k34)ekdsds¯,
V II12t,ij ,
(2π)−
9
2
4
∑
k
∑
k1,k2,k3,k4 6=0:k1234=k
3∑
i1,i2,j1,j2=1
∫
[0,t]2
(415c)
× [−e−|k12|
2f(ǫk12)(t−s)−|k34|
2f(ǫk34)(t−s¯)ki212k
j2
34g(ǫk
i2
12)g(ǫk
j2
34)
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× :Xˆǫ,i1s,u (k1)Xˆ
ǫ,i2
s,b (k2)Xˆ
ǫ,j1
s¯,b (k3)Xˆ
ǫ,j2
s¯,u (k4):
+ e−|k12|
2(t−s)−|k34|
2(t−s¯)ki212k
j2
34ii
× : ˆ¯Xǫ,i1s,u (k1)
ˆ¯Xǫ,i2s,b (k2)
ˆ¯Xǫ,j1s¯,b (k3)
ˆ¯Xǫ,j2s¯,u (k4):]Pˆ
ii1(k12)Pˆ
jj1 (k34)ekdsds¯,
V II14t,ij ,
(2π)−
9
2
4
∑
k
∑
k1,k2,k3,k4 6=0:k1234=k
3∑
i1,i2,j1,j2=1
∫
[0,t]2
(415d)
× [e−|k12|
2f(ǫk12)(t−s)−|k34|
2f(ǫk34)(t−s¯)ki212k
j2
34g(ǫk
i2
12)g(ǫk
j2
34)
× :Xˆǫ,i1s,u (k1)Xˆ
ǫ,i2
s,b (k2)Xˆ
ǫ,j1
s¯,u (k3)Xˆ
ǫ,j2
s¯,b (k4):
− e−|k12|
2(t−s)−|k34|
2(t−s¯)ki212k
j2
34ii
× : ˆ¯Xǫ,i1s,u (k1)
ˆ¯Xǫ,i2s,b (k2)
ˆ¯Xǫ,j1s¯,u (k3)
ˆ¯Xǫ,j2s¯,b (k4):]Pˆ
ii1(k12)Pˆ
jj1 (k34)ekdsds¯.
W.l.o.g. we show the necessary estimates on only V II11t,ij as those on other terms
are similar. We compute
E[|∆qV II
11
t,ij |
2]
.E[|
∑
k
θ(2−qk)
∑
k1,k2,k3,k4 6=0:k1234=k
3∑
i1,i2,j1,j2=1
∫
[0,t]2
(416)
× [e−|k12|
2f(ǫk12)(t−s)−|k34|
2f(ǫk34)(t−s¯)ki212k
j2
34g(ǫk
i2
12)g(ǫk
j2
34)
− e−|k12|
2(t−s)−|k34|
2(t−s¯)ki212k
j2
34ii]
× :Xˆǫ,i1s,b (k1)Xˆ
ǫ,i2
s,u (k2)Xˆ
ǫ,j1
s¯,b (k3)Xˆ
ǫ,j2
s¯,u (k4):Pˆ
ii1(k12)Pˆ
jj1 (k34)ekdsds¯|
2]
+ E[|
∑
k
θ(2−qk)
∑
k1,k2,k3,k4 6=0:k1234=k
3∑
i1,i2,j1,j2=1
∫
[0,t]2
× e−|k12|
2(t−s)−|k34|
2(t−s¯)ki212k
j2
34ii
× [:Xˆǫ,i1s,b (k1)Xˆ
ǫ,i2
s,u (k2)Xˆ
ǫ,j1
s¯,b (k3)Xˆ
ǫ,j2
s¯,u (k4):
− : ˆ¯Xǫ,i1s,b (k1)
ˆ¯Xǫ,i2s,u (k2)
ˆ¯Xǫ,j1s¯,b (k3)
ˆ¯Xǫ,j2s¯,u (k4):]Pˆ
ii1(k12)Pˆ
jj1 (k34)ekdsds¯|
2].
Now because
E[:Xˆǫ,i1s,b (k1)Xˆ
ǫ,i2
s,u (k2)Xˆ
ǫ,j1
s¯,b (k3)Xˆ
ǫ,j2
s¯,u (k4):
× :Xˆ
ǫ,i′1
σ,b (k
′
1)Xˆ
ǫ,i′2
σ,u (k′2)Xˆ
ǫ,j′1
σ¯,b (k
′
3)Xˆ
ǫ,j′2
σ¯,u (k
′
4): .
Θ∏4
i=1|ki|
2
(417)
by Example 3.1 and (160) where
Θ ,1k1=k′1,k2=k′2,k3=k′3,k4=k′4 + 1k1=k′1,k2=k′2,k3=k′4,k4=k′3
+ 1k1=k′1,k2=k′3,k3=k′2,k4=k′4 + 1k1=k′1,k2=k′3,k3=k′4,k4=k′2
+ 1k1=k′1,k2=k′4,k3=k′2,k4=k′3 + 1k1=k′1,k2=k′4,k3=k′3,k4=k′2
+ 1k1=k′2,k2=k′1,k3=k′3,k4=k′4 + 1k1=k′2,k2=k′1,k3=k′4,k4=k′3
+ 1k1=k′2,k2=k′3,k3=k′1,k4=k′4 + 1k1=k′2,k2=k′3,k3=k′4,k4=k′1
+ 1k1=k′2,k2=k′4,k3=k′1,k4=k′3 + 1k1=k′2,k2=k′4,k3=k′3,k4=k′1
+ 1k1=k′3,k2=k′1,k3=k′2,k4=k′4 + 1k1=k′3,k2=k′1,k3=k′4,k4=k′2
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+ 1k1=k′3,k2=k′2,k3=k′1,k4=k′4 + 1k1=k′3,k2=k′2,k3=k′4,k4=k′1
+ 1k1=k′3,k2=k′4,k3=k′1,k4=k′2 + 1k1=k′3,k2=k′4,k3=k′2,k4=k′1
+ 1k1=k′4,k2=k′1,k3=k′2,k4=k′3 + 1k1=k′4,k2=k′1,k3=k′3,k4=k′2
+ 1k1=k′4,k2=k′2,k3=k′1,k4=k′3 + 1k1=k′4,k2=k′2,k3=k′3,k4=k′1
+ 1k1=k′4,k2=k′3,k3=k′1,k4=k′2 + 1k1=k′4,k2=k′3,k3=k′2,k4=k′1 . (418)
Thus, we obtain for any η ∈ [0, 1],
E[|∆qV II
11
t,ij |
2]
.ǫη
∑
k
θ(2−qk)2
∑
k1,k2,k3,k4,k
′
1,k
′
2,k
′
3,k
′
4 6=0:k1234=k
′
1234=k
∫
[0,t]4
Θ∏4
i=1|ki|
2
× |k12||k
′
12||k34||k
′
34|e
−|k12|
2c¯f (t−s)−|k34|
2c¯f (t−s¯)−|k
′
12|
2c¯f (t−σ)−|k
′
34|
2c¯f (t−σ¯)
× [(|k12|
η
2 + |k34|
η
2 )(|k′12|
η
2 + |k′34|
η
2 ) +
4∑
i=1
|ki|
η
2 |k′i|
η
2 ]dσdσ¯dsds¯ (419)
by (417), Ho¨lder’s inequality, (379), (444a), (444b) and (443). Within the 24 terms
of Θ in (418), we can now take the advantage of symmetry and reduce all cases down
to only two of 1k1=k′1,k2=k′2,k3=k′3,k4=k′4 and 1k1=k′3,k2=k′2,k3=k′1,k4=k′4 . E.g., for the
third case of 1k1=k′1,k2=k′3,k3=k′2,k4=k′4 in (418), we can swap k1 with k2 and k
′
1 with
k′2 to deduce 1k2=k′2,k1=k′3,k3=k′1,k4=k′4 . Similarly, other cases may be reduced down
to one of 1k1=k′1,k2=k′2,k3=k′3,k4=k′4 and 1k1=k′3,k2=k′2,k3=k′1,k4=k′4 ; thus, for brevity we
refer readers to [63, Equation (250)] to similar reductions. Therefore, (419) leads
to
E[|∆qV II
11
t,ij |
2] (420)
.ǫη
∑
k
θ(2−qk)2
∑
k1,k2,k3,k4,k
′
1,k
′
2,k
′
3,k
′
4 6=0:k1234=k
′
1234=k
× (1k1=k′1,k2=k′2,k3=k′3,k4=k′4 + 1k1=k′3,k2=k′2,k3=k′1,k4=k′4)
×
1∏4
i=1|ki|
2
(|k12|2t)
ǫ
4
|k12|
(|k34|2t)
ǫ
4
|k34|
(|k′12|
2t)
ǫ
4
|k′12|
(|k′34|
2t)
ǫ
4
|k′34|
(
4∑
i=1
|ki|
η) . ǫηtǫ2q(η+2ǫ)
by mean value theorem. By a similar calculation, we can show that for all ǫ, η > 0
sufficiently small, and any t1, t2 > 0,
E[|∆q(b
ǫ,i
2 ⋄ b
ǫ,j
2 (t1)− b
ǫ,i
2 ⋄ b
ǫ,j
2 (t2)
− b¯ǫ,i2 ⋄ b¯
ǫ,j
2 (t1) + b¯
ǫ,i
2 ⋄ b¯
ǫ,j
2 (t2))|
2] . ǫη|t1 − t2|
η2q(ǫ+3η)
and therefore an application of Gaussian hypercontractivity theorem and Besov
embedding Lemma 3.4, similarly to (172), implies that for all i, j ∈ {1, 2, 3}, p ≥ 1,
and δ > 0, bǫ,i2 ⋄ b
ǫ,j
2 − b¯
ǫ,i
2 ⋄ b¯
ǫ,j
2 ց 0 in L
p(Ω;C([0, T ]; C−δ)) as ǫց 0.
2.3. Conclusion of the proof of Theorem 1.2. We define (cf. (49) and (156))
δCǫW , sup
t∈[0,T ]
[
3∑
i=1
‖(u¯ǫ,i1 , b¯
ǫ,i
1 )(t)− (u
ǫ,i
1 , b
ǫ,i
1 )(t)‖C−
1
2
− δ
2
(421)
+
3∑
i,j=1
‖(u¯ǫ,i1 ⋄ u¯
ǫ,j
1 − u
ǫ,i
1 ⋄ u
ǫ,j
1 , b¯
ǫ,i
1 ⋄ b¯
ǫ,j
1 − b
ǫ,i
1 ⋄ b
ǫ,j
1 ,
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u¯
ǫ,i
1 ⋄ b¯
ǫ,j
1 − u
ǫ,i
1 ⋄ b
ǫ,j
1 , b¯
ǫ,i
1 ⋄ u¯
ǫ,j
1 − b
ǫ,i
1 ⋄ u
ǫ,j
1 )(t)‖C−1−
δ
2
+
3∑
i,j=1
‖(u¯ǫ,i1 ⋄ u¯
ǫ,j
2 − u
ǫ,i
1 ⋄ u
ǫ,j
2 , b¯
ǫ,i
1 ⋄ b¯
ǫ,j
2 − b
ǫ,i
1 ⋄ b
ǫ,j
2 ,
u¯
ǫ,i
2 ⋄ b¯
ǫ,j
1 − u
ǫ,i
2 ⋄ b
ǫ,j
1 , b¯
ǫ,i
2 ⋄ u¯
ǫ,j
1 − b
ǫ,i
2 ⋄ u
ǫ,j
1 )(t)‖C−
1
2
− δ
2
+
3∑
i,j=1
‖(u¯ǫ,i2 ⋄ u¯
ǫ,j
2 − u
ǫ,i
2 ⋄ u
ǫ,j
2 , b¯
ǫ,i
2 ⋄ b¯
ǫ,j
2 − b
ǫ,i
2 ⋄ b
ǫ,j
2 , b¯
ǫ,i
2 ⋄ u¯
ǫ,j
2 − b
ǫ,i
2 ⋄ u
ǫ,j
2 )(t)‖C−δ
+
3∑
i,j=1
‖(π0,⋄(u¯
ǫ,j
3 , u¯
ǫ,i
1 )− π0,⋄(u
ǫ,j
3 , u
ǫ,i
1 ), π0,⋄(b¯
ǫ,j
3 , b¯
ǫ,i
1 )− π0,⋄(b
ǫ,j
3 , b
ǫ,i
1 ),
π0,⋄(u¯
ǫ,j
3 , b¯
ǫ,i
1 )− π0,⋄(u
ǫ,j
3 , b
ǫ,i
1 ), π0,⋄(b¯
ǫ,j
3 , u¯
ǫ,i
1 )− π0,⋄(b
ǫ,j
3 , u
ǫ,i
1 ))‖C−δ
+
3∑
i,i1,j,j1=1
‖(π0,⋄(P
ii1DjK¯
ǫ,j
u , u¯
ǫ,j1
1 )− π0,⋄(P
ii1DǫjK
ǫ,j
u , u
ǫ,j1
1 ),
π0,⋄(P
ii1DjK¯
ǫ,i1
u , u¯
ǫ,j1
1 )− π0,⋄(P
ii1DǫjK
ǫ,i1
u , u
ǫ,j1
1 ),
π0,⋄(P
ii1DjK¯
ǫ,j
b , u¯
ǫ,j1
1 )− π0,⋄(P
ii1DǫjK
ǫ,j
b , u
ǫ,j1
1 ),
π0,⋄(P
ii1DjK¯
ǫ,i1
b , u¯
ǫ,j1
1 )− π0,⋄(P
ii1DǫjK
ǫ,i1
b , u
ǫ,j1
1 ),
π0,⋄(P
ii1DjK¯
ǫ,j
u , b¯
ǫ,j1
1 )− π0,⋄(P
ii1DǫjK
ǫ,j
u , b
ǫ,j1
1 ),
π0,⋄(P
ii1DjK¯
ǫ,i1
u , b¯
ǫ,j1
1 )− π0,⋄(P
ii1DǫjK
ǫ,i1
u , b
ǫ,j1
1 ),
π0,⋄(P
ii1DjK¯
ǫ,j
b , b¯
ǫ,j1
1 )− π0,⋄(P
ii1DǫjK
ǫ,j
b , b
ǫ,j1
1 ),
π0,⋄(P
ii1DjK¯
ǫ,i1
b , b¯
ǫ,j1
1 )− π0,⋄(P
ii1DǫjK
ǫ,i1
b , b
ǫ,j1
1 ))‖C−δ ].
Then a similar argument as in the construction of (21) (cf. (138)) implies that
for a sufficiently small T1 ≤ τL ∧ τ
ǫ
L1
∧ ρǫL2 ∧ ρ
ǫ
L3
, where we recall τL, τ
ǫ
L and ρ
ǫ
L
respectively from (142) and (158), for any L1, L2, L3 > 0, and κ > 0 sufficiently
small,
sup
t∈[0,T1]
‖(u¯ǫ,i4 , b¯
ǫ,i
4 )(t) − (u
ǫ,i
4 , b
ǫ,i
4 )(t)‖C−z
.(δCǫW + ǫ
κ
2 + ‖(uǫ0 − u0, b
ǫ
0 − b0)‖C−z)C(L,L1, L2, L3). (422)
Again, extending the local existence time to τL∧τ
ǫ
L1
∧ρǫL2 ∧ρ
ǫ
L3
is standard and we
omit its details (see the proof of [69, Theorem 3.12]). Due to convergence results
in Subsection 2.2 we can show similarly to (141) that δCǫW ց 0 in probability as
ǫց 0. We estimate
‖yǫ(t)− y(t)‖C−z ≤ ‖y
ǫ(t)− y¯ǫ(t)‖C−z + ‖y¯
ǫ(t)− y(t)‖C−z (423)
where we know that
sup
t∈[0,τL∧ρ¯ǫL1
]
‖y¯ǫ(t)− y(t)‖C−z → 0
in probability as ǫց 0 due to (143). Thus, we work on
‖yǫ(t)− y¯ǫ(t)‖C−z .
4∑
i=1
‖(uǫi − u¯
ǫ
i , b
ǫ
i − b¯
ǫ
i)(t)‖C−z . (424)
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First,
‖(uǫ1 − u¯
ǫ
1, b
ǫ
1 − b¯
ǫ
1)(t)‖C−z . ‖(u
ǫ
1 − u¯
ǫ
1, b
ǫ
1 − b¯
ǫ
1)(t)‖C−
1
2
− δ
2
→ 0 (425)
in probability as ǫց 0 where we used (48) and (421). Second,
‖(uǫ2 − u¯
ǫ
2, b
ǫ
2 − b¯
ǫ
2)(t)‖C−z .
3∑
i=1
V IIIit (426)
by (37) and (145) where
V III1t ,
3∑
i1,j=1
∫ t
0
‖((Pt−s − P
ǫ
t−s)Dj(u¯
ǫ,i1
1 ⋄ u¯
ǫ,j
1 ), (Pt−s − P
ǫ
t−s)Dj(b¯
ǫ,i1
1 ⋄ b¯
ǫ,j
1 ),
(Pt−s − P
ǫ
t−s)Dj(b¯
ǫ,i1
1 ⋄ u¯
ǫ,j
1 ), (Pt−s − P
ǫ
t−s)Dj(u¯
ǫ,i1
1 ⋄ b¯
ǫ,j
1 ))‖C−zds, (427a)
V III2t ,
3∑
i1,j=1
∫ t
0
‖(P ǫt−s(Dj −D
ǫ
j)(u¯
ǫ,i1
1 ⋄ u¯
ǫ,j
1 ), P
ǫ
t−s(Dj −D
ǫ
j)(b¯
ǫ,i1
1 ⋄ b¯
ǫ,j
1 ),
P ǫt−s(Dj −D
ǫ
j)(b¯
ǫ,i1
1 ⋄ u¯
ǫ,j
1 ), P
ǫ
t−s(Dj −D
ǫ
j)(u¯
ǫ,i1
1 ⋄ b¯
ǫ,j
1 ))‖C−zds, (427b)
V III3t ,
∫ t
0
‖(P ǫt−sD
ǫ
j(u¯
ǫ,i1
1 ⋄ u¯
ǫ,j
1 − u
ǫ,i1
1 ⋄ u
ǫ,j
1 ), P
ǫ
t−sD
ǫ
j(b¯
ǫ,i1
1 ⋄ b¯
ǫ,j
1 − b
ǫ,i1
1 ⋄ b
ǫ,j
1 ),
P ǫt−sD
ǫ
j(b¯
ǫ,i1
1 ⋄ u¯
ǫ,j
1 − b
ǫ,i1
1 ⋄ u
ǫ,j
1 ),
P ǫt−sD
ǫ
j(u¯
ǫ,i1
1 ⋄ b¯
ǫ,j
1 − u
ǫ,i1
1 ⋄ b
ǫ,j
1 ))‖C−zds. (427c)
We estimate from (427)
V III1t . ǫ
1
3 t−
1
4+
z
2−
δ
4 → 0 (428)
as ǫց 0 by Lemma 3.2, (48), (49) and (156). Next, from (427)
V III2t . ǫ
1
8 t
z
2−
1
4−
δ
4 → 0 (429)
as ǫց 0 by Lemmas 3.1 and 3.15 and (48). Finally, from (427)
V III3t (430)
.t−
1
4+
z
2−
δ
4 sup
t∈[0,τL∧τǫL1
∧ρǫL2
∧ρ¯ǫL3
]
‖(u¯ǫ,i11 ⋄ u¯
ǫ,j
1 − u
ǫ,i1
1 ⋄ u
ǫ,j
1 , b¯
ǫ,i1
1 ⋄ b¯
ǫ,j
1 − b
ǫ,i1
1 ⋄ b
ǫ,j
1 ,
× b¯ǫ,i11 ⋄ u¯
ǫ,j
1 − b
ǫ,i1
1 ⋄ u
ǫ,j
1 , u¯
ǫ,i1
1 ⋄ b¯
ǫ,j
1 − u
ǫ,i1
1 ⋄ b
ǫ,j
1 )(t)‖C−1−
δ
2
→ 0
as ǫց 0 by Lemmas 3.1 and 3.3 and (48). Thus, by applying (428)-(430) to (426),
we conclude now that
‖(uǫ2 − u¯
ǫ
2, b
ǫ
2 − b¯
ǫ
2)(t)‖C−z → 0 (431)
as ǫց 0. Next, we consider from (38) and (146)
‖(uǫ3 − u¯
ǫ
3, b
ǫ
3 − b¯
ǫ
3)(t)‖C−z =
1
2
(IX1t + IX
2
t ) (432)
where
IX1t ,
3∑
i=1
‖
3∑
i1,j=1
P ii1Dǫj
∫ t
0
P ǫt−s(u
ǫ,i1
1 ⋄ u
ǫ,j
2 + u
ǫ,i1
2 ⋄ u
ǫ,j
1
− bǫ,i11 ⋄ b
ǫ,j
2 − b
ǫ,i1
2 ⋄ b
ǫ,j
1 )ds
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−
3∑
i1,j=1
P ii1Dj
∫ t
0
Pt−s(u¯
ǫ,i1
1 ⋄ u¯
ǫ,j
2 + u¯
ǫ,i1
2 ⋄ u¯
ǫ,j
1
− b¯ǫ,i11 ⋄ b¯
ǫ,j
2 − b¯
ǫ,i1
2 ⋄ b¯
ǫ,j
1 )ds‖C−z , (433a)
IX2t ,
3∑
i=1
‖
3∑
i1,j=1
P ii1Dǫj
∫ t
0
P ǫt−s(b
ǫ,i1
1 ⋄ u
ǫ,j
2 + b
ǫ,i1
2 ⋄ u
ǫ,j
1
− uǫ,i11 ⋄ b
ǫ,j
2 − u
ǫ,i1
2 ⋄ b
ǫ,j
1 )ds
−
3∑
i1,j=1
P ii1Dj
∫ t
0
Pt−s(b¯
ǫ,i1
1 ⋄ u¯
ǫ,j
2 + b¯
ǫ,i1
2 ⋄ u¯
ǫ,j
1
− u¯ǫ,i11 ⋄ b¯
ǫ,j
2 − u¯
ǫ,i1
2 ⋄ b¯
ǫ,j
1 )ds‖C−z . (433b)
W.l.o.g. we show the necessary estimates for only IX1t as those for IX
2
t are similar.
We compute
IX1t .
3∑
l=1
IX1lt (434)
where
IX11t ,
3∑
i1,j=1
∫ t
0
‖(Pt−s − P
ǫ
t−s)Dj(u¯
ǫ,i1
1 ⋄ u¯
ǫ,j
2 + u¯
ǫ,i1
2 ⋄ u¯
ǫ,j
1
− b¯ǫ,i11 ⋄ b¯
ǫ,j
2 − b¯
ǫ,i1
2 ⋄ b¯
ǫ,j
1 )(s)‖C−zds, (435a)
IX12t ,
3∑
i1,j=1
∫ t
0
‖P ǫt−s(Dj −D
ǫ
j)(u¯
ǫ,i1
1 ⋄ u¯
ǫ,j
2 + u¯
ǫ,i1
2 ⋄ u¯
ǫ,j
1
− b¯ǫ,i11 ⋄ b¯
ǫ,j
2 − b¯
ǫ,i1
2 ⋄ b¯
ǫ,j
1 )(s)‖C−zds, (435b)
IX13t ,
3∑
i1,j=1
∫ t
0
‖P ǫt−sD
ǫ
j(u¯
ǫ,i1
1 ⋄ u¯
ǫ,j
2 − u
ǫ,i1
1 ⋄ u
ǫ,j
2 + u¯
ǫ,i1
2 ⋄ u¯
ǫ,j
1 − u
ǫ,i1
2 ⋄ u
ǫ,j
1
− b¯ǫ,i11 ⋄ b¯
ǫ,j
2 + b
ǫ,i1
1 ⋄ b
ǫ,j
2 − b¯
ǫ,i1
2 ⋄ b¯
ǫ,j
1 + b
ǫ,i1
2 ⋄ b
ǫ,j
1 )‖C−zds. (435c)
We estimate from (435)
IX11t .
3∑
i1,j=1
∫ t
0
ǫ
1
3 (t− s)−
2−z+ δ
2
2 ‖(u¯ǫ,i11 ⋄ u¯
ǫ,j
2 + u¯
ǫ,i1
2 ⋄ u¯
ǫ,j
1
− b¯ǫ,i11 ⋄ b¯
ǫ,j
2 − b¯
ǫ,i1
2 ⋄ b¯
ǫ,j
1 )(s)‖C−
1
2
− δ
2
ds . ǫ
1
3 t
z− δ
2
2 → 0 (436)
as ǫց 0 by Lemma 3.2, (49) and (48). Next, from (435)
IX12t .
∫ t
0
(t− s)−
2−z+ δ
2
2 ǫ
1
8 ‖(u¯ǫ,i11 ⋄ u¯
ǫ,j
2 + u¯
ǫ,i1
2 ⋄ u¯
ǫ,j
1
− b¯ǫ,i11 ⋄ b¯
ǫ,j
2 − b¯
ǫ,i1
2 ⋄ b¯
ǫ,j
1 )‖C−
1
2
− δ
2
ds . ǫ
1
8 t
z− δ
2
2 → 0 (437)
as ǫց 0 by Lemmas 3.1 and 3.15 and (48). Finally, from (435)
IX13t .t
z− δ
2
2 sup
t∈[0,τL∧τǫL1
∧ρǫ
L2
∧ρ¯ǫ
L3
]
‖(u¯ǫ,i11 ⋄ u¯
ǫ,j
2 − u
ǫ,i1
1 ⋄ u
ǫ,j
2 + u¯
ǫ,i1
2 ⋄ u¯
ǫ,j
1 − u
ǫ,i1
2 ⋄ u
ǫ,j
1
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− b¯ǫ,i11 ⋄ b¯
ǫ,j
2 + b
ǫ,i1
1 ⋄ b
ǫ,j
2 − b¯
ǫ,i1
2 ⋄ b¯
ǫ,j
1 + b
ǫ,i1
2 ⋄ b
ǫ,j
1 )(t)‖C−
1
2
− δ
2
→ 0 (438)
as ǫ ց 0 by Lemmas 3.1 and 3.3 and (48). Therefore, by applying (436)-(438) to
(434), we conclude that
‖(uǫ3 − u¯
ǫ
3, b
ǫ
3 − b¯
ǫ
3)(t)‖C−z → 0 (439)
as ǫ ց 0. Along with (422) and the hypothesis that (uǫ0, b
ǫ
0) → (u0, b0) in C
−z as
ǫց 0, we conclude from (423), (424), (425), (431) and (439) that
sup
t∈[0,τL∧τǫL1
∧ρǫ
L2
∧ρ¯ǫ
L3
]
‖(yǫ − y)(t)‖C−z → 0 (440)
in probability as ǫց 0. Finally, for any fixed ǫ > 0, L > 0, this leads to
P({ sup
t∈[0,τL]
‖(yǫ − y)(t)‖C−z ≥ ǫ})→ 0 (441)
as ǫց 0. Indeed,
P({ sup
t∈[0,τL]
‖(yǫ − y)(t)‖C−z ≥ ǫ})
≤P({ sup
t∈[0,τL∧τǫL1
∧ρǫL2
∧ρ¯ǫL3
]
‖(yǫ − y)(t)‖C−z > ǫ})
+ P({τ ǫL1 < τL ∧ ρ
ǫ
L2
∧ ρ¯ǫL3}) + P({ρ
ǫ
L2
< τL}) + P({ρ¯
ǫ
L3
< τL}) (442)
where the first and second probabilities approach zero due to (440) while P({τL >
ρǫL2})+P({τL > ρ¯
ǫ
L3
})→ 0 as L2, L3 ր +∞ uniformly over ǫ ∈ (0, 1) by (142) and
(158). This completes the proof of Theorem 1.2.
3. Appendix
3.1. Preliminaries. The purpose of this section is to collect many useful lemmas
which were used in the proof of our main result.
Lemma 3.1. ([70, Lemma 3.2]) Let P ǫt , e
t∆ǫ and f ∈ Cα for α ∈ R. Then for
every δ ≥ 0, κ > 0 and t > 0,
sup
ǫ∈(0,1)
‖P ǫt f‖Cα+δ−κ . t
− δ2 ‖f‖Cα.
Lemma 3.2. ([70, Lemma 3.3]) Let P ǫt , e
t∆ǫ , Pt , et∆, f ∈ Cα+η for α ∈ R and
η ∈ (0, 1). Then for every δ ≥ 0, κ > 0 and ǫ ∈ (0, 1),
‖(P ǫt − Pt)f‖Cα+δ−κ . ǫ
ηt−
δ
2 ‖f‖Cα+η .
Lemma 3.3. ([70, Lemma 3.7]) Let f ∈ Cα+1 for some α ∈ R. Then for every
κ > 0,
sup
ǫ∈(0,1)
‖Dǫjf‖Cα−κ . ‖f‖Cα+1.
Lemma 3.4. ([27, Lemma A.2], [69, Lemma 3.1]) Let 1 ≤ p1 ≤ p2 ≤ ∞, d ∈ N
and 1 ≤ q1 ≤ q2 ≤ ∞, and α ∈ R. Then Bαp1,q1(T
d) is continuously embedded in
B
α−d( 1
p1
− 1
p2
)
p2,q2 (T
d).
Lemma 3.5. ([27, Lemma 2.4], [69, Lemma 3.3]) Suppose α ∈ (0, 1), β, γ ∈ R
satisfy α+β+γ > 0 and β+γ < 0. Then for smooth f, g, h, the tri-linear operator
C(f, g, h) , π0(π<(f, g), h)− fπ0(g, h)
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satisfies
‖C(f, g, h)‖Cα+β+γ . ‖f‖Cα‖g‖Cβ‖h‖Cγ ,
and thus C can be uniquely extended to a bounded tri-linear operator in L3(Cα(T3)×
Cβ(T3)× Cγ(T3), Cα+β+γ(T3)).
Lemma 3.6. ([69, Lemma 3.4]) Let P be the Leray projection, f ∈ Cα(T3), g ∈
Cβ(T3) for α < 1 and β ∈ R. Then for every k, l ∈ {1, 2, 3},
‖Pklπ<(f, g)− π<(f,P
klg)‖Cα+β . ‖f‖Cα‖g‖Cβ .
Lemma 3.7. ([69, Lemma 3.6]) Let P be the Leray projection and f ∈ Cα(Td) for
α ∈ R. Then for every k, l ∈ {1, 2, 3},
‖Pklf‖Cα . ‖f‖Cα .
Lemma 3.8. ([69, Lemma 3.11]) Let P be the Leray projection. Then for any
η ∈ (0, 1), i, j, l ∈ {1, 2, 3} and t > 0,
|e−|k12|
2tki12Pˆ
jl(k12)− e
−|k2|
2tki2Pˆ
jl(k2)| . |k1|
η|t|−
(1−η)
2 .
Lemma 3.9. ([70, Lemma 4.3]) Let f˜ and g be defined by Definition 1.1. For any
η ∈ (0, 1), 0 < s ≤ t, i, j, l ∈ {1, 2, 3}, if |ǫki12| ≤ 3L0, |ǫk
i
2| ≤ 3L0, then
|e−|k12|
2f˜(ǫk12)(t−s)ki12g(ǫk
i
12)Pˆ
jl(k12)− e
−|k2|
2f˜(ǫk2)(t−s)ki2g(ǫk
i
2)Pˆ
jl(k2)|
.|k1|
η|t− s|−
1−η
2 .
Lemma 3.10. ([27, Lemma A.7], [69, Lemma 3.5]) Let Pt be the heat semigroup
on Td. Then for f ∈ Cα(T3), α ∈ R and δ ≥ 0, Ptf satisfies
‖Ptf‖Cα+δ . t
− δ2 ‖f‖Cα .
Lemma 3.11. ([70, Lemma 2.7]) Let f ∈ Cα for some α < 1 and g ∈ Cβ for some
β ∈ R. Then for δ ≥ α+ β,
‖Ptπ<(f, g)− π<(f, Ptg)‖Cδ . t
α+β−δ
2 ‖f‖Cα‖g‖Cβ .
Lemma 3.12. ([70, Lemma 2.8]) Let f ∈ Cα+δ for some α ∈ R, δ > 0 and I an
identity operator. Then for every t ≥ 0,
‖(Pt − I)f‖Cα . t
δ
2 ‖f‖Cα+δ .
Lemma 3.13. ([69, Lemma 3.10]) For any l,m ∈ (0, d) such that l +m− d > 0,∑
k1,k2∈Zd\{0}:k1+k2=k
1
|k1|l|k2|m
.
1
|k|l+m−d
.
Lemma 3.14. (Bihari’s inequality) Let u, f ≥ 0 be continuous on [0,∞), w be
continuous, non-decreasing on [0,∞) and satisfy w(u) > 0 on (0,∞). If
u(t) ≤ α+
∫ t
0
f(s)w(u(s))ds
where α ≥ 0 is a constant, then
u(t) ≤ G−1(G(α) +
∫ t
0
f(s)ds)
for all t ∈ [0, T ] where G(x) =
∫ x
x0
dy
w(y) , x, x0 > 0 and T satisfies G(α)+
∫ t
0 f(s)ds ∈
Dom(G−1) for all t ∈ [0, T ].
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Lemma 3.15. ([70, Lemma 3.8]) Let f ∈ Cα+1+η for some α ∈ R and η > 0. Then
for every κ > 0,
‖(Dǫi −Di)f‖Cα−κ . ǫ
η‖f‖Cα+1+η .
The following examples of computations of Wick products have been used ex-
tensively:
Example 3.1. ([63, Examples 2.1 and 2.2])
:ξ1: =ξ1, :ξ1ξ2: = ξ1ξ2 − E[ξ1ξ2],
:ξ1ξ2ξ3: =ξ1ξ2ξ3 − E[ξ2ξ3]ξ1 − E[ξ1ξ3]ξ2 − E[ξ1ξ2]ξ3,
:ξ1ξ2ξ3ξ4: =ξ1ξ2ξ3ξ4 − E[ξ1ξ2]ξ3ξ4 − E[ξ1ξ3]ξ2ξ4 − E[ξ1ξ4]ξ2ξ3
− E[ξ2ξ3]ξ1ξ4 − E[ξ2ξ4]ξ1ξ3 − E[ξ3ξ4]ξ1ξ2
+ E[ξ1ξ2]E[ξ3ξ4] + E[ξ1ξ3]E[ξ2ξ4] + E[ξ1ξ4]E[ξ2ξ3],
and
E[:ξ11ξ12::ξ21ξ22:] = E[ξ11ξ21]E[ξ12ξ22] + E[ξ11ξ22]E[ξ12ξ21],
E[:ξ11ξ12ξ13::ξ21ξ22ξ23:] =E[ξ11ξ21]E[ξ12ξ22]E[ξ13ξ23] + E[ξ11ξ21]E[ξ12ξ23]E[ξ13ξ22]
+E[ξ11ξ22]E[ξ12ξ21]E[ξ13ξ23] + E[ξ11ξ22]E[ξ12ξ23]E[ξ13ξ21]
+E[ξ11ξ23]E[ξ12ξ21]E[ξ13ξ22] + E[ξ11ξ23]E[ξ12ξ22]E[ξ13ξ21],
E[:ξ11ξ12ξ13ξ14::ξ21ξ22ξ23ξ24:]
=E[ξ11ξ21]E[ξ12ξ22]E[ξ13ξ23]E[ξ14ξ24] + E[ξ11ξ21]E[ξ12ξ22]E[ξ13ξ24]E[ξ14ξ23]
+E[ξ11ξ21]E[ξ12ξ23]E[ξ13ξ22]E[ξ14ξ24] + E[ξ11ξ21]E[ξ12ξ23]E[ξ13ξ24]E[ξ14ξ22]
+E[ξ11ξ21]E[ξ12ξ24]E[ξ13ξ22]E[ξ14ξ23] + E[ξ11ξ21]E[ξ12ξ24]E[ξ13ξ23]E[ξ14ξ22]
+E[ξ11ξ22]E[ξ12ξ21]E[ξ13ξ23]E[ξ14ξ24] + E[ξ11ξ22]E[ξ12ξ21]E[ξ13ξ24]E[ξ14ξ23]
+E[ξ11ξ22]E[ξ12ξ23]E[ξ13ξ21]E[ξ14ξ24] + E[ξ11ξ22]E[ξ12ξ23]E[ξ13ξ24]E[ξ14ξ21]
+E[ξ11ξ22]E[ξ12ξ24]E[ξ13ξ21]E[ξ14ξ23] + E[ξ11ξ22]E[ξ12ξ24]E[ξ13ξ23]E[ξ14ξ21]
+E[ξ11ξ23]E[ξ12ξ21]E[ξ13ξ22]E[ξ14ξ24] + E[ξ11ξ23]E[ξ12ξ21]E[ξ13ξ24]E[ξ14ξ22]
+E[ξ11ξ23]E[ξ12ξ22]E[ξ13ξ21]E[ξ14ξ24] + E[ξ11ξ23]E[ξ12ξ22]E[ξ13ξ24]E[ξ14ξ21]
+E[ξ11ξ23]E[ξ12ξ24]E[ξ13ξ21]E[ξ14ξ22] + E[ξ11ξ23]E[ξ12ξ24]E[ξ13ξ22]E[ξ14ξ21]
+E[ξ11ξ24]E[ξ12ξ21]E[ξ13ξ22]E[ξ14ξ23] + E[ξ11ξ24]E[ξ12ξ21]E[ξ13ξ23]E[ξ14ξ22]
+E[ξ11ξ24]E[ξ12ξ22]E[ξ13ξ21]E[ξ14ξ23] + E[ξ11ξ24]E[ξ12ξ22]E[ξ13ξ23]E[ξ14ξ21]
+E[ξ11ξ24]E[ξ12ξ23]E[ξ13ξ21]E[ξ14ξ22] + E[ξ11ξ24]E[ξ12ξ23]E[ξ13ξ22]E[ξ14ξ21].
The following inequality is standard and was used many times:
sup
a∈R
|a|re−a
2
≤ c for all r ≥ 0. (443)
The following inequalities are straight-forward generalizations of [70, Equations
(4.2), (4.3)]: for any η ∈ [0, 1], any i ∈ {1, 2, 3}, any α, β ∈ {1, 2, 3, 12, 13, 23, 123}
(by which e.g. we mean k12 = k1 + k2)
|e−|kα|
2f(ǫkβ)(t−s) − e−|kα|
2|t−s|| . e−|kα|
2c¯f |t−s||ǫkβ |
η
2 , (444a)
|g(ǫkiβ)− i| . |ǫk
i
β |
η
2 . (444b)
3.2. Detailed computations.
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3.2.1. Details of the proof of Proposition 2.2. Here, we leave the detailed computa-
tions of (88b) - (88d). In order to prove (88b), we estimate ‖(F¯ ǫu, F¯
ǫ
b )(t)‖Cδ similarly
to (89)-(92) with λ = δ. First, we estimate from (93a) with λ = δ similarly to (94),
III1t .C¯
ǫ
W (t)
∫ t
0
(t− s)−
2−κ
2 ‖b¯ǫ3(s) + b¯
ǫ
4(s)− (b¯
ǫ
3 + b¯
ǫ
4)(t)‖C−
1
2
+3δ
2
+κds (445)
by Lemmas 3.10 and 1.1 (2), (53), (48) and (49). Within (445) we estimate for
s ∈ (0, t) and i ∈ {1, 2, 3}, similarly to (97),
‖b¯ǫ,i3 (t) + b¯
ǫ,i
4 (t)− b¯
ǫ,i
3 (s)− b¯
ǫ,i
4 (s)‖C−
1
2
+3δ
2
+κ
.(t− s)b0s−
− 1
2
+3δ
2
+κ+2b0+z
2 ‖b0 − b¯
ǫ
1(0)‖C−z
+ (t− s)
b
2
∫ s
0
(s− r)−
1+2δ+3κ
2
+b
2 ‖G¯ǫ(r)‖
C−
3
2
− δ
2
−κ
2
dr
+
∫ t
s
(t− r)−
1+2δ+3κ
2
2 ‖G¯ǫ(r)‖
C−
3
2
− δ
2
−κ
2
dr (446)
by (38), (39), (96), Lemmas 3.12 and 3.10. Applying (446) to (445) gives
III1t .C¯
ǫ
W (t)[
∫ t
0
(t− s)−1+
κ
2+b0s−
− 1
2
+3δ
2
+κ+2b0+z
2 ‖b0 − b¯
ǫ
1(0)‖C−zds
+
∫ t
0
(t− s)−1+
κ
2+
b
2
∫ s
0
(s− r)−
1+2δ+ 3κ
2
+b
2 ‖G¯ǫ(r)‖
C−
3
2
− δ
2
−κ
2
drds
+
∫ t
0
(t− s)−1+
κ
2
∫ t
s
(t− r)−
1+2δ+3κ
2
2 ‖G¯ǫ(r)‖
C−
3
2
− δ
2
−κ
2
drds]. (447)
We can now apply Fubini theorem similarly to (113)-(114) to deduce from (447),
together with (111),
III1t . C¯
ǫ
W (t)[t
1
4−
3δ
4 −
z
2 ‖b0 − b¯
ǫ
1(0)‖C−z (448)
+
∫ t
0
(t− r)−
1
2−δ−
κ
2
× [(1 + (C¯ǫW (t))
3)(1 + ‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ
4(r)‖C
1
2
−δ0
) + ‖y¯ǫ4(r)‖
2
Cδ ]dr
+ t
κ
2
∫ t
0
(t− r)−
1+2δ+3κ
2
2
× [(1 + (C¯ǫW (t))
3)(1 + ‖y¯ǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ
4(r)‖C
1
2
−δ0
) + ‖y¯ǫ4(r)‖
2
Cδ ]dr].
Second, similarly to (117), we estimate from (93b) with λ = δ,
III2t . C¯
ǫ
W (t)t
1
4−
δ
4 ‖(b¯ǫ3 + b¯
ǫ
4)(t)‖Cδ (449)
by Lemmas 3.7 and 3.11, (48) and (49). With (448)-(449), we conclude (88b).
Next, in order to prove (88c) we restart again from (93a) with λ = 12 − δ0 similarly
to (94),
III1t .
∫ t
0
(t− s)−
2−κ
2 ‖b¯ǫ3(s) + b¯
ǫ
4(s)− (b¯
ǫ
3(t) + b¯
ǫ
4(t))‖C−δ0+
δ
2
+κ
× ‖u¯ǫ1(s)‖C−
1
2
− δ
2
(450)
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by Lemmas 3.10 and 1.1 (2) and (53). Furthermore, we estimate similarly to (97),
‖b¯ǫ,i3 (t) + b¯
ǫ,i
4 (t)− b¯
ǫ,i
3 (s)− b¯
ǫ,i
4 (s)‖C−δ0+
δ
2
+κ (451)
.(t− s)b0s−
−δ0+
δ
2
+κ+2b0+z
2 ‖b0 − b¯
ǫ
1(0)‖C−z
+ (t− s)
b
2
∫ s
0
(s− r)−
−δ0+δ+
3κ
2
+b+3
2
2 ‖G¯ǫ(r)‖
C−
3
2
− δ
2
−κ
2
dr
+
∫ t
s
(t− r)−
−δ0+δ+
3κ
2
+ 3
2
2 ‖G¯ǫ(r)‖
C−
3
2
− δ
2
−κ
2
dr
by (38), (39), (95), Lemmas 3.12 and 3.10. Applying (451) to (450) gives
III1t .C¯
ǫ
W (t)[
∫ t
0
(t− s)−1+
κ
2+b0s−
−δ0+
δ
2
+κ+2b0+z
2 ‖b0 − b¯
ǫ
1(0)‖C−zds (452)
+
∫ t
0
(t− s)−1+
κ
2+
b
2
∫ s
0
(s− r)−
−δ0+δ+
3κ
2
+b+3
2
2 ‖G¯ǫ(r)‖
C−
3
2
− δ
2
−κ
2
drds
+
∫ t
0
(t− s)−1+
κ
2
∫ t
s
(t− r)−
−δ0+δ+
3κ
2
+ 3
2
2 ‖G¯ǫ(r)‖
C−
3
2
− δ
2
−κ
2
drds].
Similarly to (113)-(114), we apply Fubini theorem to deduce
III1t . C¯
ǫ
W (t)[t
δ0−z−
δ
2
2 ‖b0 − b¯
ǫ
1(0)‖C−z (453)
+
∫ t
0
(t− r)
δ0
2 −
δ
2−
κ
4−
3
4
× [(1 + (C¯ǫW (t))
3)(1 + ‖yǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ
4(r)‖C
1
2
−δ0
) + ‖y¯ǫ4(r)‖
2
Cδ ]dr
+ t
κ
2
∫ t
0
(t− r)
δ0
2 −
δ
2−
3κ
4 −
3
4
× [(1 + (C¯ǫW (t))
3)(1 + ‖yǫ,♯(r)‖
C
1
2
+β + ‖y¯
ǫ
4(r)‖C
1
2
−δ0
) + ‖y¯ǫ4(r)‖
2
Cδ ]dr]
by (111). Second, similarly to (117), we estimate from (93b) with λ = 12 − δ0,
III2t . C¯
ǫ
W (t)t
1
4−
δ
4 ‖(b¯ǫ3 + b¯
ǫ
4)(t)‖C
1
2
−δ0
(454)
by Lemmas 3.7 and 3.11 and (49). Thus, we now conclude (88c) due to (453)-(454).
Finally, we prove (88d). We restart from (93a) with λ = −z,
III1t .C¯
ǫ
W (t)[
∫ t
0
(t− s)−
3
2
−z+ δ
2
+κ
2 (C¯ǫW (t) + ‖b¯
ǫ
4(s)‖Cδ )ds
+ t
1
4+
z
2−
δ
4−
κ
2 (C¯ǫW (t) + ‖b¯
ǫ
4(t)‖Cδ )] (455)
by Lemmas 3.10 and 1.1 (2), (49), (48), (53) and (51). On the other hand, we
estimate from (93b) with λ = −z, similarly to (117),
III2t . C¯
ǫ
W (t)‖(b¯
ǫ
3 + b¯
ǫ
4)(t)‖C−z t
1
4−
δ
4 (456)
by Lemmas 3.7 and 3.11 and (49). From (455)-(456), we conclude (88d).
3.3. Table of essential notations.
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Table 1. Symbols
.
Symbols Location
Bαp,q(T
3) (5)
c¯f Definition 1.1
C¯ǫW , C
ǫ
W , δC
ǫ
W respectively (49), (156), (421)
∆ǫ, D
ǫ
j (25a)
f, f˜ (22)
fˆ = FT3(f) (4)
g (24)
hu, hb Definition 1.1
Hu,ǫ, Hb,ǫ (25b)
Pt, P
ǫ
t Example 1.1
π<, π0 (11)
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